
IN DEGREE PROJECT COMPUTER SCIENCE AND ENGINEERING,
SECOND CYCLE, 30 CREDITS

,  STOCKHOLM SWEDEN 2018

Improved inapproximability 
of Max-Cut through Min-Cut

MÅRTEN WIMAN

KTH ROYAL INSTITUTE OF TECHNOLOGY
SCHOOL OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE





Improved inapproximability of
Max-Cut through Min-Cut

MÅRTEN WIMAN

Master in Computer Science
Date: June 15, 2018
Supervisor: Per Austrin
Examiner: Johan Håstad
Swedish title: Förbättrad ickeapproximerbarhet för Max-Cut genom
Min-Cut
School of Electrical Engineering and Computer Science





iii

Abstract

A cut is a partition of a graph’s nodes into two sets, and we say that an
edge crosses the cut if it connects two nodes belonging to different sets.
A maximum cut is a cut that maximises the number of crossing edges.

We show that for any sufficiently small ε > 0 it is NP-hard to
distinguish between graphs for which at least a fraction 1 − ε of all
edges crosses the maximum cut and graphs for which at most a frac-
tion 1 − 1.4568ε of all edges crosses the maximum cut. The previous
state of the art had a constant smaller than 1.375 in place of 1.4568.
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Sammanfattning

Ett snitt är en partition av en grafs noder i två mängder, och vi säger
att en kant korsar snittet om dess ändpunkter tillhör olika mängder.
Ett maximalt snitt är ett snitt som maximerar antalet kanter som korsar
snittet.

Vi bevisar att det för alla tillräckligt små konstanter ε > 0 är NP-
svårt att skilja mellan grafer för vilka minst en andel 1 − ε av alla
kanter korsar det maximala snittet och grafer för vilka högst en andel
1− 1.4568ε av alla kanter korsar det maximala snittet. Detta är en för-
bättring jämfört med ett tidigare resultat som hade en konstant mindre
än 1.375 istället för 1.4568.
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Chapter 1

Introduction

The well-known complexity class NP contains many examples of prob-
lems not believed to be efficiently solvable. However, some of these
problems are not only hard to solve exactly, but also to solve approxi-
mately.

The perhaps simplest example is the Max-Cut problem, in which
the goal is to partition the nodes in a given graph into two sets in such
a way that as many as possible of the graph’s edges connect nodes in
different sets.

Problem 1.1 (Max-Cut). Given a graph G = (V,E), a cut is a partition
of the nodes V into two sets S and T . The relative cut size is the frac-
tion of all edges (u, v) ∈ E for which u and v belong to different sets.
The maximum cut problem is the problem of computing the maximum
relative size of any cut.

It was proven by Karp [9] that Max-Cut is NP-hard, which means
that if there exists an efficient algorithm solving Max-Cut exactly then
any problem whose solution can be efficiently verified can also be effi-
ciently solved.

However, even approximating Max-Cut turns out to be NP-hard.
Håstad [7] and Trevisan et al. [12] showed that it is NP-hard to ap-
proximate the size of the maximum cut of an arbitrary graph within
a factor 16

17
+ ε. This stands in contrast to the best known polynomial

time approximation algorithm, due to Goemans and Williamson [5],
which produces cuts of size at least 0.87856 times the optimum.

For graphs that are almost bipartite in the sense that the maximum
relative cut size is close to 1, the Goemans-Williamson algorithm has

1



2 CHAPTER 1. INTRODUCTION

better approximation guarantees. Indeed, if the maximum relative cut
size is 1− ε then the Goemans-Williamson algorithm produces a cut of
relative size at least 1− 2

π

√
ε− o(ε).

On the hardness side, Håstad et al. [8] showed that for any suffi-
ciently small ε > 0 and any constant C < 11/8 = 1.375 it is NP-hard to
distinguish between the following two types of graphs:

• Graphs with maximum relative cut size at least 1− ε.

• Graphs with maximum relative cut size at most 1− Cε.

In this thesis we improve on the work of Håstad et al. [8] by demon-
strating a relatively efficient algorithmic way of proving inapproxima-
bility results for Max-Cut. The proposed method allows us to analyse
more complex reductions than those considered by Håstad et al. [8],
and we are thus able to improve their result by replacing the upper
bound C < 1.375 with C ≤ 1.4568.

Theorem 1.2. For all sufficiently small constants ε > 0 it is NP-hard to
distinguish between graphs with maximum relative cut size at least 1−ε and
graphs with maximum relative cut size at most 1− 1.4568ε.

To prove hardness of approximating Max-Cut we use gadgets, which
help us describe reductions to Max-Cut from a problem known as
Max-Hadk. Different gadgets yield different factors of inapproxima-
bility, and determining how good a gadget is requires solving a cer-
tain graph problem which unfortunately seems to be hard to solve ef-
ficiently. Our main contribution is the observation that it is possible to
prove lower bounds on the performance of gadgets by solving a much
simpler problem known as Min-Cut.

Problem 1.3 (Min-Cut). The minimum cut problem is the same as the
Max-Cut problem, except that instead of trying to maximise the relative
cut size the goal is to minimise it and there may be some nodes that are
required to belong to different sets.

Unlike the Max-Cut problem, the Min-Cut problem can easily be
solved in polynomial time, which makes it possible for us to analyse
larger gadgets than we would otherwise be able to.

However, in order to derive good inapproximability results, we do
not only have to be able to evaluate gadgets but we also have to come
up with gadgets to evaluate. We automate this process through an
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algorithm capable of efficiently finding the gadget which maximises
the performance lower bound mentioned above.

Finally, we present an optimisation which we estimate decreases
the time needed for our computer search by almost a factor 10 000.

1.1 Related problems

An interesting generalisation of both Min-Cut and Max-Cut is the
Max-2-Lin(2) problem. In the Max-2-Lin(2) problem, some of the edges
in the graph are maximisation edges while others are minimisation
edges, and the goal of the problem is to maximise the number of cut
maximisation edges minus the number of cut minimisation edges. We
can also formulate this using linear equations, as follows:

Problem 1.4 (Max-2-Lin(2)). Given a system of linear equations mod-
ulo 2 where each equation contains exactly two variables,

xi + xj = b (mod 2),

the Max-2-Lin(2) problem consists of finding an assignment to the vari-
ables such that the number of satisfied equations is maximised.

The variables xi represent which set each node belongs to, while
the equations with b = 1 represent maximisation edges and equations
with b = 0 represent minimisation edges.

Because the Max-2-Lin(2) problem is a generalisation of Max-Cut
and Min-Cut, it is at least as hard as each of those problems. Therefore
our inapproximability result for Max-Cut also holds for Max-2-Lin(2).

Theorem 1.5. For all sufficiently small constants ε > 0 it is NP-hard to
distinguish between Max-2-Lin(2) instances for which there exists an assign-
ment satisfying at least a fraction 1 − ε of the equations and instances for
which no assignment satisfies more than a fraction 1 − 1.4568ε of the equa-
tions.

The Max-2-Lin(2) problem can be further generalised by changing
the modulo from 2 to an arbitrary prime p, in which case we get the
Max-2-Lin(p) problem. Max-2-Lin(p) is interesting because of its rela-
tion to Khot’s [10] Unique Games Conjecture. Khot et al. [11] showed
that the Unique Games Conjecture is true if and only if it is NP-hard



4 CHAPTER 1. INTRODUCTION

to distinguish between Max-2-Lin(p) instances where more than a frac-
tion 1−ε of the equations can be satisfied and instances where no more
than a fraction ε of the equations can be satisfied, when p is sufficiently
large as a function of ε.

Khot et al. [11] also showed that if the Unique Games Conjecture
is true then the Goemans-Williamson algorithm for Max-Cut is es-
sentially optimal, and in particular it holds for all sufficiently small
ε > 0 that it is NP-hard to distinguish graphs with maximum rela-
tive cut size at least 1 − ε from graphs with maximum relative cut
size at most 1 − 2

π

√
ε, which would be an improvement compared to

Theorem 1.2. However, the Unique Games Conjecture is somewhat
controversial, and it is therefore worthwhile to study unconditional
NP-inapproximability of Max-Cut.



Chapter 2

Preliminaries

In this chapter we provide some background that is needed for our
reduction. We start by describing constraint satisfaction problems,
which comprise not only the Max-Cut and Max-2-Lin(2) problems but
also the Max-Hadk problem which is very important to us because our
inapproximability results are based on reductions from the Max-Hadk
problem.

The Max-Hadk problem is defined in Section 2.2, and in Section 2.3
we describe how gadgets can be used for reductions from Max-Hadk to
Max-Cut.

2.1 Constraint satisfaction problems

A constraint satisfaction problem (CSP) consists of a set of variables
and a set of constraints on the variables, and the goal is to find an as-
signment to the variables that maximises the number of satisfied con-
straints.

More formally, for any predicate φ : {−1, 1}n → {0, 1} an instance
I of the Max-φ CSP consists of a set V of variables and a distribu-
tion of constraints, where each constraint C consists of an n-subset
{x1, x2, . . . , xn} of V and a sign σi ∈ {−1, 1} for each variable xi. An
assignment A : V → {−1, 1} is said to satisfy a constraint C if

φ
(
σ1A(x1), . . . , σnA(xn)

)
= 1.

The value valI(A) of an assignment A is the probability that it satisfies
a random constraint sampled from I,

valI(A) = Pr
C∼I

[A satisfies C] ,

5
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and the value of an instance I is the maximum value of any assign-
ment,

val(I) = max
A
{valI(A)} .

In the Max-φ constraint satisfaction problem, the objective is to deter-
mine val(I).

Example 2.1. Max-2-Lin(2) can be modelled as a constraint satisfaction
problem by letting φ : {−1, 1}2 → {0, 1} be the equality predicate

φ(x, y) =

{
1 if x = y,

0 if x 6= y.

For equations of the form xi + xj = 0 (mod 2) we let σ1 = σ2 and for
equations of the form xi + xj = 1 (mod 2) we let σ1 6= σ2.

Example 2.2. Max-Cut is a special case of Max-2-Lin(2) where all con-
straints have σ1 6= σ2. Given a graph G, each node in the graph is
represented by a variable in V , and the two sets are represented by the
numbers −1 and 1. A constraint consists of a uniformly random edge
(u, v) in G, and the constraint is satisfied if

φ(A(u),−A(v)) = 1,

where φ : {−1, 1}2 → {0, 1} is the equality predicate. The value of
the instance is equal to the maximum relative cut size of G defined in
Definition 1.1.

Remark 2.3. The version of Max-Cut described above is known as
unweighted Max-Cut because the constraints are sampled uniformly
among all edges in the graph. In the remainder of this thesis we will
focus on weighted Max-Cut, where the probabilities may be different
for different edges. This is not a cause of concern because unweighted
Max-Cut and weighted Max-Cut are equally hard to approximate, see
[3].

2.2 Hadamard predicates

Our goal is to prove that it is NP-hard to approximate Max-Cut well,
and we do this using a reduction from another problem which has
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already been shown to be NP-hard. The problem from which we re-
duce is a constraint satisfaction problem based on Hadamard predicates,
which are defined on hypercubes and only evaluate to 1 on a relatively
small set of inputs.

Before we define the Hadamard predicates, let us first introduce
some notation for dealing with hypercubes.

Definition 2.4. For any non-negative integer k, we let Vk = {−1, 1}2k

denote the set of vertices in the 2k-dimensional hypercube, and we let
Ek denote the set of edges in the 2k-dimensional hypercube.

Rather than indexing the coordinates of a node x by the numbers
1, . . . , 2k, we instead index them by subsets of [k]. For example, for a
node x ∈ V2 we write

x =
(
x∅, x{1}, x{2}, x{1,2}

)
,

rather than x = (x1, x2, x3, x4). This convention makes the definition of
the set of nodes satisfying the Hadamard predicate less cumbersome.

Definition 2.5. For any non-negative integer k and any set S ⊆ [k], let
χS ∈ Vk denote the node such that for all T ⊆ [k], the coordinate (χS)T
satisfies

(χS)T = (−1)|S∩T |.

Example 2.6. If k = 2 then

χ∅ =
(
1, 1, 1, 1

)
, χ{1} =

(
1,−1, 1,−1

)
,

χ{2} =
(
1, 1,−1,−1

)
, χ{1,2} =

(
1,−1,−1, 1

)
.

The Hadamard predicate is usually defined so that the nodes χS
are the only nodes that satisfy it, but those nodes are distributed some-
what asymmetrically because (χS)∅ = 1 for all S. To make the set more
symmetric we introduce a new set which also contains all nodes that
are antipodal to the nodes χS .

Definition 2.7. For any non-negative integer k, let

Zk =
{
± χS|S ⊆ [k]

}
.

We then define the Hadamard predicate to be satisfied for all nodes
in Zk, but not for any other nodes.
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Definition 2.8. The 2k-ary Hadamard predicate Hadk : Vk → {0, 1} is
defined by

Hadk(x) =

{
1 if x ∈ Zk,
0 otherwise.

It turns out that the Max-Hadk CSP is very hard to approximate.
In fact, Chan [2] proved that it is NP-hard to distinguish between in-
stances that admit almost perfect solutions and instances for which all
assignments make the vector sampled by the constraints look almost
uniformly random.

Theorem 2.9 (Chan [2]). Fix a real constant ε > 0 and an integer k ≥ 3.
For an instance I of the Max-Hadk CSP it is NP-hard to distinguish between
the following two cases:

• (Completeness) val(I) ≥ 1− ε.

• (Soundness) For every assignment A and every vector α ∈ Vk it holds
that if we sample a constraint C =

(
(σ∅, x∅), . . . , (σ[k], x[k])

)
from I

then ∣∣∣Pr
C∼I

[(
σ∅A(x∅), . . . , σ[k]A(x[k])

)
= α

]
− 2−2

k
∣∣∣ ≤ ε.

Remark 2.10. Note that in Theorem 2.9, x∅, . . . , x[k] do not refer to coor-
dinates of some node x, but instead they refer to different variables in
V , like in Section 2.1.

A predicate for which it is NP-hard to distinguish between the two
cases described above is known as a useless predicate, as defined by
Austrin and Håstad [1]. The fact that the Hadamard predicates are
useless is precisely what makes them so useful for reductions, and in
the next section we describe how this uselessness can be exploited to
show inapproximability results for Max-Cut.

2.3 Reduction from Max-Hadk to Max-Cut

In this section we describe a reduction from Max-Hadk to Max-Cut,
closely following the work of Håstad et al. [8].

The reductions we consider are based on gadgets, which are func-
tions that map each constraint in an instance of one problem to a distri-
bution over constraints in another problem. In our case the gadget will
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map each constraint in a Max-Hadk instance to a distribution over con-
straints in a Max-Cut instance. In this way, a gadget and a Max-Hadk
instance together define an instance of the Max-Cut problem, and our
aim is to prove that if there exists an efficient algorithm that approxi-
mates Max-Cut well then it is possible to use the gadget reduction to
distinguish between the two cases in Theorem 2.9, which is a contra-
diction unless P = NP.

The variable set in our Max-Cut instance contains all variables that
are used in the Max-Hadk instance, but we also use some additional
variables. Specifically, for each Max-Hadk constraint C = (σS, xS)S⊆[k]
we introduce a variable yCv for every node v ∈ Vk. We identify the vari-
able yCσSχS

with xS for each S ⊆ [k], which means that all constraints
involving the variable xS will use the same instance of that variable,
thus forcing it to take the same value every time it appears.

We refer to the variables yCσSχS
as primary variables and to all other

variables as auxiliary variables. Note that there are only 2k primary vari-
ables per constraint C, while there are 22

k − 2k auxiliary variables. The
primary variables satisfy the Hadamard predicate if

Hadk
(
σ∅y

C
σ∅χ∅

, . . . , σ[k]y
C
σ[k]χ[k]

)
= 1,

which is equivalent to(
σ∅y

C
σ∅χ∅

, . . . , σ[k]y
C
σ[k]χ[k]

)
∈ Zk.

We want to construct a distribution over Max-Cut constraints (i.e.
edges) on these variables such that

• If there exists an assignment to the primary variables such that
the Hadamard predicate is satisfied for a fraction at least 1 − ε

of the constraints, then that assignment can be extended to all
variables in such a way that a large fraction of the Max-Cut con-
straints are satisfied.

• If all assignments to the primary variables make the input to
the Hadamard predicate look essentially random then no assign-
ment satisfies a very large fraction of the Max-Cut constraints.

Our constraint distribution will be based on a probability distribution
over Ek, the edges in the 2k-dimensional hypercube. Because it corre-
sponds to a distribution over Max-Cut constraints, we will refer to this
edge distribution as a gadget.
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Definition 2.11. A Hadk-gadget is a function G : Ek → R≥0 such that∑
e∈Ek

G(e) = 1.

Equivalently, a Hadk-gadget can be defined as a probability distribu-
tion over Ek.

To sample a Max-Cut constraint, we will first sample a constraint C
from the Max-Hadk instance and an edge (u, v) from the gadget G. The
Max-Hadk constraint C has 22k associated variables yCv and we want to
output a Max-Cut constraint on those variables. In the following we
will omit the superscript C but keep in mind that the auxiliary vari-
ables yv are different for different constraints C.

We select which Max-Cut constraint to output randomly, according
to the following distribution:

• With probability 1/4 we output the constraint yu 6= y−u.

• With probability 1/4 we output the constraint yv 6= y−v.

• With probability 1/4 we output the constraint yu 6= y−v.

• With probability 1/4 we output the constraint yv 6= y−u.

The purpose of the constraints yu 6= y−u and yv 6= y−v is to ensure that
the optimal assignment is folded, which means that for every v ∈ Vk it
holds that yv 6= y−v. If the assignment is folded then the constraints
yu 6= y−v and yv 6= y−u are both equivalent to yu = yv, so the Max-Cut
instance can actually be regarded as an instance of ‘folded Min-Cut’.

Let us now prove that for this distribution of constraints it is in fact
optimal to use folded assignments.

Remark 2.12. In the following we will let A(v) denote the value that
an assignment A assigns to the variable yv. This is a slight abuse of
notation, since it would be more appropriate to write A(yv) instead,
but this simplification should not lead to any confusion.

Lemma 2.13. Given any assignment A : Vk → {−1, 1}, there is a folded
assignment A′ : Vk → {−1, 1} such that if we sample a random Max-Cut
constraint then the probability that A′ satisfies the constraint is greater than
or equal to the probability that A satisfies it.
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Proof. The assignment A′ will agree with A on all primary variables.
For each pair of nodes (v,−v) such that A(v) = A(−v), at least one of
the variables yv and y−v is auxiliary. Therefore we can construct the
assignment A′ using the following algorithm:

1. Let A′ ← A.

2. If there exists some pair of nodes (v,−v) such thatA′(v) = A′(−v),
then let w ∈ {v,−v} be a node such that yw is auxiliary, and then
flip the value of A′(w).

3. Repeat Step 2 until A′ is folded.

Every time we change A′, the number of pairs of nodes (v,−v) such
that A′(v) = A′(−v) decreases, so the algorithm terminates. Further-
more, none of the changes decrease the probability that A′ satisfies a
randomly sampled Max-Cut constraint because half of the Max-Cut
constraints involving the variable yw check that yw 6= y−w, a constraint
which is satisfied after flipping the value of A′(w) but not before.

Lemma 2.13 tells us that we can assume without loss of generality
that the assignments are folded, in which case the constraints of the
form yu 6= y−v are equivalent to yu = yv.

Because our Max-Cut instance will be such that it is possible to
satisfy almost all the constraints, it is natural to measure the number of
falsified constraints instead of the number of satisfied constraints. For
this reason we introduce the cost of an assignment, which measures
the fraction of constraints of the form yu = yv that are falsified.

Definition 2.14. For any assignment A : Vk → {−1, 1} and any Hadk-
gadget G, let the cost of A with respect to G be defined as the probabil-
ity that A assigns different values to the endpoints of a random edge
sampled from G,

costG(A) = Pr
(u,v)∼G

[A(u) 6= A(v)] .

The above definition only applies to complete assignmentsA, which
assign values to all variables. However, we will often have partial as-
signments which only assign values to the primary variables and their
antipodes. We refer to such assignments as Z-assignments.

Definition 2.15. A Z-assignment is an assignment AZ : Zk → {−1, 1}.
We let Z denote the set of all folded Z-assignments.
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We generalise the notion of cost to Z-assignments by defining it
as the optimal cost when such a partial assignment is extended to an
assignment on all variables. We refer to this quantity as the cost, as
well, which causes no ambiguity because the two types of costs are
defined on different types of assignments.

Definition 2.16. For any foldedZ-assignmentAZ and any Hadk-gadget
G, let the cost of AZ with respect to G be defined by

costG(AZ) = min
A∈Extfolded(AZ)

costG(A),

where Extfolded(AZ) denotes the set of all folded extensions ofAZ to the
whole of Vk.

Let us now introduce a measure of how hard it is to satisfy the
Max-Cut constraints generated by a gadget G when the primary vari-
ables are assigned uniformly at random, but the auxiliary variables
are assigned optimally. This definition is useful in the soundness case
of Theorem 2.9 because then all assignments to the primary variables
behave as if they were essentially random.

Definition 2.17. The random cost of a Hadk-gadget G is defined by

rand(G) = E
AZ∼Z

[costG(AZ)] ,

where AZ is a uniformly random folded Z-assignment.

In the completeness case of Theorem 2.9 there are assignments that
do not behave randomly. Indeed, there even exist assignments such
that for almost all Max-Hadk constraints C, the corresponding Max-
Cut-variables yCv satisfy the Hadamard predicate, which means that(

σ∅y
C
σ∅χ∅

, . . . , σ[k]y
C
σ[k]χ[k]

)
= bχS,

for some b ∈ {−1, 1}. For folded assignments this is equivalent to(
yCχ∅ , . . . , y

C
χ[k]

)
= bχS,

which means that for all T ⊆ [k] we have

yCχT
= b(χS)T = b(−1)|S∩T | = b(χT )S.

The value of the primary variables are therefore determined by only
one of their coordinates. In other words, the primary variables are
assigned according to a dictator, as defined below.
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Definition 2.18. For S ⊆ [k], the dictator assignment dS : Vk → {−1, 1}
is defined by

dS(x) = xS.

As in the soundness case, we are primarily concerned with partial
assignments that only assign values to the variables corresponding to
nodes in Zk.

Definition 2.19. For every S ⊆ [k], the Z-dictator dS|Z is the folded
Z-assignment that sets dS|Z(z) = dS(z) for all z ∈ Zk.

Finally we define a measure of how hard it is to satisfy the Max-
Cut constraints generated by a gadget G when the primary variables
are assigned according to a dictator. Since we will not be able to choose
which dictator they are assigned according to, we have to assume that
they are assigned according to the ‘worst’ one.

Definition 2.20. The dictator cost of a Hadk-gadget G is defined by

dict(G) = max
S⊆[k]

costG(dS|Z).

With all these definitions in place we are ready to show how to
reduce from Max-Hadk to Max-Cut.

Proposition 2.21. Let k ≥ 3 and let G be an arbitrary Hadk-gadget. Further
let δ > 0 be an arbitrary constant. Then, given a Max-Cut instance I ′, it is
NP-hard to distinguish between the following two cases:

• val(I ′) ≥ 1− 1
2
dict(G)− δ,

• val(I ′) ≤ 1− 1
2
rand(G) + δ.

Proof. We know from Theorem 2.9 that given a Max-Hadk instance I it
is NP-hard to distinguish between the following two cases:

• val(I) ≥ 1− ε.

• For every assignment A and every vector α ∈ Vk it holds that if
we sample a constraint C =

(
(σ∅, x∅), . . . , (σ[k], x[k])

)
from I then∣∣∣Pr[(σ∅A(x∅), . . . , σ[k]A(x[k])) = α

]
− 2−2

k
∣∣∣ ≤ ε.
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It is therefore sufficient to prove that if we are given an oracle that
distinguishes between the cases

val(I ′) ≥ 1− 1

2
dict(G)− δ

and
val(I ′) ≤ 1− 1

2
rand(G) + δ

for a Max-Cut instance I ′, then we can distinguish between the two
cases in Theorem 2.9 in polynomial time.

Let us fix some Max-Hadk instance I. We then construct a corre-
sponding Max-Cut instance I ′(G, I) containing all the variables in I
and some auxiliary variables, as we described earlier.

To sample a constraint from I ′ we first sample a constraint C from
I. The constraint C has a set of associated variables {yv}v∈Vk , where 2k

of the variables are primary variables and therefore shared with other
constraints. We also sample an edge (u, v) from the gadget G. Finally
we sample a ∈ {u, v} and b ∈ {−u,−v} independently and uniformly
at random, and output the constraint ya 6= yb.

Lemma 2.22 (Completeness). Suppose that val(I) ≥ 1− ε. Then

val(I ′) ≥ 1− 1

2
dict(G)− ε.

Proof. Let A be an assignment such that valI(A) ≥ 1 − ε. We want to
construct a good assignment A′ for the instance I ′, and to do so we
start by assigning all the primary variables so that they agree with the
corresponding variables in A.

If C is a random constraint sampled from I, then with probability
at least 1−ε it holds that all primary variables yz corresponding to that
constraint are assigned according to some (negated) dictator f = ±dT .

Suppose that C is a constraint for which this holds, and letA′ assign
values to the auxiliary variables in an optimal way. By Lemma 2.13 we
can assume without loss of generality that A′ is folded, in which case
all constraints of the form yv 6= y−v are satisfied.

The probability that a random constraint of the form yu 6= y−v,
where u 6= v, is satisfied is 1 − costG(f|Z), where f|Z denotes the par-
tial assignment that assigns the value given by f to all nodes in Zk.
Since negating an assignment does not change its value, the maximum
cost over all negated dictators is the same as the maximum cost over
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all dictators, and therefore we can conclude that the probability that a
random constraint of the form yu 6= y−v is satisfied is at least 1−dict(G).

Since the probability that a random constraint is of the form
yu 6= y−v is 1/2, the probability that A′ satisfies a random constraint
on the variables corresponding to C is at least 1 − 1

2
dict(G). Since this

lower bound holds for a fraction at least 1 − ε of all Max-Hadk con-
straints C we can conclude that

valI′(A
′) ≥ (1− ε)

(
1− 1

2
dict(G)

)
≥ 1− 1

2
dict(G)− ε.

Lemma 2.23 (Soundness). Suppose that for every assignment A and
every vector α ∈ Vk it holds that if we sample a random constraint
C =

(
(σ∅, x∅), . . . , (σ[k], x[k])

)
from I then∣∣∣Pr

C∼I

[(
σ∅A(x∅), . . . , σ[k]A(x[k])

)
= α

]
− 2−2

k
∣∣∣ ≤ ε.

Then

val(I ′) ≤ 1− 1− ε · 22k

2
· rand(G).

Proof. LetA′ be an optimal solution to the Max-Cut instance I ′. We can
define a corresponding solution A to the Max-Hadk instance I by let-
ting each variable in A be equal to the corresponding primary variable
in A′.

Let C be a random Max-Hadk constraint sampled from I, and let
{yv}v∈Vk be the set of corresponding variables in A′. Then it holds for
all α ∈ Vk that∣∣∣Pr

C∼I

[(
σ∅yσ∅χ∅ , . . . , σ[k]yσ[k]χ[k]

)
= α

]
− 2−2

k
∣∣∣ ≤ ε.

By Lemma 2.13 we can assume without loss of generality that yv 6= y−v
for all v ∈ Vk. Therefore∣∣∣Pr

C∼I

[(
yχ∅ , . . . , yχ[k]

)
= α

]
− 2−2

k
∣∣∣ ≤ ε.

For every α ∈ Vk, let Aα denote the folded Z-assignment such that(
Aα(yχ∅), . . . , Aα(yχ[k]

)
)
= α. With probability 1/2, a randomly sampled

constraint is of the form yv 6= y−v, and such constraints are always
satisfied when the assignment is folded. Only with probability 1/2 is a
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randomly sampled constraint of the form yu 6= y−v for u 6= v, which
means that

val(I ′) = 1− 1

2

∑
α∈Vk

costG(Aα) Pr
[(
yχ∅ , . . . , yχ[k]

)
= α

]
.

Since PrC∼I

[(
yχ∅ , . . . , yχ[k]

)
= α

]
≥ 2−2

k − ε for all α it follows that

val(I ′) ≤ 1− 2−2
k − ε
2

·
∑
α∈Vk

costG(Aα).

By definition we have

rand(G) = 2−2
k
∑
α∈Vk

costG(Aα),

so we can conclude that

val(I ′) ≤ 1− 1− ε · 22k

2
· rand(G).

Now set
ε = 2−2

k

δ.

In the completeness case we then have

val(I ′) ≥ 1− 1

2
dict(G)− δ,

and in the soundness case we have

val(I ′) ≤ 1− 1

2
rand(G) + δ.

This means that if we are given an oracle that distinguishes between
val(I ′) ≥ 1− 1

2
dict(G)− δ and val(I ′) ≤ 1− 1

2
rand(G) + δ for any Max-

Cut instance I ′, we can distinguish between the completeness and the
soundness case for any Max-Hadk instance I, as desired.

Most of the time we do not really care about the exact values of
dict(G) and rand(G), but only the relation between them. For this rea-
son we introduce the score of a gadget, which captures this relation.
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Definition 2.24. The score of a Hadk-gadget G is defined by

score(G) = rand(G)
dict(G)

.

We can then state the following variant of Proposition 2.21:

Proposition 2.25. Let k ≥ 3 and let G be an arbitrary Hadk-gadget. Further
let 0 < ε < 1

2
dict(G) and δ > 0 be arbitrary constants. Then, given a Max-

Cut instance I ′, it is NP-hard to distinguish between the following two cases:

• val(I ′) ≥ 1− ε,

• val(I ′) ≤ 1− score(G) · ε+ δ.

Proof. By Proposition 2.21 it is NP-hard to distinguish between the fol-
lowing two cases for a given Max-Cut instance I:

• val(I) ≥ 1− 1
2
dict(G)− δ′,

• val(I) ≤ 1− 1
2
rand(G) + δ′.

Given a Max-Cut instance I with optimal solution A, let us construct a
new Max-Cut instance I ′ with the same set of variables as I but where
the constraints are sampled using the following strategy:

• With probability p output a fixed constraint that is satisfied by A.

• With probability 1− p output a random constraint from I.

Then it holds for any assignment A′ that

valI′(A
′) ≤ p+ (1− p) valI(A′).

When A′ = A the above inequality becomes an equality and therefore

val(I ′) = p+ (1− p) val(I).

Hence it is NP-hard to distinguish between the following two cases:

• val(I ′) ≥ p+ (1− p)(1− 1
2
dict(G)− δ′),

• val(I ′) ≤ p+ (1− p)(1− 1
2
rand(G) + δ′).
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Let
p = 1− ε

1
2
dict(G) + δ′

.

Then

p+ (1− p)
(
1− 1

2
dict(G)− δ′

)
= 1− ε,

and

p+ (1− p)
(
1− 1

2
rand(G) + δ′

)
=

1− ε · score(G) + 2δ′(1+ε)
dict(G)

1 + 2δ′

dict(G)
.

If we fix ε and let δ′ → 0 then

1− ε · score(G) + 2δ′(1+ε)
dict(G)

1 + 2δ′

dict(G)
→ 1− ε · score(G)

and therefore it holds for all sufficiently small δ′ that

p+ (1− p)
(
1− 1

2
rand(G) + δ′

)
≤ 1− ε · score(G) + δ.

Hence it is NP-hard to distinguish between the following two cases:

• val(I ′) ≥ 1− ε,

• val(I ′) ≤ 1− score(G) · ε+ δ.

Because of Proposition 2.25 we are interested in gadgets with large
scores. Håstad et al. [8] showed that there exists a Had3-gadget G such
that score(G) = 11/8, and they also showed that this is optimal among
all Had3-gadgets. This means that in order to improve on their result
it is necessary to look beyond Had3, and we will therefore focus on
Had4-gadgets.

Unfortunately it seems to be computationally difficult to compute
score(G) for arbitrary gadgets G. Since Vk contains 22k nodes there exist
22

2k assignments, of which 22
2k−1 are folded. A naive algorithm which

simply checks all folded assignments therefore runs in time O
(
22

2k−1),
which is far from feasible even for k = 3. Håstad et al. [8] nevertheless
managed to analyse their gadget, but their methodology is specific to
Had3-gadgets and does not generalise to Had4-gadgets.
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Our main contribution is an algorithm that computes lower bounds
on score(G) in time 2O(2

k) for arbitrary gadgets G. We also use this
algorithm to search for good Had4-gadgets, and we present a Had4-
gadget G such that score(G) > 1.4568.



Chapter 3

Results

Because of Proposition 2.25 we are interested in gadgets G such that
score(G) is large, but unfortunately we know of no good algorithms for
computing score(G) exactly. However, if we could prove good lower
bounds on score(G), then that could still yield improved inapproxima-
bility results for Max-Cut.

In the next section we describe a general method of computing such
lower bounds, which works quite well in practice.

3.1 Relaxation of constraints

Recall that we defined the cost of a folded Z-assignment AZ with re-
spect to a gadget G as the minimum cost of any folded extension of AZ
to the whole of the hypercube Vk. The problem of finding the opti-
mal extension of AZ is highly reminiscent of the minimum cut problem,
which we now restate more formally.

Problem 3.1 (Min-Cut, restated). Given a weighted, undirected graph
G = (V,E) and two disjoint sets of nodes S, T ⊆ V , the minimum cut
problem consists of finding two sets A ⊇ S and B ⊇ T partitioning V
such that the total weight of all edges (u, v) for which u ∈ A and v ∈ B
is minimised.

The difference between our problem and the minimum cut prob-
lem is that we have additional requirements on the cuts, because we
require the assignments to be folded.

Our key idea is to ignore the requirement that the assignments
must be folded. If we can compute the minimum cost of any extension

20
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of AZ then that clearly provides us with a lower bound on the mini-
mum cost of the folded extensions of AZ , but a priori it is not obvious
how good that lower bound is.

There is, however, reason to believe that the lower bound should
be good, because our partial assignments AZ are always folded. It
seems plausible that the optimal extension of AZ should preserve this
symmetry even when it is not forced to, and this intuition actually
turns out to be correct in many (but not all) cases.

Let us therefore use a new definition of the cost of a partial assign-
ment, which does not require the assignment’s extensions to be folded.

Definition 3.2. For anyZ-assignmentAZ : Zk → {−1, 1} and any Hadk-
gadget G, let the relaxed cost of AZ with respect to G be defined by

c̃ostG(AZ) = min
A∈Ext(AZ)

costG(A),

where Ext(AZ) denotes the set of all extensions of AZ to the whole of
Vk.

We also introduce a new definitions of rand(G) that uses our new
definition of cost.

Definition 3.3. The relaxed random cost of a Hadk-gadget G is defined
by

r̃and(G) = E
AZ∼Z

[
c̃ostG(AZ)

]
,

where AZ is a uniformly random folded Z-assignment.

Observation 3.4. The relaxed random cost is a lower bound on the random
cost,

r̃and(G) ≤ rand(G).

With our new relaxed definition of cost, we can reduce the problem
of evaluating gadgets to the Min-Cut problem, which is solvable in
polynomial time. To do this, we let the graph G be the 2k-dimensional
hypercube with edge weights given by the gadget G, and we let S be
the set of nodes whose variables are assigned the value 1 by the partial
assignment AZ and we let T be the set of nodes whose variables are
assigned the value −1.

In Algorithm 3.5 we show how to compute an optimal extension
of any Z-assignment AZ with respect to a gadget G. The algorithm
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includes a call to MINCUT, where any algorithm for computing min-
imum cuts may be used (and in particular the algorithm may return
any minimum cut if there are several to choose from). However, since
solving Min-Cut constitutes the main bottleneck of finding and evalu-
ating gadgets in our work it is preferable to use an efficient implemen-
tation, and we have chosen to use the preflow algorithm by Goldberg
and Tarjan [6], implemented in the Lemon graph library [4].

We also include the procedure RELAXEDRANDOMCOST which com-
putes r̃and(G) for an arbitrary gadget G by computing the relaxed cost
of each folded Z-assignment. In Section 3.3 we show how this step can
be optimised by exploiting the fact that many of the Z-assignments are
symmetric and therefore have the same cost.

Algorithm 3.5 Evaluating gadgets
1: procedure OPTIMALRELAXEDEXTENSION(k,AZ ,G)
2: Let G = (Vk, Ek) be the 2k-dimensional hypercube.
3: S ← {z ∈ Zk : AZ(z) = 1}
4: T ← {z ∈ Zk : AZ(z) = −1}
5: (A,B)←MINCUT(G,S, T )

6: return the complete assignment setting yv =

{
1 if v ∈ A
−1 if v ∈ B

7: procedure RELAXEDRANDOMCOST(k,G)
8: C ← 0

9: for AZ ∈ Z do
10: A← OPTIMALRELAXEDEXTENSION(k,AZ ,G)
11: C ← C + 1

|Z|
∑

(u,v)∈Ek
G(u, v)[A(u) 6= A(v)]

12: return C

Algorithm 3.5 is sufficiently efficient to evaluate any Had4-gadget
in reasonable time (our implementation takes less than a day per gad-
get). However, we also need a way of finding good gadgets to evalu-
ate. In the next section we present an iterative algorithm which mod-
els the gadget optimisation problem as a linear program using a small
subset of all assignments as constraints.



CHAPTER 3. RESULTS 23

3.2 Gadget optimisation

Our goal in this section is to find gadgets G such that score(G) is large.
In the previous section we presented a relatively efficient algorithm
that computes a lower bound on rand(G), but in order to be able to
bound score(G) from below we also need an upper bound on dict(G).

Fortunately it is in some sense easier to show upper bounds for the
cost of a partial assignment than it is to show lower bounds, because
in order to show an upper bound it is sufficient to find a single assign-
ment achieving a small cost whereas proving a lower bound requires
showing that no assignment has a small cost.

The task is further facilitated by the fact that we only require upper
bounds for the costs of Z-dictators, and for a partial assignment that
is assigned in accordance with a dictator it seems natural that the ex-
tension should assign all variables according to that dictator. This idea
yields the following simple upper bound:

Lemma 3.6. For any Hadk-gadget G it holds that

dict(G) ≤ max
S⊆[k]
{costG(dS)} .

Proof. By definition we have

dict(G) = max
S⊆[k]

{
costG(dS|Z)

}
.

For any S ⊆ [k] it holds that dS is a folded extension of dS|Z , which
means that

costG(dS|Z) = min
A∈Extfolded(dS|Z)

{costG(A)} ≤ costG(dS).

Hence
dict(G) ≤ max

S⊆[k]
{costG(dS)} .

The upper bound in Lemma 3.6 can be simplified further if we as-
sume that the gadget G is ‘symmetric’. In Section 3.3 we clarify what
we mean by a symmetric gadget, but for now let us just require that
for every S ⊆ [k], the total weight of all edges (u, v) such that u and v

differ only in the S-coordinate is the same.
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This is a much weaker form of symmetry than what is discussed in
Section 3.3, but this weak symmetry is sufficient to simplify Lemma 3.6
because costG(dS) is exactly the total weight of all edges between nodes
that differ in the S-coordinate. The idea behind the simplification is
that if the total weight of all edges between nodes that differ in the S-
coordinate is the same for all S ⊆ [k], then it must be equal to the total
weight of all edges divided by the number of subsets S ⊆ [k].

Proposition 3.7. Suppose that G is a Hadk-gadget such that the sum∑
(u,v)∈Ek

G(u, v) · [uS 6= vS]

is independent of the set S ⊆ [k]. Then

dict(G) ≤ 2−k.

Proof. By the definition of cost we have

costG(dS) =
∑

(u,v)∈Ek

G(u, v)[dS(u) 6= dS(v)],

and since dS(u) = uS and dS(v) = vS it follows that

costG(dS) =
∑

(u,v)∈Ek

G(u, v)[uS 6= vS].

The symmetry assumption therefore implies that costG(dS) is indepen-
dent of S, so

costG(dS) = max
S′⊆[k]

{costG(dS′)} ,

for all S ⊆ [k]. Now Lemma 3.6 implies that

dict(G) ≤ max
S⊆[k]
{costG(dS)}

= 2−k ·
∑
S⊆[k]

max
S′⊆[k]

{costG(dS′)}

= 2−k ·
∑
S⊆[k]

costG(dS).

For every edge (u, v), the nodes u and v differ in exactly one coordi-
nate, which means that∑

S⊆[k]

costG(dS) =
∑

(u,v)∈Ek

G(u, v)
∑
S⊆[k]

[uS 6= vS] =
∑

(u,v)∈Ek

G(u, v).
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We can therefore conclude that

dict(G) ≤ 2−k ·
∑

(u,v)∈Ek

G(u, v).

The desired result now follows because our gadgets are defined as
probability distributions, meaning that

∑
(u,v)∈Ek

G(u, v) = 1.

Proposition 3.7 tells us that if we restrict our attention to gadgets
that satisfy some moderate symmetry requirements, then we can bound
the dictator cost from above. In order to find gadgets G such that
score(G) is large we therefore focus on trying to maximise rand(G).

Trevisan et al. [12] developed a general approach for optimising
gadgets by using linear programs.

Problem 3.8. A linear program is an optimisation problem where, given
a matrix A ∈ Rm×n and vectors b ∈ Rm and c ∈ Rn, one has to find a
vector x ∈ Rn that maximises the scalar product c · x subject to Ax ≤ b

and x ≥ 0, where the inequalities must hold componentwise.

Håstad et al. [8] observed that the linear programming approach
by Trevisan et al. [12] could in principle be used to find gadgets G
that maximise rand(G) subject to

∑
e∈Ek
G(e) = 1. Indeed, we can

consider the weights G(e) as variables, and our objective is to assign
non-negative real values to these variables so that EAZ∼Z [costG(AZ)] is
maximised, where AZ is a uniformly random folded Z-assignment. If
we introduce, for each Z-assignment AZ , a variable `AZ

representing a
lower bound on costG(AZ) then we can write the optimisation problem
as follows:

Maximise 2−k ·
∑
AZ∈Z

`AZ

subject to
∑
e∈Ek

G(e) = 1,

∀e ∈ Ek : G(e) ≥ 0,

∀AZ ∈ Z : ∀A ∈ Extfolded(AZ) : `AZ
≤ costG(A).

Note that this optimisation problem is actually a linear program,
because the constraints of the form `AZ

≤ costG(A) can be written as

`AZ
≤

∑
(u,v)∈Ek

G(u, v)[A(u) 6= A(v)],
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which is a linear inequality.
Unfortunately, as observed by Håstad et al. [8], it is infeasible to

solve this linear program even for k = 3. The reason is that there
exist 222

k−1 folded assignments A and thus there are more than 22
2k−1

constraints.
However, we observe that it may not actually be necessary to in-

clude all those constraints. Instead we propose an iterative approach
where we start with a linear program with no constraints other than
those ensuring that the gadget is a probability distribution. We then
pick a gadget G arbitrarily and compute for each Z-assignment AZ the
optimal folded extension A ∈ Extfolded(AZ) with respect to G. Then
the constraint `AZ

≤ costG(A) is added to the linear program, but
only for the optimal folded extension A. When this has been done
for all Z-assignments AZ , we solve the new linear program to find a
new gadget G, for which we determine the optimal folded extensions
A of all Z-assignments AZ , and in this way we get new constraints
`AZ
≤ costG(A) which we add to the linear program. This process can

then be repeated until we have found a good gadget.
The problem with the algorithm described above is that we do not

know how to efficiently find an optimal folded extension A of a given
Z-assignment AZ . However, as described in Section 3.1, we do know
how to find the optimal extension when it is not required to be folded.
For this reason we will allow constraints `AZ

≤ costG(A) also for exten-
sions A which are not folded.

To recapitulate, we start with a linear program LP init defined as
follows:

Maximise 2−k ·
∑
AZ

`AZ

subject to
∑
e∈Ek

G(e) = 1,

∀e ∈ Ek : G(e) ≥ 0.

We then iteratively pick a gadget G given by the optimal solution to
the linear program, except in the first iteration where we have to pick
the gadget in some other way because the initial linear program does
not have an optimal solution. For this gadget we then compute the op-
timal, not necessarily folded, extensions A of all folded Z-assignments
AZ , and add the corresponding constraints `AZ

≤ costG(A) to the lin-
ear program, after which the process is repeated. The pseudocode is
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shown in Algorithm 3.9.

Algorithm 3.9 Searching for gadgets
1: procedure GADGETSEARCH(k)
2: LP ← LP init

3: Let G be the uniform gadget, for which ∀e ∈ Ek : G(e) = 1/|Ek|
4: S ← ∅
5: while G /∈ S do
6: S ← S ∪ {G}
7: for AZ ∈ Z do
8: A← OPTIMALRELAXEDEXTENSION(k,AZ ,G)
9: Add the constraint `AZ

≤ costG(A) to LP
10: Solve LP
11: Set G(e) according to the optimal solution of LP
12: return G

Note that the algorithm keeps track of which gadgets have already
been analysed. Doing so allows it to terminate whenever it sees some
gadget G for the second time, because analysing that gadget again
would yield no new constraints and thus the optimal solution to the
linear program would continue to be the gadget G.

Assuming that a polynomial time algorithm is used to solve the
linear programs, each iteration of Algorithm 3.9 runs in time 2O(2

k).
The number of iterations depends on how OPTIMALRELAXEDEXTEN-
SION is implemented, because for some gadgets there may be several
optimal relaxed extensions and which constraint is added to the linear
program depends on which extension is chosen. In practice, however,
it does not seem to matter much which extension is chosen.

Even though the number of iterations varies depending on which
extensions are chosen, when a gadget is finally returned it is guaran-
teed to have the optimum random relaxed cost. This is because the lin-
ear program provides an upper bound on the random relaxed cost of
any gadget, and this upper bound is tight for the final gadget G found
by the algorithm since all assignments A used to compute r̃and(G) are
added as constraints in the linear program.

We estimate that our implementation of Algorithm 3.9 would ter-
minate within a few weeks in the case k = 4, but in the next section we
show how an optimisation brings this down to ten minutes.
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3.3 Exploiting the symmetries

The hypercubes on which our gadgets are defined are very symmetric
objects, and in this section we use this fact to show that we without
loss of generality can restrict our attention to gadgets that exhibit the
same symmetries. The benefit of this is twofold: Firstly it means that
the linear program in Algorithm 3.9 can be simplified because we can
assume that many of the edges have the same weight, but more impor-
tantly symmetric gadgets are much easier to evaluate because for such
gadgets there are not very many significantly different Z-assignments.

3.3.1 The symmetry group

The symmetry group of a geometric object is the set of affine transfor-
mations under which the object is invariant, with composition of func-
tions as the group operation. For example, the symmetry group of a
triangle consists of the identity transformation, the rotations by 120◦

and 240◦ around the triangle’s centre and the reflections in the trian-
gle’s three medians.

Figure 3.1: The four-dimensional hypercube with the nodes belonging to Z2

coloured black.

We are interested in the symmetry group of the 2k-dimensional hy-
percube where the nodes in Zk are considered ‘special’, and we will
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denote this group by Gk. In Figure 3.1 we visualise the hypercube in
the case k = 2.

Definition 3.10. Let Gk be the group consisting of all bijective linear
maps L : R2k → R2k such that

∀v ∈ Vk : Lv ∈ Vk,

and
∀z ∈ Zk : Lz ∈ Zk,

with the group operation being composition of functions.

The symmetry group Gk naturally induces a group action on the
set of nodes Vk, but we can also extend the action to the set of edges
Ek, the set of Z-assignments AZ : Zk → {−1, 1}, the set of assignments
A : Vk → {−1, 1} and the set of gadgets G : Ek → R≥0 by letting the
group act on the underlying nodes.

Definition 3.11. We let Gk act on edges (u, v) ∈ Ek, Z-assignments
AZ : Zk → {−1, 1}, assignments A : Vk → {−1, 1} and Hadk-gadgets G
by letting

• L(u, v) = (Lu, Lv),

• ∀z ∈ Zk : LAZ(z) = AZ(Lz),

• ∀v ∈ Vk : LA(v) = A(Lv),

• ∀e ∈ Ek : LG(e) = G(Le),

where L is an arbitrary element of Gk.

The orbit of a node v ∈ Vk is the set of nodes that are ‘symmetric’
to v with respect to the group action. More precisely, the orbit of v is
defined by

Orb(v) = {Lv : L ∈ Gk}.

Similarly, ifX is any edge, Hadk-gadget or partial assignment, then we
define the orbit of X by

Orb(X) = {LX : L ∈ Gk}.

In the next section we will show that gadgets belonging to the same
orbit have similar properties, and then use that result to show that the
optimal gadget is very symmetric.
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3.3.2 Optimality of symmetric gadgets

Our goal in this subsection is to show there is a symmetric gadget
which is at least as good as any other gadget, meaning that no other
gadget has a larger random relaxed cost.

However, before we do that we will prove a lemma which states
that if the same transformation is applied both to a gadget and to a
corresponding assignment, then the cost of the assignment remains
unchanged. Intuitively, this lemma is true because when both the gad-
get and the assignment are transformed, the assignment still looks the
same from the perspective of the gadget.

Lemma 3.12. Let G be a Hadk-gadget and let AZ be a folded Z-assignment.
Then it holds that

c̃ostLG(LAZ) = c̃ostG(AZ),

for any L ∈ Gk.

Proof. LetA be an extension ofAZ to the whole of Vk such that costG(A)
is minimised. Then

c̃ostG(AZ) = costG(A),

and since LA is an extension of LAZ it also holds that

c̃ostLG(LAZ) ≤ costLG(LA).

By definition it holds that

costLG(LA) =
∑

(u,v)∈Ek

LG(u, v)[LA(u) 6= LA(v)]

=
∑

(u,v)∈Ek

G(Lu, Lv)[A(Lu) 6= A(Lv)],

and since L is bijective we can conclude that

costLG(LA) =
∑

(u,v)∈Ek

G(u, v)[A(u) 6= A(v)] = costG(A).

Hence

c̃ostLG(LAZ) ≤ costLG(LA) = costG(A) = c̃ostG(AZ).

Repeating the same argument but using L−1 in place of L, LAZ in place
of AZ and LG in place of G, we find that

c̃ostL−1(LG)(L
−1(LAZ)) ≤ c̃ostLG(LAZ),
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and therefore
c̃ostLG(LAZ) = c̃ostG(AZ),

as desired.

We will now prove that we without loss of generality can assume
that the best gadget is symmetric, in the sense that its orbit has size 1.

Proposition 3.13. For any Hadk-gadget G there exists a gadget G such that

r̃and(G) ≥ r̃and(G)

and
|Orb(G)| = 1.

Proof. To prove this we first show that all gadgets in Orb(G) are equally
good, and we then combine all those gadgets into an ‘average’ gadget
G which turns out to be at least as good as the gadgets in G’s orbit
while also being very symmetric.

Lemma 3.14. For any gadget G ′ ∈ Orb(G) it holds that

r̃and(G ′) = r̃and(G).

Proof. Let us write
G ′ = LG,

where L ∈ Gk. Since L induces a bijection on the set of folded Z-
assignments, it holds that

E
AZ∼Z

[
c̃ostLG(AZ)

]
= E

AZ∼Z

[
c̃ostLG(LAZ)

]
,

where AZ is a uniformly random folded Z-assignment. This implies
that

r̃and(LG) = E
AZ∼Z

[
c̃ostLG(LAZ)

]
,

and if we apply Lemma 3.12 we get

r̃and(LG) = E
AZ∼Z

[
c̃ostG(AZ)

]
= r̃and(G).
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Lemma 3.14 implies that within an orbit, all gadgets are equally
good. Let us now combine those gadgets into a single ‘average’ gadget
G : Ek → R≥0 defined by

G(e) = 1

|Orb(G)|
∑

G′∈Orb(G)

G ′(e).

In the next lemma we prove that G is not worse than the gadgets in G’s
orbit.

Lemma 3.15. It holds that

r̃and(G) ≥ r̃and(G).

Proof. Let AZ : Zk → {−1, 1} be a folded Z-assignment sampled uni-
formly at random and let A : Vk → {−1, 1} be an extension of AZ that
minimises costG(A). Then

c̃ostG(AZ) = costG(A),

and by the definition of G it follows that

c̃ostG(AZ) =
1

|Orb(G)|
∑

G′∈Orb(G)

costG′(A).

It also holds for all G ′ ∈ Orb(G) that

costG′(A) ≥ c̃ostG′(AZ),

so
c̃ostG(AZ) ≥

1

|Orb(G)|
∑

G′∈Orb(G)

c̃ostG′(AZ).

Taking the expectation over all folded Z-assignments AZ , we get

E
AZ∼Z

[
c̃ostG(AZ)

]
≥ E

AZ∼Z

 1

|Orb(G)|
∑

G′∈Orb(G)

c̃ostG′(AZ)


=

1

|Orb(G)|
∑

G′∈Orb(G)

r̃and(G ′).

By Lemma 3.14 it holds that r̃and(G ′) = r̃and(G) for all G ′ ∈ Orb(G), so
we can conclude that

r̃and(G) ≥ 1

|Orb(G)|
∑

G′∈Orb(G)

r̃and(G) = r̃and(G).
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To conclude the proof of Proposition 3.13 we only need to show
that |Orb(G)| = 1, which holds if and only if G is invariant under all
transformations in Gk.

Lemma 3.16. Let L ∈ Gk be arbitrary. Then

LG = G.

Proof. By linearity we have, for each e ∈ Ek, that

LG(e) = 1

|Orb(G)|
∑

G′∈Orb(G)

LG ′(e).

When applying the transformation L on each element of Orb(G) we
simply get a permutation of the orbit, which means that

LG(e) = 1

|Orb(G)|
∑

G′∈Orb(G)

G ′(e) = G(e).

By Proposition 3.13 we can restrict our search to gadgets that are
invariant under all transformations inGk. Such gadgets have very few
different edge weights, because if G satisfies Orb(G) = 1 then for any
e ∈ Ek and any L ∈ Gk,

G(Le) = LG(e) = G(e),

so all edges in the same orbit have the same weight. This means that
the linear program in Algorithm 3.9 can be made much smaller by
using only a single variable for each orbit, rather than one variable for
each edge in each orbit. For instance, in the case k = 4 the number of
variables representing edge weights decreases from 219 = 524 288 to 7.

Making the linear program smaller makes the search more efficient,
but in the next subsection we describe an even more important opti-
misation which makes evaluating symmetric gadgets much faster.
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3.3.3 Evaluation of symmetric gadgets

If a gadget is symmetric then there are many Z-assignments to which
the gadget looks the same, which means that if we compute the cost
of one Z-assignment the result can be reused for other Z-assignments.
This is formalised in the following proposition:

Proposition 3.17. Let G be a Hadk-gadget such that |Orb(G)| = 1. Let AZ
be an arbitrary folded Z-assignment and let A′Z ∈ Orb(AZ). Then

c̃ostG(A
′
Z) = c̃ostG(AZ).

Proof. Let us write A′Z = LAZ , where L ∈ Gk. By Lemma 3.12 it holds
that

c̃ostLG(LAZ) = c̃ostG(AZ).

Because |Orb(G)| = 1 it holds that LG = G, and therefore

c̃ostG(LAZ) = c̃ostG(AZ),

as desired.

Proposition 3.17 dramatically improves the performance of Algo-
rithm 3.9 because there are much fewer orbits of folded Z-assignment
than there are folded Z-assignments. For instance, for k = 4 there are
216 = 65 536 folded Z-assignments, but each of them belongs to one
of only 8 different orbits, so for k = 4 the algorithm’s performance
improves by almost a factor 10 000.

3.4 A good Had4-gadget

In this section we present the gadget G constructed by Algorithm 3.9
for k = 4. 1 When G4 acts on the 16-dimensional hypercube, it induces
8 different node orbits and 7 different edge orbits. In Table 3.1 we
present, for each node orbit, a representative node in that orbit and the
size of the orbit. We also label the orbits by different letters in order to
be able to more easily refer to them.

1The code used to find the gadget is available at https://github.com/
Gullesnuffs/MaxCutInapproximability
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Orbit Representative node Size
Z 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 32

A -1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 512

B -1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 840

C -1 -1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1 17 920

D -1 -1 -1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1 120

E -1 -1 -1 1 -1 1 1 1 1 1 1 1 1 1 1 1 26 880

F -1 -1 -1 1 -1 1 1 1 -1 1 1 1 1 1 1 1 14 336

G -1 -1 -1 1 -1 1 1 1 -1 1 1 1 1 1 1 -1 896

Table 3.1: The node orbits when G4 acts on V4.

The different edge orbits connect nodes in different orbits, and we
give the edge orbits labels based on the orbits of the nodes they are
incident to. For instance, all edges that are incident to the nodes in
the Z-orbit belong to the same orbit and we refer to this orbit as the
ZA-orbit because those edges are also incident to nodes in the A-orbit.

In Table 3.2 we present the sizes of the different edge orbits, as well
as the weights assigned by G to each edge in the orbit. In order to avoid
fractions we multiply the weights by their least common denominator,
which is 11 943 966 720. We also include the approximate total weight
of all edges in each orbit.

Orbit Size Weight Total normalised weight
ZA 512 4 389 840 0.188

AB 7 680 292 656 0.188

BC 53 760 54 610 0.246

CD 17 920 102 042 0.153

CE 215 040 10 488 0.189

EF 215 040 1 995 0.036

FG 14 336 0 0

Table 3.2: The edge orbits when G4 acts on V4, together with the
weights assigned by G to edges in each orbit. The weights have been
multiplied by 11 943 966 720. The total normalised weight denotes the
fraction of the total weight that is assigned to each orbit.

Using Algorithm 3.5 with the optimisation based on Proposition
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3.17, we can compute that for this gadget we have

r̃and(G) = 331 440 289

3 640 066 048
.

Since r̃and(G) is a lower bound on rand(G) we can conclude that

rand(G) ≥ 331 440 289

3 640 066 048
.

Since G is symmetric it follows by Proposition 3.7 that

dict(G) ≤ 1

16

and therefore

score(G) = rand(G)
dict(G)

≥ 331 440 289

227 504 128
> 1.45685.

Finally, our main result follows by applying Proposition 2.25 to the
gadget G.

Theorem 3.18. Let ε < 1/32 be an arbitrary constant. Then, given a Max-
Cut instance I, it is NP-hard to distinguish between the following two cases:

• val(I) ≥ 1− ε,

• val(I) ≤ 1− 1.45685 ε.
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Conclusion

We have shown improved inapproximability results for the Max-Cut
problem, using a novel algorithm which searches for and evaluates
gadget reductions from the Max-Hadk problem. The algorithm com-
putes lower bounds on the inapproximability factors achieved by dif-
ferent gadgets in polynomial time in the size of the gadgets. This al-
lows us to easily evaluate gadget reductions from Max-Had4, which
was previously out of reach of algorithmic approaches.

The main drawback of the algorithm is that it only provides lower
bounds on the inapproximability factors rather than computing them
exactly, but the lower bounds seem to be quite good in practice.

4.1 Future work

A possible next step would be to search for gadget reductions from
Max-Hadk to Max-Cut for k ≥ 5. We believe that such gadgets can
be used to prove that it is NP-hard to distinguish between Max-Cut
instances I with val(I) ≥ 1− ε and instances with val(I) ≤ 1− Cε for
constants C considerably larger than the value 1.4568 achieved by our
Had4-gadget. However, there is a limit to how good inapproximability
results can be proven in this way, because Håstad et al. [8] showed that
score(G) ≤ 2.542 for all Hadk-gadgets G.

Håstad et al. [8] proposed studying a particular family of Hadk-
gadgets, and in a conjecture known as the Game Show Conjecture
they hypothesised that as k → ∞ the scores of their gadgets would
converge to 3/2. However, in view of our result showing that the best
Had4-gadget has a considerably larger score (at least 1.4568) than the

37
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best Had3-gadget (with score 1.375), it is tempting to predict that for
k ≥ 5 there exist Hadk-gadgets with scores exceeding 3/2, and perhaps
even k = 5 is sufficient to break the 3/2 barrier.

Evaluating Had5-gadgets may actually be feasible using our algo-
rithm, although the computational resources required would be far
greater than what is needed to evaluate Had4-gadgets. The main bot-
tleneck of the algorithm consists of computing minimum cuts in the
2k-dimensional hypercube, which is easy in the case k = 4 because
then the graph only contains 216 = 65 536 nodes and 219 = 524 288

edges. When k = 5, on the other hand, the graph contains 232 ≈ 4.3 · 109
nodes and 236 ≈ 6.9 ·1010 edges, which makes the computation of min-
imum cuts much more challenging. However, there are several ways
to optimise the algorithm further:

• The hypercubes in which we want to compute minimum cuts
have some symmetries that can be exploited. After fixing a Z-
assignment AZ , the number of symmetries in the hypercube is
much smaller than before, but some symmetries still remain and
therefore some of the nodes and edges may be considered ‘iden-
tical’, effectively decreasing the size of the graph.

• The standard way of computing minimum cuts uses the Max-
Flow Min-Cut theorem, which states that the size of the mini-
mum cut separating two sets S and T is equal to the maximum
amount of flow that can be sent from S to T along the graph’s
edges. It follows that if we can compute a lower bound on the
maximum flow then we automatically get a lower bound on the
size of the minimum cut. Since any feasible flow provides a
lower bound on the maximum flow, approximating the maxi-
mum flow may in some cases be considerably easier than com-
puting it exactly.

• If the gadget to be evaluated assigns a zero weight to some edge,
then that edge can be removed. For the Had4-gadget presented
in Section 3.4 this optimisation would only decrease the num-
ber of edges by roughly 2.7%, but there actually exist fairly good
Had4-gadgets which assign zero weights to all edges in the or-
bits CE, EF and FG, and removing all those edges would re-
sult in an 85% reduction in the size of the graph. In the case
k = 5 we expect there to be even more edges that are either not
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very important or even detrimental to the score of a gadget, so it
would make sense to restrict the search to gadgets with non-zero
weights only on a relatively small set of edges.

Another interesting avenue for future research is the problem of
finding the optimal Had4-gadget. This requires evaluating gadgets ex-
actly, which we do not know how to do efficiently. However, even
though the evaluation algorithm presented in this thesis only com-
putes lower bounds on the scores of gadgets, it is possible to adapt
it so that it computes the score exactly but no longer is guaranteed to
run in polynomial time.

The adaptation relies on the observation that if any of the minimum
cuts satisfy the foldedness requirement, meaning that antipodal nodes
belong to different sets, then the cost is equal to the relaxed cost. If,
on the other hand, none of the minimum cuts respect foldedness then
we can pick some pair of antipodal nodes for which the foldedness
requirement is violated and ‘guess’ which one of the antipodal nodes
should belong to which side of the cut. There are two options for the
guess, and for each option we can recurse and if all minimum cuts
still violate the foldedness requirement we can then pick a new pair of
antipodal nodes and guess which node should be on which side of the
cut. We can continue recursing in this way until a folded minimum cut
is found.

Because the branching factor is 2 in each step of the recursion, this
algorithm may not run in polynomial time. However, if the recursion
depth is not too large then it might still be feasible to use this algorithm
to evaluate Had4-gadgets exactly.
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