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Abstract

Let f be a one-to-one analytic function in the unit disc with f 0(0) = 1. Brennan's

conjecture states that for every " > 0Z 2�

0

jf 0(rei�)j�2 d� = O
�
(1� r)�1�"

�
(*)

We do some work on the following reformulations, which we prove are equivalent.Z 2�

0

jf 0(rei�)j�2 d� � C

1� r
;where C is an absolute constant. (1)

We propose the stronger conjecture that (for �xed r) the integral is maximized

when f is the Koebe function z(1+z)�2. To support this, we show that the Koebe

function is a local maximum in the sense that analytic variations of the omitted

arc decrease the integral.

If p � 2, the MacLaurin coe�cients of (f 0)�p grow like O(np�1). (2)

We show that if n � 2p + 1, then the nth coe�cient is maximized when f is

the Koebe function. The proof is similar to de Branges' proof of the Bieberbach

conjecture. As a consequence we get sharp estimates for certain higher-order

Schwarzian derivatives of f . These are used to show that (*) holds with " = 0:547.
Earlier it was known that one can take " = 0:601.

The Carleson-Makarov conjecture about �-numbers:
X

�2
j
� 1: (3)

We show the existence of extremal domains 
 for the sum
Pn

1 �
p

j
, and use the

second variation to prove that the boundary of 
 consists of trajectories of a

quadratic di�erential which has no multiple zeros on the boundary of 
. We also

prove some estimates of extremal length, that give geometric criteria for a point

to have positive �-number. This is related to the angular derivative problem.
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valent functions, beta numbers, extremal length estimates, the angular derivative

problem, harmonic measure, integral means spectrum of the derivative, Brennan's

conjecture, variational methods, second variation, the Koebe function, coe�cient

problems, L�owner's equation, de Branges' proof of the Bieberbach conjecture,

higher-order Schwarzian derivatives.

Mathematics Subject Classi�cation (MSC 2000): Primary 30Cxx.

Secondary 30C35, 30C50, 30C55, 30C70, 30C75, 30C85, 31A15.



Contents

Chapter 1. Introduction 1

1. Background 1

2. Summary of the thesis 7

3. Notation 10

Chapter 2. �-numbers 12

1. Overview 12

2. De�nition of �-numbers 13

3. Analytic formulas for �-numbers 17

4. Geometric criteria for � > 0: General domains. 25

5. Geometric criteria for � > 0: Slit domains 36

6. The angular derivative problem 41

Chapter 3. Brennan's conjecture 43

1. Equivalent formulations 43

2. The dandelion construction 45

3. Polygonal approximation 51

4. Proofs of the implications c) =) d) =) e) =) f) =) a) 53

5. Concentration of harmonic measure 55

Chapter 4. Extremals for
P
�p 57

1. Overview 57

2. Existence of extremals 58

3. Calculus of variations 60

4. The second variational inequality 63

Chapter 5. Integral means 67

1. A stronger conjecture 67

2. The proof of Theorem 5.2 68

3. Integral means and coe�cients 76

Chapter 6. De Branges' method 80

1. The general framework 80

2. Milin's conjecture 84

3. Integral means 86

4. Coe�cients of (f 0)p 89



5. The proof of Lemma 6.3 93

Chapter 7. Generalized Schwarzian derivatives 97

1. Generalized Schwarzians connected with Theorem 6.2 97

2. Peschl's generalized Schwarzians 99

3. Estimates for integral means 100

Bibliography 103



CHAPTER 1

Introduction

1. Background

A di�erentiable map between two domains in Euclidean space Rn is called a con-

formal mapping if it preserves angles between intersecting curves. In dimension

n � 3 the conformal mappings coincide with the M�obius transformations, that is

transformations which are either a similarity transformation or an inversion

x 7! x� p

jx� pj2

followed by a similarity transformation, see [Nev60] and [Geh62]. For this reason

we restrict attention to the more interesting case of conformal maps in the plane

R
2 , which we identify with the set of complex numbers C . As usual here, we

restrict the notion of conformal mapping to include only orientation-preserving

maps. Then a conformal map is an analytic function of one complex variable with

nonvanishing derivative. In this thesis we will in addition require that conformal

maps are one-to-one.

In applications the following problem is common: Given a simply connected do-

main 
 � C , �nd a conformal mapping f of the unit disc D = fz 2 C : jzj < 1g
onto 
. By the Riemann mapping theorem such an f exists (if 
 6= C ), but it

is not easy to compute if the geometry of 
 is complicated. Therefore it is of

interest to �nd general properties of conformal maps, as well as relations between

properties of the Riemann map and the geometry of 
. The study of conformal

maps from this viewpoint is the main part of geometric function theory, and it was

initiated in the beginning of the century with the works of Koebe.

Pointwise estimates. The most basic question about Riemann maps in general

is: What can we say about the location of f(z) (where z is �xed)? Of course, to say

anything we need some normalization on f . As usual, let us require that f(0) = 0

and f 0(0) = 1. The set of conformal maps of the unit disc with this normalization

is denoted by S (from the German word \schlicht"). Koebe [Koe07] proved that

there are upper and lower bounds on jf(z)j that are independent of f 2 S. Thus
conformal maps have a certain rigidity which analytic functions in general do not

have. Koebe's result implies that S is compact in the topology of locally uniform

convergence. This implies that there is also bounds on the derivatives f 0(z), f 00(z),
: : : . To �nd the sharp bounds for these quantities it will su�ce to consider z = 0,

that is, to �nd the sharp bounds for the MacLaurin coe�cients an = f (n)(0)=n!.
Using Gronwall's area theorem, Bieberbach [Bie16] proved that ja2j � 2, with

equality only for the Koebe functions

k�(z) =
z

(1 + �z)2
; where j�j = 1:

These map the unit disc onto the complement of a ray. Bieberbach's theorem leads

to the distortion estimate ����f 00(z)f 0(z)

���� � 6

1� jzj2 (1.1)

1



1.1. Background 2

and to the sharp bounds of jf 0(z)j and jf(z)j:

1� jzj
(1 + jzj)3 � jf

0(z)j � 1 + jzj
(1� jzj)3 (1.2)

jzj
(1 + jzj)2 � jf(z)j �

jzj
(1� jzj)2 : (1.3)

A more general version of (1.2) is the distortion theorem:����f 0(z)f 0(�)

���� �
�
j1� �zj+ jz � �j

�4
(1� j�j2)(1� jzj2)3 ; z; � 2 D : (1.4)

(1.3) contains the Koebe 1
4
theorem:

f(D ) � fw : jwj < 1

4
g:

Again, the extremal functions in (1.2) and (1.3) are Koebe functions. Bieberbach

expected that the Koebe functions are extremal also for janj, that is, janj � n. This
is the famous Bieberbach conjecture, which stimulated much research in conformal

mapping theory. Let us mention a few results of this research that are relevant to

this thesis. L�owner [L�ow23] proved ja3j � 3 by representing conformal maps in

terms of solutions to a certain di�erential equation. Schi�er developed a calculus

of variations for conformal maps (see [Ahl73]), which Garabedian and Schi�er

[GaSc55] used to prove ja4j � 4. Another version of Schi�er's method was given

by Golusin, see [Gol57]. Milin conjectured about the MacLaurin coe�cients cn

of log
f(z)

z
that the sum

NX
n=1

n(N + 1� n)jcnj2

is maximized when f 2 S is a Koebe function. By using the relations between the

an and the cn one can show that Milin's conjecture implies Bieberbach's conjecture,

see [Dur83, p. 155]. Finally, de Branges [deB85] proved Milin's conjecture by

using L�owner's di�erential equation. De Branges' theorem janj � n immediately

gives the promised sharp bound for the derivatives of a function f 2 S:

jf (n)(z)j � n!
n+ jzj

(1� jzj)n+2 :

Integral means. In the following we concentrate on how to estimate the quantity

jf 0(z)j, which is the local scaling factor of the conformal map f 2 S. Inequalities
(1.2) estimate the minimum and maximum of jf 0(z)j over a circle jzj = r. To get

a measure of the overall size of jf 0j we can the use the integral meansZ
jzj=r

jf 0(z)jt d� or

ZZ
D

jf 0(z)jt dA;

where d� is the angular measure jdzj=r and dA is the area measure dxdy. If t > 0,

these quantities measure how much the conformal map expands. If t < 0, they

measure compression. The problem is to estimateZ
jzj=r

jf 0(z)jt d� (1.5)

as r ! 1. Since

lim
t!+1

 Z
jzj=r

jf 0(z)jt d�
!1=t

= max
jzj=r

jf 0(z)j
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we can expect that for large t, the Koebe function will maximize (1.5). Accordingly,
Feng and MacGregor [FeMG76] proved thatZ

jzj=r
jf 0(z)jt d� = O

 �
1

1� r

�3t�1!
if t >

2

5
: (1.6)

Note that the Koebe functions k� haveZ
jzj=r

jk0�(z)jt d� �
�

1

1� r

�maxf3t�1;0;�t�1g
if t 6= 1

3
;�1:

Moreover, it follows from de Branges' theorem and Parseval's formula that the

Koebe functions maximize the integral (1.5) if t = 2; 4; 6; : : : . Since

lim
t!�1

 Z
jzj=r

jf 0(z)jt d�
!1=t

= min
jzj=r

jf 0(z)j

we can expect that the Koebe functions will be extremal for large negative t. This
was con�rmed by Carleson and Makarov [CaMa94] in the sense thatZ

jzj=r
jf 0(z)jt d� = O

 �
1

1� r

��t�1!
if t < t0; (1.7)

where t0 is some (unspeci�ed) absolute constant. The proof of this is based on

extremal length estimates, and is much deeper than the proof of (1.6). When

t has an intermediate value, one can expect that the function maximizing (1.5)

should have jf 0(z)jt fairly large on a fairly large set of z. For example, if t < 0

the extremal function (for a �xed r) should have several zeros of f 0 on the unit

circle, and so the image domain should have several tips. To get a function with

maximal growth of
R
jzj=r jf

0(z)jt d� as r ! 1, one should iterate this picture, and

so get an image domain with a \fractal" boundary. These ideas were con�rmed

to some extent by a result of Makarov [Mak86], which was improved by Rohde

[Pom92, Proposition 8.15]. Rohde shows that the function

f(z) =

Z z

0

exp

 
1:129

1X
�=1

�15
�

!
d�

belongs to S and satis�esZ
jzj=r

jf 0(z)jt d� � C

�
1

1� r

�0:117t2
for small t:

The occurence of the lacunary series implies that the boundary of the image do-

main has a fractal structure.

To collect the information about the growth of integral means, Makarov [Mak98]

introduced the universal integral means spectrum B(t), which is de�ned as the

in�mum of all � such thatZ
jzj=r

jf 0(z)jt d� = O
�
(1� r)��

�
for all f 2 S:

It follows from H�older's inequality that B(t) is a convex function. The results

stated above show that the graph of B looks something like the following �gure.

Notice the \phase transition" points t� and t+ � 2=5. If t � t� or t � t+, then
the Koebe function gives (almost) maximal growth of (1.5), but if t� < t < t+,
maximal growth is faster than for the Koebe function, and is probably achieved

by a function with \fractal" image domain. Carleson and Makarov [CaMa94]

constructed such a fractal domain which shows that t� � �2. Brennan's conjecture
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B(t) = �t� 1

B(t) = 3t� 1

t
�

�1 t+ 1

B(t)

2

1

t

Figure 1. The universal integral means spectrum

states that t� = �2. The known upper bound of B(t) follows from the mentioned

results and Pommerenke's estimates [Pom92, Theorem 8.5]

B(t) � t� 1

2
+

�
4t2 � t+

1

4

�1=2
� 3t2 + 7jtj3; (1.8)

B(�1) � 0:601 (1.9)

In particular,

B(t) � jtj � 0:399 for t � �1: (1.10)

This has been improved by the author, see [Ber98] and Theorem 7.5.

Bounded functions. If the conformal map f is bounded, we can improve the

estimates for positive t. Let Bb(t) be the universal integral means spectrum for

bounded conformal maps, with an analogous de�nition as B(t). (In [Mak98] Bb
is denoted by B, and B is denoted by �B.) It is easy to see that Bb(t) = t � 1

for t � 2. Jones and Makarov [JoMa95] proved that Bb(t) has a phase transition
point for t = 2. More precisely,

t� 1 + C1(2� t)2 � Bb(t) � t� 1 + C2(2� t)2 for 0 < t < 2; (1.11)

where C1 and C2 are positive constants. For negative t, the spectra Bb(t) and
B(t) agree, since [Mak98]

B(t) = maxfBb(t); 3t� 1g for t 2 R:

The value of Bb(1) has some special interest, since
R
jzj=r jf

0j jdzj is the length of

the image of the circle jzj = r under the conformal map f . Also, as was shown

in [CaJo92], the slowest possible decay of the coe�cients of bounded confor-

mal maps of D is O(nBb(1)�1) (up to an " in the exponent). The known upper

bound Bb(1) < 0:4884 [GrPo97] is only slighty smaller than the trivial bound 1
2
.

Carleson and Jones [CaJo92] considered 
c, the domain of attraction of 1 for

iterations of z2 + c. Computer experiments for the Riemann map of 
c (when

this is simply connected) indicated that Bb(1) > 0:23. This led Carleson and

Jones to conjecture that Bb(1) =
1
4
. Kraetzer [Kra96] continued with computer

experiments to calculate
R
jzj=r jf

0(z)jt d� for f mapping D onto 
c. The results

led Kraetzer to conjecture that

Bb(t) =
t2

4
for � 2 � t � 2

Kraetzer's conjecture implies Brennan's conjecture B(�2) = 1, the Carleson-Jones

conjecture as well as (1.11). An even more general conjecture has been proposed
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by Binder [Bin97]:Z
jzj=r

jf 0(z)tj d� = O

 �
1

1� r

�jtj2=4+"!
for all " > 0;

where t is complex with jtj � 2 and f is a bounded conformal map of D . No-

tice that since jf 0(z)tj = jf 0(z)jRe t exp(� Im t arg f 0(z)), this measures both the

expansion/compression as well as the rotation.

We remark that the corresponding problem of estimation of integral means of

f 2 S was solved completely by Baernstein [Bae74]:Z
jzj=r

jf(z)jt d� �
Z
jzj=r

jk�(z)jt d� for t 2 R:

The correct order of growth had earlier been obtained by Prawitz [Pra27]. Leung

[Leu79] used Baernstein's theory to proveZ
jzj=r

jf 0(z)jt d� �
Z
jzj=r

jk0�(z)jt d� for t 2 R; (1.12)

when f 2 S maps onto a close-to-convex domain, that is, a domain whose com-

plement is a union of disjoint rays (open or closed).

Brennan's conjecture. We now examine the source of inspiration of this thesis,

Brennan's conjecture, more closely. Brennan [Bre78] originally formulated it as

an estimate for conformal maps ' mapping some domain 
 onto the unit disc:ZZ



j'0jq dA <1 (1.13)

for 4
3
< q < 4. Brennan's motivation for studying the Lq norm of '0 was a problem

in approximation theory. By a change of variables (1.13) can be written in terms

of f = '�1: ZZ
D

jf 0j2�q dA <1: (1.14)

When f is a Koebe function, and q � 4
3
or q � 4, this integral diverges. It follows

from Feng's and MacGregor's result (1.6) and the distortion estimate (1.2) that

the integral is �nite if 4
3
< q < 3. Using a harmonic measure argument of Car-

leson, Brennan increased the upper bound to 3+ ". It follows from Pommerenke's

estimate (1.10) that (1.14) holds for 4
3
< q < 3:399. Dahlberg and Lewis [Bre78]

proved that (1.13) holds for 4
3
< q < 4 if 
 is close-to-convex. (This also follows

from (1.12).) It is easy to see that Brennan's conjecture in the form (1.14) is

equivalent toZ
jzj=r

jf 0(z)j�2 d� = O

 �
1

1� r

�1+"!
for all " > 0; f 2 S; (1.15)

in other words B(�2) = 1, or t� = �2 as was stated above. We can heuristically

get a \r = 1 version" of this estimate if we assume that f is analytic also on the

unit circle. Each zero � of f 0 on the unit circle gives a contribution of the order

jf 00(�)j�2(1 � r)�1 to the integral in (1.15). Thus the \r = 1 version" of (1.15)

should be something like X
�

jf 00(�)j�2 � constant;

where the sum is taken over all zeros of f 0 on the unit circle. An estimate of

this type occurs in [CaMa94]. The authors de�ne a so-called �-number �
(a; b)
whenever 
 is a simply connected domain and a; b are distinct point in the closure
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of 
. For the case of a function f 2 S with image domain 
 and � a zero of f 0 on
the unit circle we have

�
(f(�); 0) =
2jf(�)j2
jf 00(�)j : (1.16)

Carleson and Makarov showed that Brennan's conjecture is related to the estimateX
�

�
(f(�); 0)
2 � absolute constant; (1.17)

where the sum again is taken over all zeros of f 0 on the unit circle. Note that the

corresponding points f(�) are \tip points" of the boundary of 
. If both � and �0
are zeros of f 0 on the unit circle, we have

�
(f(�); f(�0)) =
4jf(�)� f(�0)j2

j� � �0j4jf 00(�)f 00(�0)j
: (1.18)

Carleson and Makarov proved that both Brennan's conjecture and (1.17) follows

from X
�

�
(f(�); f(�0))
2 � 1; (1.19)

where the sum is taken over all zeros � 6= �0 of f
0 on the unit circle. The advantage

with this formulation is that we know the extremal case: The Koebe function

z(1+ z)�2. (The sum in (1.19) should actually be taken over tip points f(�). For
the Koebe function these are 1

4
and 1. A de�nition more general than (1.18) is

used when 1 is a tip point.) More generally, Carleson and Makarov showed that

B(�p) = p� 1 if

nX
j=1

�
(aj ; b)
p � 1; (1.20)

where a1; : : : ; an; b are the tip points of the boundary of 
. The case n = 2, p = 2

of this inequality was proved in [CaMa94] by computing the extremal domains

of the sum in (1.20) using Schi�er's method of boundary variation.

In [BaVoZd98] the authors consider the conformal map from the unit disc to 
c,

the domain of attraction of 1 for iterations of z2 + c (when this is simply con-

nected). They prove that (1.14) holds for 2 < q < 4, thus establishing Brennan's

conjecture in this special case. A similar (easier) argument works for iterations of

zd + c, where d > 2. In [HuSt98] the authors consider an analogue of Brennan's

conjecture for K-quasiconformal maps ' mapping a domain 
 onto the unit disc.

They prove that ZZ



jr'jp dA <1

holds for all such ' if and only if

4K

2K + 1
< p <

2Kq0

(K � 1)q0 + 2
;

where q0 is the largest number such that (1.13) holds for 4
3
< q < q0.

Boundary distortion. The universal integral means spectrum B(t) for negative
t gives a bound on how much a conformal map f from D to 
 may compress

subsets of D . This has a counterpart for the corresponding map of the unit circle

to the boundary of 
. (This map can be de�ned as a radial limit for nearly all

points on the unit circle.) Namely, we have the following inequality between the

Hausdor� dimensions of a Borel set A on the unit circle and its image f(A), see
[Mak87].

dim f(A) � p dimA

B(�p) + p+ 1� dimA
for p > 0:



1.2. Summary of the thesis 7

Together with Pommerenke's estimate B(�p) < 3p2 for small p > 0, this implies

Makarov's famous dimension theorem [Mak85]:

dimA = 1 =) dim f(A) � 1:

Another way to measure the compression of the boundary map is to count the

number of disjoint discs D of a certain radius that have jf�1(D \ @
)j � h. Here,
j j denotes angular measure on the unit circle, and @
 is the boundary of 
. Recall

that the measure !(E) = jf�1(E \@
)j=2� is called harmonic measure of 
 (with

base point f(0)). Recall also Beurling's estimate !(D) � C
p
� when D is a disc

of radius �. Thus a disc D can be considered to have large harmonic measure if

!(D) � �
1
2
+�, where � > 0 is small. Let N(
; �; �) be the maximum number of

disjoint such discs. Carleson and Makarov [CaMa94] proved that B(�p) = p� 1

follows from the estimate

N(
; �; �) � C��2p� :

They also proved this estimate for some (unspeci�ed) p. See [Mak87] and [Mak98]

for relations between di�erent ways to measure boundary distortion of conformal

maps (equivalently, ways to characterize the distribution of harmonic measure).

2. Summary of the thesis

Chapter 2: �-numbers. As a preparation for Chapter 3 and 4 we start with

a chapter about �-numbers. We de�ne �-numbers in terms of extremal length,

almost as in [CaMa94]. In [CaMa94] was given a formula for �
(a; b) in terms

of a conformal map f from the unit disc to 
 in the case when f is su�ciently

regular at the boundary, cf. (1.16). We generalize this formula to the general case

as follows. Let b 2 
 n f1g. We show that the boundary map gives a one-to-one

correspondance between

(i) Points a 2 @
 n f1g such that �
(a; b) > 0.

(ii) Points � on the unit circle with anglim
z!�

��� z��
f 0(z)

��� > 0:

(anglim denotes limit within Stolz angles.) For such points

�
(a; b) =
2ja� bj2
j1� zb�j4

1� jzbj2
jf 0(zb)j

anglim
z!�

����z � �

f 0(z)

���� ;
where f(zb) = b, see Theorem 2.1. We also show that the angular limit above

exists for all � on the unit circle, see Proposition 2.21. We give a similar formula

in the case when both a and b are on the boundary of 
, see Theorems 2.22 and

2.23.

We consider the problem of characterizing the geometry of the boundary @

around a point a with �
(a; b) > 0 (where b 2 
). We will see that @
 has

to be rather thin and straight, but it can spiral around a if does so su�ciently

slowly. To be more precise, let a = 0 and let �k be the minimal angle (with

apex 0) that contains that part of the complement of 
 that is in the annulus

e�k � jzj � e�k+1. Then
1X
1

�k <1 =) �
(0; b) > 0 =)
1X
1

�2
k

log(9=�k)
<1;

see Corollary 2.36 and Corollary 2.25. If the boundary of 
 is a curve � = �(r) in
polar coordinates, where �(r) is monotone, then this can be improved:

1X
1

�2
k
log

9

�k
<1 =) �
(0; b) > 0 =)

1X
1

�2
k
<1;

see Corollary 2.38. A version of the �rst implication also holds for certain non-

monotone �(r) not having too large and quick oscillations, see Theorem 2.39.
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Proving these results boils down to estimating extremal distance in strip domains.

A similar problem arises when one seeks geometric conditions on 
 = f(D ) for the
angular derivative

f 0(�) = anglim
z!�

f 0(z)

to exist, see [RoWa77]. Thus our extremal distance estimates also have some

importance for the angular derivative problem, see Section 2.6.

Chapter 3: Brennan's conjecture. We prove that a number of reformula-

tions of Brennan's conjecture are equivalent. Among other things, we prove that

B(�p) = p� 1 is equivalent to the following statements:

(i) For any simply connected domain 
 and distinct points a1; : : : ; am; b 2 @
,
mX
1

�
(aj ; b)
p � 1:

(ii) For any " > 0 there exists a C(") such that for any simply connected domain

 3 1 with diam @
 = 1

N(
; �; �) � C(")��2p��";

where N(
; �; �) is the maximum number of disjoint discs of radius � with

harmonic measure � �
1
2
+� (with respect to 1).

The proofs of most of these equivalences were sketched in [CaMa94]. Our proof

is in part an elaboration of the ideas in [CaMa94]. What is new (and easy to

prove) is that another equivalent formulation is: There exists a constant C = C(p)
such that for all f 2 SZ

jzj=r
jf 0(z)j�p d� � C

(1� r)p�1
; 0 � r < 1: (1.21)

Chapter 4: Extremals for
P
�p. If Brennan's conjecture is false, there exists

a simply connected domain 
 and boundary points a1; : : : ; am; b such that
mX
j=1

�
(aj ; b)
2 > 1; (1.22)

where m is minimal, see statement (i) above. In an e�ort to prove Brennan's

conjecture we consider con�gurations (
; a1; : : : ; am; b) which maximize this sum,

and then try to derive a contradiction by using the �rst variation equation and the

second variation inequality. First of all we prove that maximizing con�gurations

exist, Theorem 4.1. By using Schi�er's method of interior variation, we prove that

the complement of an extremal domain 
 consists of trajectories of the quadratic

di�erential
mX
j=1

�
(aj ;1)2

(aj � w)2
dw2

(assuming b = 1). Moreover, a conformal map f of the upper half plane onto 


normalized by f(1) =1 satis�es the di�erential equation

f 0(z)2
mX
j=1

�
(aj ;1)2

(aj � f(z))2
=

mX
j=1

4�
(aj ;1)2

(xj � z)2
;

where f(xj) = aj , see Theorem 4.2. We also use the second variation to derive

a number of inequalities that hold for the extremal con�guration. Most of these

results have been obtained independently by O'Neill [O'N99]. We use the second

variational inequalities to rule out multiple zeros of the above-mentioned quadratic

di�erential on the complement of 
. This means that the complement of 
 is

a tree consisting of arcs such at each junction point, exactly three arcs meet.
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Unfortunately, the author has not been able to use the information contained in

the mentioned equations and inequalities to derive a contradiction. For generality,

we actually do all this with the exponent p > 0 instead of 2.

Chapter 5: Integral means. By (1.21) Brennan's conjecture can be stated:

There exists a constant C such that for all f 2 SZ
jzj=r

jf 0(z)j�2 d� � C

Z
jzj=r

jk0(z)j�2 d�; 0 � r < 1; (1.23)

where k is the Koebe function k(z) = z(1+ z)�2. We conjecture that we can take

C = 1, which is not far-fetched in view of all instances where the Koebe function

is extremal. To support this, we prove a result which almost shows that the Koebe

function is a local maximum of the the functional

f 7!
Z
jzj=r

jf 0(z)j�2 d�

on S (r is �xed). More precisely, we show that if distort the Koebe slit [ 1
4
;+1]

with a conformal mapping w 7! w + "v1(w), the corresponding Riemann map f"
will satisfy Z

jzj=r

����f 0"(0)f 0
"
(z)

����2 d� � Z
jzj=r

jk0(z)j�2 d�

if " is small (depending on v1 and r). (Actually, we prove this only when 0:91 <
r < 1.) Since the algebraic computations in the proof of this result are so laborious,

we use the computer program Mathematica, see the Appendix.

In Section 5.3 we give a some relations between integral means and coe�cients

for functions (f 0)p, where f 2 S. Denote the MacLaurin coe�ents of a function

g by cn(g). Let p 2 R and � > 0. We prove that the following statements are

equivalent:

(i) There exists a constant C1 such thatZ
jzj=r

jf 0(z)jp d� � C1

(1� r)�
for 0 < r < 1 and all f 2 S:

(ii) There exists a constant C2 such that

jcn((f 0)p)j � C2n
� for n � 1 and all f 2 S:

The implication (i) =) (ii) follows easily from Cauchy's integral formula. The

reversed implication was proved in [CaJo92] for p = 1, and our proof is an easy

generalization of that special case. It follows that Brennan's conjecture can be

stated

jcn((f 0)p)j � Cpjcn((k0)p)j for n � 0; f 2 S; p � �2: (1.24)

This does not hold for �2 < p < 0, since then B(p) > maxf�p� 1; 0g.
Chapter 6: De Branges' method. We show how the ideas used in de Branges'

proof of Milin's conjecture can be used to solve other extremal problems for confor-

mal mappings. This method has been described at a higher level of sophistication

in the papers [VaNi91, VaNi92] in an operator-theoretic setting. See [HeWe96]

for an exposition in the language of systems theory. We analyse how to attack cer-

tain problems of the following type: Let f 2 S and form a function G(f) analytic
in D by

G(f)(z) = �(z; f(z); f 0(z); f 00(z); : : : ; f (�)(z));
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where � is some �xed analytic function. Let H1; H2; : : : be real constants. Show
that the quantity

1X
n=0

Hnjcn(G(f))j2

has maximum when f is the Koebe function k(z) = z(1 + z)�2.

We use the method to prove the following results:

(a) If p < � 1
8
and r is small, thenZ
jzj=r

jf 0(z)jp d� �
Z
jzj=r

jk0(z)jp d� for all f 2 S:

This follows from Theorem 6.1 and Lemma 6.6. Thus (1.23) holds with C = 1 if

r is small.
(b) If p < 0 and n � 2jpj+ 1, then (1.24) holds with Cp = 1, see Theorem 6.2.

Chapter 7: Generalized Schwarzian derivatives. The di�erential operator

Snf = (f 0)
n�1

2 Dn(f 0)�
n�1

2

satis�es a \chain rule"

Sn(f � �) = ((Snf) � �) (� 0)n if � is a M�obius transformation. (1.25)

In conjunction with (b) above this gives the sharp estimate

jSnf(z)j �
Kn

(1� jzj2)n ; jzj < 1; (1.26)

for conformal maps f of the unit disc, where Kn = (n�1)(n+1)(n+3) : : : (3n�3),
see Theorem 7.1. These results are well-known in the case n = 2, since S2 is the
Schwarzian derivative times a constant factor. Another set of operators that satisfy

(1.25) is Peschl's generalized Schwarzian derivatives:

Pnf = (f 0)n(Dn�2S(f�1)) � f;
where S is the Schwarzian derivative. Klouth and Wirths [Klo89] proved that

Pn also satis�es an estimate of the type (1.26). In Theorem 7.3 we prove that

Snf is a polynomial in P2f; : : : ; Pnf with positive coe�cients. Thus our estimate

(1.26) follows from the estimate of Klouth and Wirths. We use (1.26) to derive an

estimate for Z
jzj=r

jf 0(z)j�n+1 d�; f 2 S;

see Theorem 7.5. The proof of this estimate is a generalization of Pommerenke's

proof of the special case n = 2, see (1.9). In particular we get B(�2) < 1:547 and
B(�3) < 2:530. We have thus improved the estimate (1.10). As a consequence,

we get that (1.13) holds for 4
3
< q < 3:421.

The content of sections 6.4, 6.5, 7.1, 7.3 have earlier been published in [Ber98].

We reprint a modi�ed version of this material with the permission of Institut

Mittag-Le�er, which has the copyright.

3. Notation

R and C are the sets of real and complex numbers. Ĉ = C [f1g and R̂ = R[f1g.
H = fz 2 C : Im z > 0g is the upper half plane. D(a; r) = fz 2 C : jz � aj < rg
is the disc with centre a and radius r. We de�ne D(1; r) = fz 2 Ĉ : jzj > r�1g.
D = D(0; 1) is the unit disc, and D

� = D(1; 1) is the exterior of the unit circle.
C(a; r) = fz 2 C : jz � aj = rg is the circle with centre a and radius r. We de�ne

C(1; r) = C(0; r�1). T = C(0; 1) is the unit circle. [a; b] is the closed line segment
between the points a; b 2 C . (a; b) is the corresponding open segment. For a set


 � Ĉ , 
c = Ĉ n 
 is its complement, @
 is its boundary, and 
 = 
 [ @
 is
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its closure. diam
 = supfjz � wj : z; w 2 
g is the diameter of 
. dist(z;
) =
inffjz � wj : w 2 
g is the distance from z to 
.

Absolute signs j j denote the length of a curve or a vector in R
2 . d� = jdzj=r is the

angular measure on a circle jzj = r. dA = dxdy is the area measure. !(E;
; z)
is the harmonic measure of the set E with respect to the domain 
 and the base

point z. If x 2 R we let x+ = maxfx; 0g. The statement x � y means that there

exists positive constants A and B such that Ax � y � Bx. It should be clear

from the context if A and B are absolute constants or if they depend on some

parameters.

The set of all analytic (=holomorphic) functions in (a neighbourhood of) the set


 is denoted by A(
). The angular limit of f 2 A(D ) as z ! � 2 T is denoted

by anglim
z!� f(z) or simply f(�). The nth MacLaurin coe�cient of a function f

is denoted by cn(f). We will use the term conformal mapping in a slightly more

general way than above. Namely, a conformal mapping is an injective (one-to-one)

meromorphic function in a domain in Ĉ . A univalent function is the same as a

conformal mapping. S is the set of all univalent functions f : D ! C with f(0) = 0

and f 0(0) = 1. � is the set of all univalent functions f : D � ! Ĉ with f(1) =1
and f 0(1) = 1. Among the Koebe functions z(1 + �z)�2, j�j = 1 we single out

k(z) = z(1 + z)�2 as the Koebe function. This is convenient for us since we will

deal with (k0)�1, which has positive MacLaurin coe�cients.



CHAPTER 2

�-numbers

1. Overview

Let 
 be a simply connected domain whose boundary has a tip point a. That is, in
a neighbourhood of a the boundary is a smooth arc ending at a. The �-number of
a (with respect to b 2 
) measures the density of harmonic measure (with respect

to b) at a. Namely, in the special case b =1,

�
(a;1) =
cap@


4
lim
j
j!0

!(
;
;1)2

j
j ;

where 
 denotes an arc of @
 ending at a, with length j
j. cap @
 is the logarithmic

capacity of the boundary of 
. In terms of a conformal mapping f from the exterior

of the unit disc D � = fz 2 Ĉ : jzj > 1g onto 
 with f(1) =1, this can be written

�
(a;1) =
2jf 0(1)j
jf 00(�a)j

; (2.1)

where �a = f�1(a) is on the unit circle T = fz 2 C : jzj = 1g. There is also a

version of �-numbers when both a and b are tip points of @
:

�
(a; b) =
4ja� bj2

j�a � �bj4jf 00(�a)f 00(�b)j
: (2.2)

For the purpose of discussing Brennan's conjecture, these formulas are su�cient.

However, we consider the problem of extending the de�nition to arbitrary simply

connected domains 
 and arbitrary points a; b in the closure 
 of 
. Such a

de�nition was given in [CaMa94] in terms of extremal length. Using a variant of

this de�nition we prove the following generalization of (2.1).

Theorem 2.1. Let f : D ! 
 be a conformal bijection. For every � 2 T, the

angular limit

�f (�) := anglim
z!�

����z � �

f 0(z)

���� exists (�nite). (2.3)

Let zb 2 D and b = f(zb) 6=1. If �f (�) > 0 then

a = anglim
z!�

f(z) exists (�nite)

and

�
(a; b) =
2ja� bj2
j1� zb�j4

1� jzbj2
jf 0(zb)j

�f (�):

Moreover, every a 2 @
 n f1g with �
(a; b) > 0 is gotten in this way from a

unique � 2 T.

An analogous generalization of (2.2) holds, see Theorem 2.22.

We also consider the problem of characterizing the geometry of @
 around a point

a with �
(a; b) > 0. It turns out that @
 has to be thin and rather straight, but it

can spiral around a if it does so su�ciently slowly. More precisely, let a = 0 and let

12
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�k be the minimal angle (with apex 0) that contains 
c\fz : e�k � jzj � e�k+1g.
(
c = Ĉ n 
 is the complement of 
.) Then, for b 2 
 we have the implications

1X
1

�k <1 =) �
(0; b) > 0 =)
1X
1

�2
k

log(9=�k)
<1:

If @
 is a curve � = �(r) in polar coordinates, where �(r) is monotone, then this

can be improved:

1X
1

�2k log
9

�k
<1 =) �
(0; b) > 0 =)

1X
1

�2k <1:

A version of the �rst implication also holds for certain non-monotone �(r) which
do not have too large and quick oscillations, see Theorem 2.39. Suppose next that

on each interval e�k � r � e�k+1 the function �(r) is monotone and satis�es

j�0(r)j � j�0(e�k)j. That is, there are positive constants such that Aj�0(e�k)j �
j�0(r)j � Bj�0(e�k)j. Then

�
(0; b) > 0 ()
1X
1

�2k <1:

Proving these results boils down to estimating extremal distance in strip domains.

The same problem arises when one seeks geometric conditions on 
 = f(D ) for

the angular derivative

f 0(�) = anglim
z!�

f 0(z)

to exist, see [RoWa77]. The kind of strip domains arising in the angular deriv-

ative problem are however more \
abby", which probably makes that problem

harder. Some of our extremal distance estimates give new insights for the angular

derivative problem. For example, consider the strip domain in Figure 2 made up

of n+ 1 unit squares.

Figure 2. A strip domain

Let �1; : : : ; �n be the sizes of the \steps" (which are assumed to be small). Let d

be the extremal distance between the two vertical sides (of length 1). We prove

d� n �
nX
1

�2
k
log

1

�k
: (2.4)

(Actually, we will do it for a slightly di�erent domain.) A related statement was

proved in [War71] and [Eke71] using the Poisson integral. We have thus solved

Problem 2 of [RoWa77]: To prove (2.4) with extremal length methods.

2. De�nition of �-numbers

The purpose of this section is to de�ne �-numbers in terms of reduced extremal

distance. First recall the de�nition of extremal length:
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De�nition 2.2. Let � be a family of recti�able curves in a Borel set 
 � Ĉ . By

a metric we mean a non-negative Borel measureable function � in 
. The �-length
of � and the �-area of 
 are

L�(�) = inf

2�

Z



�(z) jdzj and A�(
) =

ZZ



�2 dA;

where dA = dxdy is the usual area measure. The extremal length of the family �

is

�(�) = sup
�

L�(�)
2

A�(
)
;

where the supremum is taken over all metrics with 0 < A�(
) < +1. Note that

�(�) does not depend on 
.

We will use the following properties of extremal length. See [Ahl73] for proofs.

Conformal invariance: If f : 
! Ĉ is conformal, then

�(f(�)) = �(�)

for every curve family � in 
. Here, f(�) is the family of curves f(
) where 
 2 �.

The comparison principle: Let � and �0 be two curve families such that every


 2 � contains a 
0 2 �0. Then

�(�) � �(�0):

The serial rule: Let �1 and �2 be curve families in the disjoint domains 
1 and


2. Let � be a curve family such that every 
 2 � contains both a 
1 2 �1 and a


2 2 �2. Then

�(�) � �(�1) + �(�2):

De�nition 2.3. Let 
 be a domain, and E1 and E2 subsets of Ĉ . The extremal

distance between E1 and E2 in 
 is

d
(E1; E2) = �(�);

where � is the family of curves in 
 connecting E1 and E2.

Example 2.4. If 
 is a sector of angle � of the annulus r < jz � aj < R, then

d
(C(a; r); C(a;R)) =
1

�
log

R

r
;

where C(a; r) is the circle with centre a and radius r. In particular,

d
Ĉ
(C(a; r); C(a;R)) =

1

2�
log

R

r
if r < R:

Extremal distance is a conformally invariant way of measuring the distance be-

tween sets E1 and E2 within 
. When E1 and E2 reduce to points, the extremal

distance becomes in�nite. As a substitute for extremal distance for two points

a; b 2 
 we can use the �nite limit

lim
r;s!0

d
(C(a; r); C(b; s)) +
1

2�
log r +

1

2�
log s:

Since this quantity can be negative, we prefer to use instead the reduced extremal

distance (cf. [Ahl73, Section 4-14])

�
(a; b) = lim
r;s!0

d
(C(a; r); C(b; s)) � d
Ĉ
(C(a; r); C(b; s)) � 0; (2.5)

which has the bonus of being invariant under M�obius transformations, see Propo-

sition 2.12 below. Note that we de�ne C(1; r) to be the circle C(0; r�1). Consider
now the case when a; b 2 @
. If @
 is piecewise smooth, then (2.5) is �nite only

when @
 has inward cusps at a and b. There are however some exceptions like


 = C n[0;+1), where (2.5) gives a �nite �
(1;1). This is due to the fact that the
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point 1 corresponds to two prime ends of 
. To remedy this we use the following

de�nition for general a and b.

De�nition 2.5. Let 
 be a simply connected domain and let C1 and C2 be disjoint
Jordan curves (or arcs). De�ne

~d
(C1; C2) = inf
I1;I2

d
(I1; I2);

where the in�mum is taken over all component arcs I1; I2 of the sets C1 \ 
 and

C2 \
 respectively.

The excess of extremal distance in 
 between C1 and C2 is

X
(C1; C2) = ~d
(C1; C2)� d
Ĉ
(C1; C2):

Let a; b 2 
 be distinct. The reduced extremal distance between a and b in 
 is

�
(a; b) = lim
r;s!0

X
(C(a; r); C(b; s)):

The existence of the limit (which can be +1) follows from Lemma 2.8 and 2.9

below.

Lemma 2.6. X
(C1; C2) � 0:

Proof. This follows immediately from the comparison principle.

Lemma 2.7. If C separates C1 from C2 in 
, then

~d
(C1; C2) � ~d
(C1; C) + ~d
(C;C2):

Proof. Let Ij be components of Cj \ 
. There exists a component I of C \ 


that separates I1 and I2 in 
, see [Pom92, Proposition 2.13]. By the serial rule

d
(I1; I2) � d
(I1; I) + d
(I; I2);

and the lemma follows.

Lemma 2.8. ~d
(C(a; r); C(b; s)) +
1
2�

log rs is a decreasing function of r (and of

s) for small r and s.

Proof. Let r1 < r2. By Lemma 2.7

~d
(C(a; r1); C(b; s)) � ~d
(C(a; r1); C(a; r2)) + ~d
(C(a; r2); C(b; s)):

By Lemma 2.6 and Example 2.4

~d
(C(a; r1); C(a; r2)) �
1

2�
log

r2

r1
:

Thus

~d
(C(a; r1); C(b; s)) +
1

2�
log r1 � ~d
(C(a; r2); C(b; s)) +

1

2�
log r2:

Lemma 2.9. If a 2 C then

d
Ĉ
(C(a; r); C(1; s)) =

1

2�
log

1

rs
+O(s) as s! 0: (2.6)

If a; b 2 C are distinct, then

d
Ĉ
(C(a; r); C(b; s)) =

1

2�
log

ja� bj2
rs

+O(r + s) as r; s! 0: (2.7)
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Proof. a) Let f(z) = z � a. The circle f(C(1; s)) = C(�a; 1=s) separates two
circles C(0; 1=s1) and C(0; 1=s2), where sj = s + O(s2) and s1 < s2. By the

comparison principle

d
Ĉ
(C(0; r); C(0; 1=s2)) � d

Ĉ
(f(C(a; r)); f(C(1; s))) � d

Ĉ
(C(0; r); C(0; 1=s1)):

(2.6) now follows from the conformal invariance of extremal distance and Example

2.4.

b) Let f(z) = 1=(z � b). Since f is conformal, the circle f(C(a; r)) lies between
two circles C(f(a); rj)) with rj = jf 0(a)jr+O(r2) and r1 < r2. Similarly, the circle
f(C(b; s)) lies between two circles C(1; sj) with sj = s+O(s2) and s1 < s2. By
comparison

d
Ĉ
(C(f(a); r2); C(1; s2)) � d

Ĉ
(f(C(a; r)); f(C(b; s))) � d

Ĉ
(C(f(a); r1); C(1; s1)):

Now (2.7) follows from (2.6) and the conformal invariance of d
Ĉ
.

We can now de�ne �-numbers:

De�nition 2.10. Let 
 be a simply connected domain and a; b distinct points in

. De�ne

�
(a; b) = e��
(a;b):

Proposition 2.11. �
(a; b) � 0 and 0 � �
(a; b) � 1.

Proof. This follows immediately from Lemma 2.6.

Proposition 2.12. � is a M�obius invariant, that is,

��(
)(�(a); �(b)) = �
(a; b)

when � is a M�obius transformation.

Proof. Let r; s > 0 be small. Then �(C(a; r)) is contained in a disc D(�(a); r0),
where r0 = j�0(a)jr +O(r2). (In case a =1 or �(a) =1 we have to interpret �0

in a special way.) Similarly, there is an s0 = j�0(b)js+ O(s2) so that �(C(b; s)) �
D(�(b); s0). From conformal invariance and Lemma 2.7 it follows that

~d
(C(a; r); C(b; s)) = ~d�(
)(�(C(a; r)); �(C(b; s)))

� ~d�(
)(C(�(a); r
0); C(�(b); s0)):

(2.8)

In a similar way we get

d
Ĉ
(C(a; r); C(b; s)) � d

Ĉ
(C(�(a); r00); C(�(b); s00)); (2.9)

where r00 = j�0(a)jr + O(r2) and s00 = j�0(b)js + O(s2). By Lemma 2.9 the right-

hand side of (2.9) can be written

d
Ĉ
(C(�(a); r0); C(�(b); s0)) +O(r + s):

Thus subtraction of (2.8) and (2.9) and letting r; s! 0 gives

�
(a; b) � ��(
)(�(a); �(b)):

Considering ��1 we get the reverse inequality. Thus � and � are M�obius invariants.
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3. Analytic formulas for �-numbers

In this section we express �-numbers in terms of the Riemann map. We start with

some preliminary results for the case b 2 
.

Proposition 2.13. Let 
 be a simply connected domain. Let b 2 
; a 2 @
. If

�0 > 0 is su�ciently small, the following are equivalent:

�
(a; b) > 0 (2.10)

X
(C(a; �); C(a; �0)) is bounded for � < �0 (2.11)

X
(C(a; �); C(a; r)) ! 0 as � < r ! 0: (2.12)

Proof. (2.10) =) (2.11): By Lemma 2.7

~d
(C(a; �); C(a; �0)) + ~d
(C(a; �0); C(b; s)) � ~d
(C(a; �); C(b; s)):

By Lemma 2.9 and Example 2.4

d
Ĉ
(C(a; �); C(a; �0)) + d

Ĉ
(C(a; �0); C(b; s)) = d

Ĉ
(C(a; �); C(b; s)) +O(1):

Subtraction of these gives

X
(C(a; �); C(a; �0)) +X
(C(a; �0); C(b; s)) � X
(C(a; �); C(b; s)) �O(1):

If �
(a; b) < +1, the right-hand side is bounded as �; s! 0, and (2.11) follows.

(2.11) =) (2.12): As above, Lemma 2.7 and Example 2.4 gives

X
(C(a; �); C(a; r)) +X
(C(a; r); C(a; �0)) � X
(C(a; �); C(a; �0)) (2.13)

if � < r < �0. Thus X
(C(a; �); C(a; �0)) is a decreasing function of �, and by

(2.11) it therefore has a �nite limit as �! 0. (2.12) now follows from (2.13).

(2.12) =) (2.10): Since both conditions are invariant under M�obius transforma-

tions, it su�ces to consider �nite a and b. Then the implication follows from

Proposition 2.17 below.

To prove the implication (2.12) =) (2.10) we need two lemmas and a de�nition.

Lemma 2.14. If 1 < R � 2 and I = fei� : 0 � � � 1g then

dC (I; C(0; R)) >
1

5
logR:

Proof. Let G be the rectangle (�A;A) � (�A; 1 + A), where A = logR. By

comparison and taking the logarithm we have

dC (I; C(0; R)) � dC (log I; @G):

For the metric � = 1 and the family � of curves connecting log I and @G we have

L�(�) = A and A�(G) = 2A(1 + 2A) < 5A. Thus

dC (log I; @G) = �(�) � L�(�)
2

A�(G)
>
A

5
:

De�nition 2.15. Let fQ�g be a family of curves. We say thatQ� is approximately
an arc of the circle C(a; r(�)) if

Q� � fz : r(�)(1 � "(�)) < jzj < r(�)(1 + "(�))g; where "(�)! 0 as �! 0:

We abbreviate this as

Q� � C(a; r(�)):
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Lemma 2.16. Let 
 be a simply connected domain. Assume that a 2 @
 n f1g
satis�es (2.12). De�ne I� to be a longest arc of C(a; �) \ 
. Then

jI�j=2��! 1 as �! 0 (2.14)

and

~d
(C(a; �); C(a; r)) = d
(I�; Ir) when � < r are small. (2.15)

Let f : D ! 
 be a conformal bijection, and de�ne

Q� = f�1(I�):

Then there is a point �a 2 T and a number 
a > 0 such that

a = anglim
z!�a

f(z) and Q� � C(�a; 
a
p
�): (2.16)

Moreover

anglim
z!�a

jf(z)� aj
jz � �aj2

=
1


2a
and �f (�a) := anglim

z!�a

����z � �a

f 0(z)

���� = 
2
a

2
: (2.17)

Proof. By Theorem 2.24 in the next section it follows from (2.12) that 
 contains

a sector

S� = fz : � � jzj � 2�; '(�)� � � arg z � '(�) + � � �(�)g
for every small �, where

lim
�!0

�(�) = 0:

Thus

2� � �(�) � jI�j
�
� 2�;

and (2.14) follows. To prove (2.15) we consider two cases.

Case 1: � < r=2. Let I 0
�
be a component of C(a; �) \ 
 di�erent from I�, and

let Jr be any component of C(a; r) \ 
. Since diam I 0
�
� ��(�), the comparison

principle gives (with z0 2 I 0�)

d
(I
0
�; Jr) � d

Ĉ
(C(z0; ��(�)); C(z0; r � �)) � 1

2�
log

r

2��(�)
: (2.18)

Together with (2.12) this shows that

d
(I
0
�
; Jr) � ~d
(C(a; �); C(a; r)) + 1 if r is small.

A similar argument shows that

d
(J�; I
0
r
) � ~d
(C(a; �); C(a; r)) + 1 if r is small.

Thus (2.15) holds.

Case 2: � < r � 2�. Let I 0
�
be a component of C(a; �) \ 
 di�erent from I�, and

let Jr be any component of C(a; r) \
. By Lemma 2.14

d
(I
0
�; Jr) �

1

5
log

r

�
;

if � is small, and similarly we get

d
(J�; I
0
r) �

1

5
log

r

�
:

By comparison with the sector S� we have

d
(I�; Ir) �
1

2� � �(�)
log

r

�
:

These inequalities show that (2.15) holds.

The crosscuts I� form a null-chain in 
, see [Pom92, p. 29]. Or rather: For

every strictly decreasing sequence �n, the sequence I�n is a null-chain de�ning a

prime end P . This follows from the sector property above. Thus, by the prime
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end theorem [Pom92, Theorem 2.15] the crosscuts Q� form a null-chain in D ,

corresponding to a point �a 2 T. a is obviously the unique principal point of the

prime end P . By [Pom92, Corollary 2.17] this means that

a = anglim
z!�a

f(z):

By (2.15) we can write (2.12) as

d
(I�1 ; I�2 )�
1

2�
log

�2

�1
! 0 as �1 < �2 ! 0: (2.19)

Hence, the extremal distances d
(I�; Ir) are approximately additive:

d
(I�; IR) � d
(I�; Ir) + d
(Ir ; IR) + "(R) for � < r < R;

where "(R) ! 0 as R ! 0. Using a module theorem of Teichm�uller (Corollary

2.34 on page 35) one can show that this implies

Q� � C(�a; r(�))

for some function r(�) > 0, see [Pom92, Proposition 11.8]. By comparison this

gives

dD (Q�1 ; Q�2)�
1

�
log

r(�2)

r(�1)
! 0 as �1 < �2 ! 0:

Together with (2.19) and conformal invariance this gives

log
r(�2)p
�2

� log
r(�1)p
�1

! 0 as �1 < �2 ! 0;

so that


a = lim
�!0

r(�)
p
�
2 (0;+1) exists,

and (2.16) follows.

Finally, we prove (2.17). We may assume a = 0 and �a = 1. Consider the mappings

F�(z) =
e�i'(�)

�
f(1 + 
a

p
�z):

By the sector property, F�1� is de�ned in the sector

fw : 1 � jwj � 2; �� � argw � � � �(�)g:
Let

~I�(t) =
e�i'(�)

�
It� � C(0; t)

and

~Q�(t) = F�1
�

(~I�(t)) =
1


a
p
�
(Qt� � 1):

By (2.16), ~Q�(t) � C(0;
p
t). Thus

jF�1
�

(w)j !
p
jwj as �! 0

for w in the sector S = fw : 1 < jwj < 2; �� < argw < �g. Choose �(�) 2 T so

that arg(�(�)F�1� (3=2)) = 0. Then

log�(�)F�1
�

(w) ! 1

2
logw as �! 0 (2.20)

locally uniformly in S (since this holds for the real part and for the point 3=2). If
for some sequence �n ! 0 we have �(�n)! �0 6= �1, then (2.20) yields

F�1
�n

(w) ! ��10
p
w as n!1

locally uniformly in S. This contradicts the fact that for every w 2 S we have

F�1�n (w) 2 1


a
p
�n

(D � 1) � fz : Re z < 0g for large n:
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Thus lim�!0 �(�) = �1 and

F�1� (w)! �
p
w locally uniformly in S:

It follows that F�(z)! z2 locally uniformly in the sector fz : 1 < jzj < 2; Re z <
0g. Letting s = 1 + 
a

p
�z 2 D we get

jf(s)j
js� 1j2 =

�jF�(z)j

2
a
�jzj2 ! 1


2
a

as s! 1 in a Stolz angle. Also,

jf 0(s)j
js� 1j =

jF 0
�
(z)jp�=
a

a
p
�jzj ! 2


2a

as s! 1 in a Stolz angle.

We can now compute �-numbers in terms of the Riemann map.

Proposition 2.17. Let f : D ! 
 be a conformal bijection, and let f(zb) = b 6=
1. Assume that a 2 @
 n f1g satis�es (2.12). Let �a 2 T and �f (�a) > 0 be as

in the preceding lemma. Then

�
(a; b) =
2ja� bj2
j1� zb�aj4

1� jzbj2
jf 0(zb)j

�f (�a): (2.21)

Proof. Using the notation of the preceding lemma, we �rst calculate

d
(I�; C(b; �)) = dD (Q�; C�); where C� = f�1(C(b; �)):

Since f is conformal and by (2.16) we have

C� � C(zb;
�

jf 0(zb)j
) and Q� � C(�a; 
a

p
�):

We now do some conformal mappings. First map ' : D ! D using

'(z) = �
z � zb

1� zbz
;

where � 2 T is chosen so that '(�a) = 1. By the conformality of ',

C 0� = '(C�) � C(0; j'0(zb)j
�

jf 0(zb)j
) and Q0� = '(Q�) � C(1; j'0(�a)j
a

p
�):

Next map  : D ! C n (�1; 0] using

 (z) =

�
z � 1

z + 1

�2
:

We get

C 00� =  (C 0�) � C(1; 4j'0(zb)j�jf 0(zb)j�1) and Q00� =  (Q0�) � C(0;
1

4
j'0(�a)j2
2a�):

Note that C 00� is a Jordan curve, while Q00� is a crosscut of C n (�1; 0]. We can

now compare dCn(�1;0] (C
00
�
; Q00

�
) with extremal distances

dCn(�1;0] (C(0; r0); C(1; r1)) = dC (C(0; r0); C(1; r1)) = � 1

2�
log(r0r1)+O(r0+r1);

(The �rst equality follows from the symmetry in the real axis, while the second

follows from Lemma 2.9.) The comparison principle yields

dCn(�1;0] (C
00
�
; Q00

�
) = � 1

2�
log
�
j'0(�a)j2j'0(zb)jjf 0(zb)j�1
2a�2

�
+ o(1) as �! 0:

By conformal invariance, this equals d
(I�; C(b; �)). Using an estimate similar to

(2.18) it is now easy to see that

~d
(C(a; �); C(b; �)) = d
(I�; C(b; �)):
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Subtracting

d
Ĉ
(C(a; �); C(b; �)) =

1

2�
log

ja� bj2
�2

+ o(1)

(see Lemma 2.9) we get

X
(C(a; �); C(b; �)) = � 1

2�
log
�
j'0(�a)j2j'0(zb)jjf 0(zb)j�1
2aja� bj2

�
+ o(1)

and thus

�
(a; b) = j'0(�a)j2j'0(zb)jjf 0(zb)j�1
2aja� bj2:
Calculating '0 and inserting (2.17) we get (2.21).

In particular Lemma 2.16 states:

Corollary 2.18. Let f : D ! 
 be a conformal bijection. If a 2 @
nf1g satis�es
(2.12) then

lim
r!1

1� r

jf 0(r�a)j
> 0:

We now prove a converse of this.

Proposition 2.19. If f : D ! 
 is a conformal bijection, and � 2 T is a point

with

lim
r!1

1� r

jf 0(r�)j > 0;

then

a = anglim
z!�

f(z) exists (�nite);

a satis�es (2.12) and �a = �. (�a is as in Lemma 2.16.)

Proof. Since there is a �nite B so that jf 0(r�)j � B(1 � r) we easily get that

a = limr!1 f(r�) exists (�nite). As is well-known then also a = anglim
z!� f(z).

By integration

jf(r�) � aj � B

2
(1� r)2: (2.22)

Let P be the prime end of 
 that corresponds to �. Since a = anglim
z!� f(z),

the point a is the unique principal point of P , see [Pom92, Corollary 2.17]. Thus

P can be represented by a null-chain Jn � C(a; �n). Then Wn = f�1(Jn) is a
null-chain in D corresponding to �. We can �nd rn 2 (0; 1) so that rn� 2Wn. By

(2.22),

�n �
B

2
(1� rn)

2: (2.23)

Map D onto the strip S = fs : j Im sj < �=2g by

s = '(z) = log
� + z

� � z
:

ThenW 0
n = '(Wn) form a null-chain in S corresponding to +1. NowW 0

n contains

the point

sn = '(rn�) = log
1 + rn

1� rn
:

Thus, by Ahlfors' distortion theorem [Ahl73, p. 76-78]

dS(W
0
1;W

0
n
) � 1

�
(sn � s1 + log 32):

Together with (2.23) this gives

d
(J1; Jn) = dS(W
0
1;W

0
n
) � 1

2�
log

1

�n
+ C:

Thus X
(C(a; �1); C(a; �n)) is bounded, and (2.12) follows from Proposition 2.13.
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Let �(�); I�; Q�; �a be as in Lemma 2.16. If I 0
�n

is a component of C(a; �n) \ 


di�erent from I�n , then by (2.18)

d
(I
0
�n
; J1) �

1

2�
log

1

2�n�(�n)
:

Thus Jn = I�n for large n. Hence the null-chains Wn and Qn are also equal, and

therefore the corresponding points � and �a are equal.

It follows that we have a 1-1 correspondance between

(i) Points a 2 @
 n f1g satisfying �
(a; b) > 0 (where b 2 
).

(ii) Points � 2 T with limr!1
1�r

jf 0(r�)j > 0.

In this context it is comforting to know:

Lemma 2.20. For every conformal mapping f in D and every � 2 T the radial

limit

lim
r!1

1� r

jf 0(r�)j exists (�nite).

Proof. We may assume that � = 1. Suppose �rst that 1 =2 f(D ). By the

distortion theorem (1.4)

jf 0(r)j � jf 0(s)j (1� s2)3(1� r2)

(1� rs+ r � s)4
for 0 < s < r < 1:

Thus

lim inf
r!1

jf 0(r)j
1� r

� jf 0(s)j (1 + s)3

8(1� s)
for 0 < s < 1

and

lim inf
r!1

jf 0(r)j
1� r

� lim sup
s!1

jf 0(s)j
1� s

:

Hence limr!1 jf 0(r)j=(1 � r) exists in (0;+1].

In case 1 2 f(D ), let R > 0 be small and let ' : D \D(1; R)! D be a conformal

bijection with '(1) = 1. Then the preceding case applies to g = f � '�1. By the

distortion theorem ���� g0('(r))

g0(1 + '0(1)(r � 1))

����! 1 as r ! 1:

Thus

lim
r!1

jf 0(r)j
1� r

= lim
r!1

jg0(1 + '0(1)(r � 1))j
1� r

j'0(r)j = lim
s!1

jg0(s)j
1� s

j'0(1)j2 > 0:

We can even prove that an angular limit exists:

Proposition 2.21. For every conformal mapping f in D and every � 2 T the

angular limit

�f (�) := anglim
z!�

j� � zj
jf 0(z)j exists (�nite).

Proof. By the preceding lemma we have two cases:

Case 1:

lim
r!1

1� r

jf 0(r�)j > 0:

Proposition 2.19 says that a = anglim
z!� f(z) satis�es (2.12) and �a = �. Lemma

2.16 now shows that the angular limit exists.

Case 2:

lim
r!1

1� r

jf 0(r�)j = 0:
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The distortion theorem (1.4) shows that

jf 0(z)j � jf 0(jzj�)j
for z in a Stolz angle � at �. Since jz � �j � C1(1� jzj) for z 2 � we get����z � �

f 0(z)

���� � C2
1� jzj
jf 0(jzj�)j ! 0 as z ! �; z 2 �:

Collecting what we have obtained this far, we see that Theorem 2.1 follows from

Propositions 2.21, 2.19, 2.17 and 2.13. Note also that formula (2.1) can be gener-

alized to

�
(a;1) = 2jf 0(1)j�f (�a): (2.24)

Here, f : D � ! 
 is a conformal bijection with f(1) = 1 and a = f(�a) 2 @
.
The proof is similar to that of Proposition 2.17. We now deal with the case of

�-numbers where both points are on the boundary.

Theorem 2.22. With the notation of Theorem 2.1, suppose that �1; �2 2 T satisfy

�f (�j) > 0. Then

�
(f(�1); f(�2)) =
4jf(�1)� f(�2)j2

j�1 � �2j4
�f (�1)�f (�2): (2.25)

Conversely, if aj 2 @
 n f1g satisfy �
(a1; a2) > 0, then aj = f(�j) for some

uniquely determined �j 2 T with �f (�j) > 0.

Proof. The proof is similar to that of Proposition 2.17. By Proposition 2.19,

aj = f(�j) satisfy (2.12). Thus, by Lemma 2.16,

Q�(aj) = f�1(I�(aj)) � C(�j ; 
aj
p
�):

Map D onto the upper half plane H using

'(z) =
z � �1

z � �2
:

Then

Q0�(aj) = '(Q�(aj)) � C('(�j );

aj
p
�

j�1 � �2j
):

By comparison with sectors of angle �,

dH (Q
0
�
(a1); Q

0
�
(a2)) =

1

�
log

j�1 � �2j2

a1
a2�

+ o(1) as �! 0:

By conformal invariance this is also equal to d
(I�(a1); I�(a2)). Using an estimate
similar to (2.18) it is easy to see that

~d
(C(a1; �); C(a2; �)) = d
(I�(a1); I�(a2)) for small �:

Subtracting

d
Ĉ
(C(a1; �); C(a2; �)) =

1

2�
log

ja1 � a2j2
�2

+ o(1)

(see Lemma 2.9) we get

X
(C(a1; �); C(a2; �)) =
1

�
log

j�1 � �2j2

a1
a2 ja1 � a2j

+ o(1) as �! 0:

Thus

�
(a1; a2) =

2a1


2
a2
ja1 � a2j2

j�1 � �2j4
;

which proves (2.25)

For the converse, suppose that �
(a1; a2) > 0, where aj 2 @
 n f1g. The proof
of (2.10) =) (2.11) in Proposition 2.13 applies almost unchanged. We get that

aj satisfy (2.12). By Lemma 2.16, aj = f(�j) for some �j 2 T with �f (�j) > 0.

Proposition 2.19 shows that �j is uniquely determined by aj .
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The formula (2.25) is valid also for a conformal map f from the upper half plane

H = fz 2 C : Im z > 0g onto 
. Namely, if x1; x2 2 R have �f (xj) > 0 then

�
(f(x1); f(x2)) =
4jf(x1)� f(x2)j2

(x1 � x2)4
�f (x1)�f (x2): (2.26)

For the limit case x2 = f(x2) =1 we get a neat formula:

Theorem 2.23. Let f : H ! C be an univalent function. For every x 2 R the

angular limit

�f (x) := anglim
z!x

����z � x

f 0(z)

���� exists (�nite). (2.27)

Also

�f (1) := anglim
z!1

����f 0(z)z
���� exists (�nite). (2.28)

If �f (x) > 0 and �f (1) > 0 then

a = anglim
z!x f(z) exists (�nite); (2.29)

1 = anglim
z!1 f(z) (2.30)

and

�f(H) (a;1) = �f (x)�f (1): (2.31)

Conversely, if 
 � C is a simply connected domain with boundary points a and

1 satisfying �
(a;1) > 0, then there is a conformal bijection f : H ! 
 with

�f (0) > 0, �f (1) > 0 and a = anglim
z!0 f(z).

Proof. (2.27) and (2.29) follow from Theorem 2.1 by a simple transformation. A

transformation of the distortion theorem (1.4) shows that����f 0(z)f 0(s)

���� � (jz � sj+ jz � sj)4
16 Im s(Im z)3

for z; s 2 H : (2.32)

It follows from this that

C = lim
y!+1

jf 0(iy)j
y

exists (�nite);

cf. Proposition 2.20. To prove (2.28), (2.30) and (2.31) we may suppose that

0 =2 f(H ), a = 1 and x = 0. We consider two cases.

Case 1: C > 0. By the Koebe 1/4 theorem

f(H ) � D

�
f(iy);

1

4

Cy

2
y

�
for large y > 0:

This implies that jf(iy)j � Cy2=8 for large y > 0. De�ne g : D ! C by g(z) =
1=f('(z)), where '(z) = i(1 + z)=(1� z). We get for 0 < r < 1 that

1� r

jg0(r)j =
1� r

jf 0('(r))j
jf('(r))j2
j'0(r)j �

�
C

8

�2
(1� r)j'(r)j4
jf 0('(r))jj'0(r)j !

C

16

as r ! 1. By Proposition 2.19 and Lemma 2.16 this gives �g(1) > 0,

anglim
z!1

g(z) = 0 (2.33)

and

anglim
z!1

jg(z)j
jz � 1j2 =

1

2�g(1)
:

Letting  (z) = '�1(z) = (z � i)=(z + i) we get����f 0(z)z
���� = ���� g0( (z)) (z)� 1

���� ���� ( (z)� 1)2

g( (z))

����2 ����  0(z)

( (z)� 1)3z

����! 1

�g(1)
(2�g(1))

2 1

4
= �g(1)

(2.34)
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as z !1 in a Stolz angle, so that �f (1) = �g(1). (2.30) follows from (2.33). To

prove (2.31), note that����z + 1

g0(z)

���� = ���� '(z)

f 0('(z))

���� ����f('(z))2(z + 1)

'(z)'0(z)

����! �f (0)
1

j'0(�1)j2 (2.35)

as z ! �1 in a Stolz angle, so that �g(�1) = 4�f (0). Theorem 2.22 now gives

�f(H) (1;1) = �g(D) (1; 0) =
4

24
�g(�1)�g(1) = �f (0)�f (1):

Case 2: C = 0. By (2.32) we get

jf 0(z)j
jzj � C2

jf 0(i Im z)j
Im z

for z in a Stolz angle � at 1. It follows that

anglim
z!1

jf 0(z)j
jzj = 0:

To prove the converse, suppose that 
 � C is a simply connected domain with

a;1 2 @
 satisfying �
(a;1) > 0. We may assume that a = 1. Let g : D ! 
�1

be a conformal bijection. By the M�obius invariance

�
�1(1; 0) = �
(1;1) > 0:

By Theorem 2.22 there exists �j 2 T with �g(�j) > 0 and g(�0) = 0; g(�1) = 1. By

composing with a M�obius transformation we may arrange so that �0 = 1; �1 = �1.
Letting f(z) = 1=g( (z)), where  is as above, we see that (2.34) and (2.35)

hold.

4. Geometric criteria for � > 0: General domains.

We study the following problem: Given a simply connected domain 
 and points

a 2 @
; b 2 
, �nd necessary or su�cient geometric conditions on @
 for �
(a; b)
to be positive. By Proposition 2.13, our task is to estimate

X
(C(a; �); C(a; �0)) = ~d
(C(a; �); C(a; �0))�
1

2�
log

�0

�
as �! 0: (2.36)

It is enough to consider � = e�An, where n > 0 is integer and A > 0 is a constant.

We may as well assume that �0 = 1 and a = 0. We will estimate (2.36) in terms

of the angles �1; �2; : : : �n which are de�ned as follows: �k is the minimal angle

(with apex 0) that contains 
c \ fz : e�k � jzj � e�k+1g. This notation will be

kept for the rest of this chapter.

Theorem 2.24. There is a constant C (depending on A) such that

X
(C(0; e
�An);T) = ~d
(C(0; e

�An);T)� An

2�
� C

nX
1

�2
k

log(9=�k)
:

Corollary 2.25. If �
(0; b) > 0 then

1X
1

�2
k

log(9=�k)
<1:

To understand Theorem 2.24 it is instructive to consider the special kind of do-

mains 
 = C n J , where J is a Jordan arc. Assume that J can be described by

an equation � = �(r) in polar coordinates, where �(r) is increasing. Consider the
domain

G = � log
 = fx+ iy : '(x) < y < '(x) + 2�g;
where '(x) = �(ex), see Figure 3 below. The case n = 1 of Theorem 2.24 states
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x = 0

x = A
G

�y = '(x)

y = '(x) + 2�

Figure 3

that

dG(fz : Re z = 0g; fz : Re z = Ag)� A

2�
� C

�2

log(9=�)
; (2.37)

where � = minf'(A)�'(0); 2�g. The following example shows that this estimate
is best possible (up to the constant).

Example 2.26. Let G = fx+ iy : 0 < x < A; '(x) < y < '(x) + 2�g, where

'(x) =
�

log(1=�+ 1)
log

x+ �

�
(� > 0 is small):

Then

dG(fz : Re z = 0g; fz : Re z = Ag) � A

2�
+ C

�2

log(1=�)
:

Theorem 2.24 has been in the air for some time. The easier estimate

X
(C(0; e
�A)) � C�31

appears in [CaMa94, p. 38], see also (2.52) below. Theorem 2.24 implies a module

estimate of Teichm�uller, see Corollary 2.34 below. To prove Theorem 2.24 and

Example 2.26, we will use the connection between extremal distance and Dirichlet

integrals.

De�nition 2.27. The Dirichlet integral of a function u : G! R is

DG(u) =

ZZ
G

jruj2 dA:

Lemma 2.28. Let G be a Jordan domain. Let I0; I1 by two disjoint arcs on @
,
and let J0; J1 be the complementary arcs. Then

dG(I0; I1) =
1

dG(J0; J1)
= min

u
DG(u);

where the minimum is taken over all continuous u : G ! R in the Sobolev space

W 2
1 (G) with u = 0 on J0 and u = 1 on J1.

The minimizing function is u = Re f , where f is a conformal mapping of G onto

a rectangle (0; 1)� (0; �) with f(Jj) = fjg � [0; �].

Proof. By conformal invariance of d andD it su�ces to considerG = (0; 1)�(0; �)
and Jj = fjg � [0; �]. Then

dG(I0; I1) = � and dG(J0; J1) =
1

�
:
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If u = j on Jj , then

1 = (u(1; y)� u(0; y))2 �
�Z 1

0

jru(x; y)j dx
�2

�
Z 1

0

jru(x; y)j2 dx

for almost every y. Integration yields � � DG(u), with equality if u(z) = Re z.

Proof of Example 2.26. Let u : G ! R be any continuous function which is C1

in G and satis�es u(0; �) = 0 and u(A; �) = 1. By Lemma 2.28 we only have to

prove that

DG(u) �
2�

A
� C1

�2

log(1=�)
:

Writing u(x; y) = x=A+ h(x; y), we have

DG(u) =
2�

A
+

2

A

Z
@G

h dy +DG(h):

Hence it su�ces to prove����Z
@G

h dy

���� � C2
�p

log(1=�)

p
DG(h): (2.38)

De�ne H : [0; A]� [0; 2�]! R by

H(x; y) = h(x; '(x) + y):

Since '0(x) < 1=2 we get D(H) � DG(h), so that (2.38) can be written����Z 2�

0

(H(x; 0)�H(x; 2�))
dx

x + �

���� � C3

r
log

1

�
�D(H) (2.39)

Here we have used also that H(0; �) = H(A; �) = 0. Let L� be the line segment

from (�; 0) to (0; 2��=A). Then

jH(�; 0)j =
����H(�; 0)�H

�
0;
2��

A

����� � Z
L�

jrH j ds �
 
C4�

Z
L�

jrH j2 ds
!1=2

;

so that by Schwarz' inequalityZ 1

0

jH(�; 0)j d�

� + �
�
 
C4

Z 1

0

Z
L�

jrH j2 ds d�
Z 1

0

�

(� + �)2
d�

!1=2

� C5

�
D(H) log

1

�

�1=2
:

Together with the similar estimateZ 1

0

jH(�; 2�)j d�

� + �
� C5

�
D(H) log

1

�

�1=2
this proves (2.39).

To prove Theorem 2.24, we �rst prove the special case (2.37). Actually, we will

need the following more general case:

Lemma 2.29. Let G be a domain of the type

G = fx+ iy : '(x) < y <  (x); 0 < x < Ag
where ' and  are increasing functions. Assume that areaG = 2�A,  (A)�'(0) �
8� and  (0)�'(A) = 2���, where � < minf 1

16A
; A
16
g. Let Ix = fx+ iy : '(x) <

y <  (x)g. Then

dG(I0; IA)�
A

2�
� C

�2

log(9=�)
:
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(�; '(A)� �)

(A;'(A))

J+

y =  (x)

(0;  (0))

x = 0

y = '(x)

J�

x = A

2� � �

I0

G

IA

(A� �;  (0) + �)

Figure 4

Proof. Let J+ and J� denote the arcs of @G that are complementary to I0
and IA, chosen so that J+ is the upper part (corresponding to  ), see Figure 4.
Let � � 0 and � � 0 be the unique numbers satisfying (�; '(A) � �) 2 J� and

(A� �;  (0) + �) 2 J+. Using that the height of G is at most 8� we get

2�A = areaG � (� + 2� � �+ �)A+ 8�� + 8��:

Hence � � c� or � � c�, where c = A=(2A+ 16�). It su�ces to consider the case

� � c�. By comparing areas we have

2�A = areaG � �2 + �2 + (2� � �)A;

and it follows that � �
p
A� < minf1=4; A=4g.

Below we construct a continuous function h : G! R satisfying

h = 0 on I0 [ J+ [ IA; (2.40)Z
J�

h dy � �

4
; (2.41)

DG(h) � C log
1

�
: (2.42)

Using this, let

u(x; y) =
x

A
� "h(x; y); where " =

�

4AC log(1=�)
:

Then

DG(u) =
areaG

A2
� 2"

A

ZZ
@G

@h

@x
dA+ "2DG(h)

=
2�

A
� 2"

A

Z
J�

h dy + "2DG(h)

� 2�

A
� "�

2A
+ C"2 log

1

�
=

2�

A
� �2

16A2C log(1=�)
:

Since u = 0 on I0 and u = 1 on IA, Lemma 2.28 gives

dG(I0; IA) �
1

DG(u)
� A

2�
+ C2

�2

log(1=�)
;

which proves the lemma.

To construct the function h, we consider two cases:
Case 1: '(A��) � '(A)��=2. We may assume that '(A��) = 0. Let R1; : : : ; R7

be the closed polygonal regions in Figure 5.
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R3

R4 R5

x

y

1

2

(
A

2
; 1
2
)

A

R7R2

R1

��

�2�
(�;�2�)

(A� �;��)

R6

0

Figure 5. The domains R1; : : : ; R7

We de�ne

h(x; y) =

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

(x+ y)=� + 1 in R1

x=� in R2

(x�Ay)=� in R3

1�Ay=x in R4

1�Ay=(1� x) in R5

(1� x�Ay)=� in R6

1 in R7

0 otherwise.

It is easy to check that (2.40) and (2.42) are satis�ed. (2.41) follows fromZ
J�

h dy �
Z
J�\R7

dy � '(A� �)� '(�) = '(A � �)� ('(A) � �) � �

2
:

Case 2: '(A��) < '(A)��=2. Let z1 2 J� be a point with Im z1 = '(A��)+�=4.
Let R1; R2 and R3 be the polygonal regions in Figure 6.

De�ne

h(x; y) =

8>>>><>>>>:
4
�

�
x�

�
A� 5�

4

��
in R1

1 + 4
�
(Im z1 � y) in R2

1 in R3

0 otherwise.

It is easy to see that (2.40){(2.42) are satis�ed.

We will use rearrangement inequalities to reduce the proof of Theorem 2.24 to

Lemma 2.29. First a one-dimensional version.
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(A;'(A))

R1

R3

(A� �; '(A� �))

z1

R2 �=4

�

��=4

Figure 6. The domains R1; R2; R3

De�nition 2.30. Let u : [a; b]! [0; 1] be a measurable function. Then the func-

tion

m(y) = jfx : u(x) � ygj
is increasing and right-continuous. (j j denotes Lebesgue measure on R.) The

\inverse" of m de�ned by

u�(x) = supfy : m(y) � xg; a � x � b

is called the increasing (right-continuous) rearrangement of u.

Lemma 2.31. Rearrangement has the following properties:

a) u� and u are equimeasurable, that isZ
b

a

'(u�) dx =

Z
b

a

'(u) dx

for any Borel measurable function ' : [0; 1]! [0; 1].

b)
R
b

a
u1u2 dx �

R
b

a
u�1u

�
2 dx:

c)
R
b

a
(u1 � u2)

2 dx �
R
b

a
(u�1 � u�2)

2 dx:
d) ju1 � u2j � c =) ju�1 � u�2j � c (c constant):
e) If u is Lipschitz, then u� is also Lipschitz with the same (or smaller) con-

stant, and Z b

a

u0(x)2 dx �
Z b

a

(u�)0(x)2 dx:

Proof. a) See [HaLiP�o59, Section 10.12].

b) See [HaLiP�o59, Theorem 378].

c) Follows from a) and b).

d) Follows from the implication u � v =) u� � v�.
e) Assume that u is Lipschitz with constant k, and a � x1 < x2 � b. Choose



2.4. Geometric criteria for � > 0: General domains. 31

�1; �2 2 [a; b] such that u(�j) = u�(xj) and u(I) = (u�(x1); u�(x2)), where I is the
open interval between �1 and �2. We have

j�2 � �1j = jI j � jfx : u�(x1) < u(x) < u�(x2)gj
= jfx : u�(x1) < u�(x) < u�(x2)gj � x2 � x1:

(2.43)

Thus we see that u� is Lipschitz:

u�(x2)� u�(x1) = u(�2)� u(�1) � kj�2 � �1j � k(x2 � x1):

By Schwarz' inequality

(u�(x2)� u�(x1))
2 = (u(�2)� u(�1))

2 �
�Z

I

ju0j dx
�2

� jI j
Z
I

ju0j2 dx;

so that by (2.43)

(u�(x2)� u�(x1))2

x2 � x1
�
Z
I

ju0j2 dx:

Hence, for a partition a = x0 < x1 < : : : < xn = b we get

nX
k=1

�
u�(xk)� u�(xk�1)

xk � xk�1

�2
(xk � xk�1) �

Z
b

a

ju0j2 dx:

Now e) follows from the bounded convergence theorem.

The following proposition is a consequence of an inequality for the Dirichlet integral

under Steiner symmetrization, see [P�oSz51, p. 185-186]. For the corresponding

result for circular symmetrization, see [Hay94, Section 4.7.1].

Proposition 2.32. Let u : [a; b]� [c; d]! [0; 1] be Lipschitz. De�ne the increasing
rearrangement of u in the x-variable by

u�(x; y) = (u(�; y))�(x):
Then u� is Lipschitz andZZ

jruj2 dA �
ZZ

jru�j2 dA: (2.44)

Proof. Since ju(�; y)� u(�; y0)j � kjy � y0j, Lemma 2.31d) gives

ju�(x0; y)� u�(x0; y0)j � kjy � y0j
By Lemma 2.31e)

ju�(x; y)� u�(x0; y)j � kjx� x0j:
These add to

ju�(x; y)� u�(x0; y0)j � k(jx� x0j+ jy � y0j);
and it follows that u� is Lipschitz.
For a partition c = y0 < y1 < : : : < yn = d, Lemma 2.31c) givesZ b

a

nX
k=1

�
u(x; yk)� u(x; yk�1)

yk � yk�1

�2
(yk � yk�1) dx

�
Z b

a

nX
k=1

�
u�(x; yk)� u�(x; yk�1)

yk � yk�1

�2
(yk � yk�1) dx:

By the bounded convergence theoremZ
b

a

Z
d

c

�
@u

@y

�2
dy dx �

Z
b

a

Z
d

c

�
@u�

@y

�2
dy dx:

Together with Lemma 2.31e) this gives (2.44).

Before the proof of Theorem 2.24, just one more lemma.
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Lemma 2.33. If J � T is an arc and A > 0, then

dC (J;C(0; e
A)) � A

2�
+ C(2� � jJ j)2

for some constant C depending on A.

Proof. Let J = fei� : " � � � 2� � "g. Let 
 = H \D(0; eA) n J . By symmetry

dC (J;C(0; e
A)) =

1

2
d
(J;C(0; e

A)): (2.45)

(To see this, let ' : 
! fz : 1 < jzj < R; Im z > 0g be a conformal bijection with

'((�eA;�1)) = (�R;�1) and '((�1; eA)) = (1; R). By re
ection ' extends to

a conformal mapping of D(0; eA) n J onto fz : 1 < jzj < Rg. Now (2.45) follows

from Example 2.4.)

Consider G = log
 = fx+ iy : 0 < y < �; x < Agn [i"; i�]. We have to prove that

dG([i"; i�]; [A;A+ i�]) � A

�
+ C2"

2:

De�ne c = minfA=2�; 1g, h(z) = (c" � jzj)+=2A and u(x; y) = (x=A)+ + h(x; y).
Then

DG(u) = DG((x=A)+) +
2

A

ZZ
(0;A)�(0;�)

@h

@x
dA+DG(h)

=
�

A
� c2"2

2A2
+
�c2"2

8A2
:

Since u = 0 on [i"; i�] and u = 1 on [A;A+ i�], Lemma 2.28 gives

dG([i"; i�]; [A;A+ i�]) � 1

DG(u)
� A

�
+ C2"

2:

Proof of Theorem 2.24. By Lemma 2.7 we only have to consider the case n = 1.

Let 
0 and 
A be components of T \ 
 and C(0; e�A) \ 
, respectively. We have

to prove that

d
0 (
0; 
A)�
A

2�
� C

�21
log(9=�1)

;

where 
0 is the component of 
n
0 n
A that has both 
0 and 
A on its boundary.

By the comparison principle, we may assume that 
0 and 
A are not separated in


0 by any other components of T\
 or C(0; e�A)\
. Let f : 
0 ! (0; �)� (0; 1)
be a conformal bijection such that f(
0) = f0g � (0; 1) and f(
A) = f�g � (0; 1).
Consider the Jordan domain


00 = f((0; �)� ("; 1� ")) � 
0;

which is bounded by the analytic curves

�00� = f((0; �)� f"g) and �00+ = f((0; �)� f1� "g)
and the circular arcs


000 = f(f0g � ("; 1� ")) and 
00
A
= f(f�g � ("; 1� ")):

Since

d
00(

00
0 ; 


00
A
) =

�

1� 2"
and d
0 (
0; 
A) = �;

we need only prove that

d
00(

00
0 ; 


00
A
)� A

2�
� C

�21
log(9=�1)

: (2.46)

We divide the proof into three cases:

Case 1: 2� � eAj
00
A
j � �1=4. By Lemma 2.33

d
00(

00
0 ; 


00
A) � dC (T; 


00
A) �

A

2�
+ C

��1
4

�2
:
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Case 2: 2� � j
000 j � �1=4.
This case is reduced to Case 1 using the transformation w = e�A=z.

Case 3: 2� � eAj
00
A
j < �1=4 and 2� � j
000 j < �1=4.

Consider G = � log
00, I0 = � log 
000 IA = � log 
00
A
and J� = � log�00�. Assume

that J+ is located above J�, as in Figure 7.

IA

I0

J�

J+

Figure 7. The domain G

Let u : G! [0; 1] be the minimizing function given by Lemma 2.28. u is harmonic

in a neighbourhood of G, u = 0 on J+, u = 1 on J�, and

d
00(

00
0 ; 


00
A
) = dG(I0; IA) = DG(u) � DV (u);

where V is the component of (G[ I0 [ IA)\ ([0; A]�R) that has contains I0 and
IA.

Let R = [0; A] � [a; b] be a rectangle containing V . The set R n V has two com-

ponents K+ � J+ and K� � J�. Extend ujV to R by letting u = 0 on K+ and

u = 1 on K�. Now u : R ! [0; 1] is a Lipschitz function. Let u� : R ! [0; 1] be
the increasing rearrangement of u in the x-variable. By Proposition 2.32

DV (u) = DR(u) � DR(u
�):

Let now u�� be the decreasing rearrangement of u� in the y-variable. If follows

from Proposition 2.32 that

DR(u
�) � DR(u

��):

The set V �� = fz 2 R : 0 < u��(z) < 1g can be written

V �� = f(x; y) 2 R : a+ L1(x) < y < b� L0(x)g;
where Lj(x) = jfy : u�(x; y) = jgj. Since u�(x; y) is increasing in x it follows that

L1 is increasing and L0 is decreasing.

Let I��0 = V �� \ (f0g � R) and I��
A

= V �� \ (fAg � R). By Lemma 2.28

DR(u
��) = DV ��(u

��) � dV ��(I
��
0 ; I��A ):

Consider the set

W = f(x; y) : '(x) < y <  (x); 0 � x � Ag � V ��;

where

'(x) = a+ L1(x) and  (x) = b� L0(x) + 2(2�A� areaV ��)x=A:
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Since areaV �� = areaV � 2�A the functions ' and  are increasing, and areaW =

2�A. By comparison

dV ��(I
��
0 ; I��

A
) � dW (Q0; QA);

where Q0 =W \ (f0g � R) and QA =W \ (fAg � R).

Let B = ( (0)� '(A))+ and � = 2� �B. We claim that

� � �1=2: (2.47)

and

dW (Q0; QA) �
A

2�
+ C

�2

log(9=�)
(2.48)

Together with the inequalities above, these prove (2.46).

Proof of (2.47): Consider

y� = maxfy : u(x; y) = 1 for some x 2 [0; A]g
and

y+ = minfy : u(x; y) = 0 for some x 2 [0; A]g:
If y� < y+ then [0; A]� (y�; y+) � V � G. Thus, by the de�nition of �1,

y+ � y� � 2� � �1:

To prove (2.47) it thus su�ces to prove

 (0) � y+ +
�1

4
(2.49)

and

'(A) � y� �
�1

4
(2.50)

We prove (2.49). The proof of (2.50) is similar. Let I�0 = f(0; y) : 0 < u�(0; y) <
1g. It easy to see that

 (0) = y+ + jf(0; y) 2 I�0 : y > y+gj: (2.51)

Further, there is a curve 
 � fz : u(z) = 0g that connects some point (x; y+) with
a point (0; y0) or with a point (1; y0). Assume the �rst case (the other case is dealt
with similarly). Since u�(0; y) = minfu(x; y) : 0 � x � Ag it follows that the

segment [(0; y+); (0; y
0)] is disjoint from I�0 . Since u(0; y0) = 0, the segment I0 is

located in y < y0. Thus

f(0; y) 2 I�0 : y > y+g = f(0; y) 2 I�0 : y > y0g is disjoint from I0:

Since u�(0; y) = minfu(x; y) : 0 � x � Ag we have u > 0 on I�0 . Since u(0; y) < 1

for y > inffy : (0; y) 2 I0g we get
f(0; y) 2 I�0 : y > y+g = f(0; y) 2 I�0 : y > y0g � V:

By the second of the inequalities de�ning Case 3, we have

jfy : (0; y) 2 V n I0gj � 2� � jI0j < �1=4:

Hence (2.49) follows from (2.51).

Proof of (2.48): We �rst prove that

dW (Q0; QA) �
A

2�
+ C�3: (2.52)

De�ne a metric � in W by

�(x; y)2 =

(
1 + �

2

16A2
if '(A) � �

4
< y < '(A) +B + �

4

1 otherwise.

Then

A�(W ) � 2�A+
�2

16A2

�
B +

�

2

�
A =

2�

A

�
A2 +

�2

16

�
� �3

32A
;
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and some calculus shows that

L�(�) �
r
A2 +

�2

16

for the family � of curves in W connecting Q0 and QA. Thus

�(�) � L�(�)
2

A�(W )
� A

2�
+ C�3:

When proving (2.48) we can thus assume that � < minf 1
16A

; A
16
g. By (2.47) we

get �1 < 2�, which means that 
 contains some sector of fz : e�A < jzj < 1g.
Hence the height of V is at most 4�, that is, we can take b � a � 4�. It follows
that the height of W is at most 8�, that is,  (A)�'(0) � 8�. Now (2.48) follows

from Lemma 2.29.

As a consequence of Theorem 2.24 we get the following module theorem due to

Teichm�uller [Tei82, p. 233-244], see also [Pom92, Proposition 9.5].

Corollary 2.34. Let J be a Jordan curve separating T and C(0; R), where R > 1.

If " < 1=2 and

dC (T; J) + dC (J;C(0; R)) >
1

2�
logR� ";

then

max
z2J

jzj=min
z2J

jzj < 1 + C

r
" log

1

"
; (2.53)

where the constant C may depend on R.

The proof in [Pom92] shows that C can be taken independent of R.

Proof. By the serial rule, conformal invariance and the assumption we get

dC (J;RJ) � dC (J;C(0; R)) + dC (C(0; R); RJ)

= dC (J;C(0; R)) + dC (T; J) >
1

2�
logR� ":

(2.54)

Consider the domain G bounded by log J , log(RJ) and line segments I0 � fz :

Im z = 0g, I1 � fz : Im z = 2�g. By Lemma 2.28 and comparison

dG(I0; I1)
�1 = dG(log J; log(RJ)) � dC (J;RJ);

which together with (2.54) gives

dG(I0; I1) �
2�

logR
+ C1":

After a scaling, Theorem 2.24 yields

dG(I0; I1) �
2�

logR
+ C2

�2

log(9=�)
;

where

� = minf2�; 2�

logR
(maxRe log J �minRe log J)g:

It follows that

� � C3

r
" log

1

"
;

which is (2.53).

We also would like to mention the following rather trivial upper estimate of the

excess of extremal distance.
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Theorem 2.35. If �k < "(k = 1; : : : ; n), where " is small (depending on A), then

X
(C(0; e
�An);T) = ~d
(C(0; e

�An);T)� An

2�
� CA

nX
1

�k; (2.55)

where C is an absolute constant.

Corollary 2.36. If
P1

1 �k <1 then �
(0; b) > 0.

Proof of Theorem 2.35. Let U = � log
, and let I0 and In be components of

U \fz : Re z = 0g and U \fz : Re z = Ang, respectively. Let G be the component

of U that has both I0 and I1 on its boundary. As in the proof of Theorem 2.24,

we may assume that G is a Jordan domain. Let J+ and J� be the complementary

arcs of I0 and In. De�ne a metric � in G by

�(x; y) = �k =
1

2� � �k�1 � �k � �k+1
for k � 1 � x < k

for k = 1; 2; : : : ; n and � = 0 otherwise. (We let ��1 = �n+1 = 0.) Let � be the

family of curves in G connecting J+ and J�. If " is su�ciently small (depending

on A), then L�(�) � 1, so that

dG(J+; J�) = �(�) � L�(�)
2

A�(G)
� 1

A�(G)

and by Lemma 2.28

dG(I0; In) =
1

dG(J+; J�)
� A�(G) � 2�A

nX
1

�2
k
� An

2�
+ CA

nX
1

�k:

This proves (2.55).

This estimate is also in a sense best possible. Namely, consider the domain

� log
 = U = f(x; y) : '(x) < y < '(x) + 2�g, where '(x) = �

2
sinNx. As

N ! +1 we have

dU (fz : Re z = 0g; fz : Re z = Ang)! An

2� � �
� An

2�
+ CAn�:

5. Geometric criteria for � > 0: Slit domains

We now turn attention to the special kind of domains 
 = Ĉ n J , where J is

a Jordan arc with one endpoint at 0. We assume that J can be described by

an equation � = �(r) in polar polar coordinates. We allow �(r) to have jump

discontinuities | in that case we include the corresponding circular arc in J .
(That is, the arc frei� : �(r�) � � � �(r+)g if �(r�) < �(r+), and the arc

frei� : �(r�) � � � �(r+)g if �(r�) > �(r+).) In case �(r) is increasing, we can
improve Theorems 2.24 and 2.35:

Theorem 2.37. With 
 as above and �(r) increasing we have

c

n�1X
2

�2
k
� X
(C(0; e

�An);T) � C

nX
1

�2
k
log

9

�k
;

where for the second inequality we assume that �k are smaller than some small

constant "0 (depending on A). The constants c and C may depend on A.

Corollary 2.38. For such 
 and for b 2 
 we have the following implications.

1X
1

�2
k
log

9

�k
<1 =) �
(0; b) > 0 =)

1X
1

�2
k
<1:
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Proof of Theorem 2.37. Consider the set G = (� log
) \ f(x; y) : 0 � x � Ang.
We have

G = f(x; y) : '(x) < y <  (x); 0 � x � Ang;
where ' and  are increasing functions with  = ' + 2� except for at most

countably many discontinuity points. We have to prove

c

n�1X
2

�2
k
� dG(I0; In)�

An

2�
� C

nX
1

�2
k
log

9

�k
; (2.56)

where Ij = G\f(Aj; y) : y 2 Rg. Note that �k = minf2�; '(Ak)�'(A(k�1)�)g.
To prove the lower estimate, we �rst prove the case n = 3:

dG(I0; I3)�
3A

2�
� c�22: (2.57)

By Theorem 2.24, we need only consider the case �1 + �2 + �3 < 1. Let J+ and

J� be the arcs that together with I0 and I3 form the boundary of G. Choose J+
to be the upper arc (corresponding to  ). We construct a continuous function

h : G! R such that

h = 0 on I0 [ J+ [ I3;
Z
J�

h dy � �2 and DG(h) � C1;

where the constant C1 only depends on A. We can assume '(2A) = 0 and de�ne

h(x; y) =

8>>>>>><>>>>>>:

x=A for 0 � x � A; y � 1� x=A

1� y for 0 � y � 1; A�Ay � x � 2A+Ay

3� x=A for 2A � x � 3A; 0 � y � x=A� 2

1 for A � x � 2A; y � 0

0 otherwise.

It is easy to see that h has the properties above. De�ne u = x=3A � "h, where
" = �2=2AC1. As in the proof of Lemma 2.29 we get

DG(u) �
2�

3A
� �22
12A2C1

;

and then (2.57) follows from Lemma 2.28.

By the serial rule (2.57) implies

dG(I0; In)�
An

2�
� c(�22 + �25 + �28 + : : :+ �22+3k);

where 2 + 3k � n� 1. Similarly

dG(I0; In)�
An

2�
� c(�23 + �26 + : : :+ �23k0)

and

dG(I0; In)�
An

2�
� c(�24 + �27 + : : :+ �21+3k00):

Taking the mean of these gives the lower estimate in (2.56).

We prove the upper estimate in (2.56) in a more general situation, see the next

theorem (take a = 2�=A).

We prove a version of the upper estimate in Theorem 2.37 in a more general

situation. We consider graphs y = '(x) which, when thought of as a road, does

not have too large and narrow holes or bumps.

Theorem 2.39. Let a > 0 and let n be a positive integer. Let J be a Jordan arc

which is the graph of a function ' : [0; n]! R of bounded variation. We allow ' to

have jump discontinuities of size < a | in that case we include the corresponding

vertical segment in J . Let G be the set in [0; n] � R between J and K = J + ai.
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Let � < 1. Assume that for every z 2 J [K there is a sector of angle � of the

disc D(z; a=2) that is contained in the domain

G0 = G [
�
(�1; 0)� ('(0); '(0) + a)

�
[
�
(n;+1)� ('(n); '(n) + a)

�
:

Let �k be the total variation of ' on [k � 1; k]. Assume that �k < "0 for k =

1; : : : ; n, where "0 is small (depending on a and �). Let Ij = G \ fz : Re z = jg.
Then

dG(I0; In)�
n

a
� C

nX
1

�2
k
log

1

�k
;

where the constant C only depends on a and �.

The proof of Theorem 2.39 uses the technique of Example 2.26. The key inequality

(2.58) below is proved by using the estimate

jh(a�)� h(b�)j �
Z
[a�;b�]

jrhj ds:

One then integrates over � and uses Schwarz' inequality.

Lemma 2.40. Under the assumptions of the theorem, let h : G ! R be a con-

tinuous function which is C1 on G and satis�es h = 0 on I0 [ In. Let Jk be the

subarc of J with endpoints k� 1+ i'(k� 1) and k+ i'(k). Let Kk = Jk + ia and

Gk = G \ fz : k � 2 � z � k + 1g. Then����Z
Jk

h dy �
Z
Kk

h dy

���� � C�k

r
log

1

�k
�DGk

(h); k = 1; : : : ; n: (2.58)

Proof of Lemma. Let q = minfa
2
sin(�=2); 1g. For every z 2 J either

(R) the segment (z; z + q + ia=2) is contained in G0, or
(L) the segment (z; z � q + ia=2) is contained in G0.

Fix k. Let JR be the set of z 2 Jk that satisfy (R). Let y0 = maxfIm z : z 2
Jkg. Let L0 be the horizontal line segment [k � 2 + y0i; k + 1 + y0i]. De�ne a

projection pR : JR ! L0 by letting pR(z) be the intersection point of the segments
(z; z+ q+ ai) and L0. For each z 2 JR, the segment (z; pR(z)) is contained in G0.
De�ne a (signed) measure �R on L0 by

�R(E) =

Z
p
�1

R
(E)

dy:

It is easy to see that d�R = �R(z) dz, where j�R(z)j � C1 = C1(a; q). Extend

h(x; y) to be 0 for x < 0 and x > n. Now����Z
JR

h dy �
Z
L0

h d�R

���� =
�����
Z
pR(JR)

(h(p�1
R
(z))� h(z)) d�R(z)

�����
�
Z
pR(JR)

Z
(z;p

�1

R
(z))

jrhj ds j�R(z)j dz

�

0@Z
pR(JR)

 Z
(z;p

�1

R
(z))

jrhj ds
!2

dz

1A1=2�Z
L0

j�R(z)j2 dz
�1=2

�
 Z

pR(JR)

Z
(z;p

�1

R
(z))

jrhj2 ds jp�1
R
(z)� zj dz

!1=2�
C1

Z
L0

j�R(z)j dz
�1=2

� C2�k
p
DGk

(h):
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In the last step we used that

jp�1
R
(z)� zj � C3�k and

Z
L0

j�R(z)j dz = j�Rj(L0) =
Z
JR

jdyj � �k:

Let JL = J n JR. De�ning pL, �L and �L similarly we have����Z
JL

h dy �
Z
L0

h d�L

���� � C2�k
p
DGk

(h);

and thus ����Z
Jk

h dy �
Z
L0

h d�

���� � 2C2�k
p
DGk

(h); (2.59)

where � = �R + �L. The signed measure � has density � = �R + �L satisfying

j�j � 2C1.

Let y2 = minfIm z : z 2 Kkg and y1 = (y0 + y2)=2. Let L1 be the horizontal line
segment [k � 1 + y1i; k + y1i]. We now claim that����Z

L0

h d� � �(L0)

Z
L1

h dz

���� � C4�k

r
log

1

�k
�DGk

(h): (2.60)

Together with (2.59) this gives����Z
Jk

h dy � ('(k) � '(k � 1))

Z
L1

h dz

���� � C5�k

r
log

1

�k
�DGk

(h): (2.61)

(since �(L0) =
R
Jk

dy = '(k)�'(k� 1)). The same argument with K in place of

J gives����Z
Kk

h dy � ('(k)� '(k � 1))

Z
L1

h dz

���� � C5�k

r
log

1

�k
�DGk

(h): (2.62)

(2.61) and (2.62) prove the lemma.

To prove (2.60) it su�ces to prove����Z
L0

h d�+ � �+(L0)

Z
L1

h dz

���� � C6�k

r
log

1

�k
�DGk

(h): (2.63)

and the corresponding inequality for the negative part ��. De�ne a mapping

F : L0 ! L1 by

F (x+ iy0) = f(x) + iy1; where f(x) = k � 1 +
�+([k � 2 + iy0; x+ iy0])

�+(L0)
:

We have����Z
L0

h d�+ � �+(L0)

Z
L1

h dz

���� = ����Z
L0

(h(z)� h(F (z)))�+(z) dz

����
�
Z
L0

Z
(z;F (z))

jrhj ds �+(z) dz � C7

Z
L0

Z
(z;F (z))

jrhj dy �+(z) dz

� C7

0@Z
L0

 Z
(z;F (z))

jrhj dy
!2

�+(z) dz

1A1=2 �Z
L0

�+(z) dz

�1=2
: (2.64)

Write z = � + iy0. We can parametrize the segment (z; F (z)) as(
x = � + t(f(�)� �)

y = y0 + t(y1 � y0)
0 < t < 1:

By Schwarz' inequality Z
(z;F (z))

jrhj dy
!2

� (y1 � y0)
2

Z 1

0

jrhj2(1 + tf 0(�)� t) dt

Z 1

0

dt

1 + tf 0(�)� t
:
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The last factor can be estimated as follows.Z 1

0

dt

1 + tf 0(�)� t
=

log f 0(�)

f 0(�)� 1
� 2

�+(L0)

�+(z)
log

2C1

�+(L0)
� C8

�k

�+(z)
log

1

�k
:

(To see the �rst inequality, let � = f 0(�) = �+(�)=�+(L0). In case � < 2 one uses

log �

�� 1
<

2

�
and �+(L0) � �k < "0 <

2C1

e
:

In case � � 2 one uses 1=(�� 1) � 2=� and �+(z) � 2C1.) HenceZ
L0

 Z
(z;F (z))

jrhj dy
!2

�+(z) dz

� (y1 � y0)
2C8�k log

1

�k
�
Z
L0

Z 1

0

jrhj2(1 + tf 0(�)� t) dt d�

� C9�k log
1

�k
�DGk

(h);

where the last inequality follows from the change of variables formula. Substituting

this in (2.64) and usingZ
L0

�+(z) dz = �+(L0) � j�j(L0) � j�Rj(L0) + j�Lj(L0) =
Z
Jk

jdyj = �k

we get (2.63). The inequality (2.63) with �� in place of �+ is proved in the same

way. Hence (2.60) holds, and the lemma is proved.

Proof of Thereom 2.39. Let u : G ! [0; 1] be the minimizing function given by

Lemma 2.28 that satis�es

ujI0 = 0; ujIn = 1 and dG(I0; In) =
1

DG(u)
:

Write u = x=n + h. Summation of (2.58) and using Cauchy-Schwarz' inequality

gives ����Z
J

h dy �
Z
K

h dy

���� � C

 
nX
1

�2
k
log

1

�k

!1=2

(3DG(h))
1=2:

Thus

DG(u) =
areaG

n2
+

2

n

ZZ
G

@h

@x
dA+DG(h)

=
a

n
+

2

n

�Z
J

h dy �
Z
K

h dy

�
+DG(h)

� a

n
� 2

n
C

 
3

nX
1

�2
k
log

1

�k

!1=2

DG(h)
1=2 +DG(h)

� a

n
� 3C2

n2

nX
1

�2k log
1

�k
:

Choosing "0 su�ciently small we get

dG(I0; In) =
1

DG(u)
� n

a
+
6C2

a2

nX
1

�2k log
1

�k

Another class of domains 
 = Ĉ n J is obtained when J is piecewise C1. Consider

the corresponding strip domain

G = � log
 = f(x; y) : '(x) < y <  (x)g;
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where  (x) = '(x) + 2� is piecewise C1. For strip domains G with �(x) =

 (x)�'(x) not necessarily equal to 2�, one has the following estimate, see [Beu89,
p. 379{380] or [Pom92, Proposition 11.15].

dG(fx1g � R; fx2g � R) �
Z
x2

x1

dx

�(x)
+
1

2

Z
x2

x1

'0(x)2 +  0(x)2

�(x)
dx: (2.65)

(This follows from Lemma 2.28 with u(x; y) = (y�'(x))=�(x).) This gives imme-

diately the upper estimate in the following theorem.

Theorem 2.41. Let ' : R ! R be piecewise C1. Assume that on each interval

[k � 1; k] (k integer), ' is monotone and

1

C

����'0 �k � 1

2

����� � j'0(x)j � C

����'0 �k � 1

2

����� for k � 1 < x < k:

Let G = f(x; y) : '(x) < y < '(x) + ag. Then

dG(f0g � R; fng � R) � n

a
�

nX
1

j'(k)� '(k � 1)j2: (2.66)

Corollary 2.42. Let J be the curve � = A'( 1
A
log r) in polar coordinates, where

' is as in the theorem, and A = 2�=a. Let b 2 
 = Ĉ n J . Then

�
(0; b) > 0 ()
1X
1

�2k <1:

Proof of Theorem 2.41. It follows from Theorem 2.37 that

dG(fz : Re z = 0g; fz : Re z = 1g)� 1

a
� C1

����'�23
�
� '

�
1

3

�����2 (2.67)

if j'( 2
3
)�'( 1

3
)j � 2(a+1), say. To see that (2.67) holds also when j'( 2

3
)�'( 1

3
)j >

2(a + 1), consider the metric � = 1 and the family � of curves in G connecting

fz : Re z = 0g and fz : Re z = 1g. Then

L�(�) �
����'�23

�
� '

�
1

3

������ a > 1 +
1

2

����'�23
�
� '

�
1

3

�����
and

A�(G \ fz : 0 < Re z < 1g) = a:

Hence

�(�) � L�(�)
2

A�(G \ fz : 0 < Re z < 1g) �
1

a
+ C2

����'�23
�
� '

�
1

3

�����2 :
From the assumptions it follows that����'�23

�
� '

�
1

3

����� � j'(1)� '(0)j:

Thus (2.67) and the serial rule gives the lower estimate in (2.66).

6. The angular derivative problem

We have seen that giving geometric criteria for �
(0; b) > 0 boils down to esti-

mating when

dG(fz : Re z = x1g; fz : Re z = x2g)�
x2 � x1

2�
! 0 as x2 > x1 ! +1: (2.68)

Here we suppose for simplicity that G = � log
 is a strip domain

G = fx+ iy : '(x) < y <  (x)g
with �(x) =  (x)� '(x) � 2�.
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A similar problem appears in the angular derivative problem. Let f : D ! 
 be

a conformal bijection with f(1) = 0 2 @
. It is known [Pom92, Theorem 11.9]

that the angular derivative f 0(1) = anglim
z!1 f

0(z) exists and is 6= 0;1) if and

and only if

dG(fz : Re z = x1g; fz : Re z = x2g)�
x2 � x1

�
! 0 as x2 > x1 ! +1 (2.69)

and

 1 = lim inf
x!+1

 (x) and '1 = lim sup
x!+1

'(x) are �nite, and  1 � '1 = �: (2.70)

Characterizing (2.68) should be easier than characterizing (2.69). Namely, we

have seen that the quantity in (2.68) is non-negative, while the quantity in (2.69)

can be negative. On the other hand, the condition (2.70) means that the known

geometric criteria in the angular derivative problem are of little interest for the

�-number problem, at least when rotation of spirals is considered. These criteria

deal mostly with the cases G � S or G � S, where S = (0;+1)� (0; �).

Our estimates apply to the angular derivative problem for domains with �(x) � �
(Theorems 2.24 and 2.35) or �(x) = � (Theorems 2.39 and 2.41). This might be

interesting, since these types of domains are generally not of the types G � S
or G � S. The following �(x) = � type domains have however been dealt with

before.

Example 2.43. Consider the union of the rectangles [k � 1
2
; k + 1

2
]� [yk; yk + �]

(k integer), where the \jumps" �k = jyk � yk�1j are small. Let G be the interior

domain. In [War71] and [Eke71] it was proved that if limk!+1 yk = 0 then the

following equivalence holds.

(2.69) ()
1X
1

�2k log
1

�k
<1:

(Actually they consider a more general class of domains.) The proof is very com-

plicated and is based on estimates for the conformal map of a strip onto G using

the Poisson integral. We now give a simpler proof. We prove that (if �k < "0)

dG(fz : Re z = 0g; fz : Re z = ng)� n

�
�

nX
1

�2k log
1

�k
:

The upper estimate follows immediately from Theorem 2.39. The lower estimate

follows from a modi�cation of the proof of Lemma 2.29. By the serial rule it

su�ces to consider n = 1. Let h : R2 ! R be the continuous function

h(x; y) = h(z) =

8><>:
1 for r � �1=2

(1� 2r)=(1� �1) for �1=2 � r � 1=2

0 for r � 1=2;

where r = jz � ( 1
2
+ y0+y1

2
i)j. It is easily checked that

h(0; �) = h(1; �) = 0;

Z
@G1

h dy = y1 � y0 and DG1
(h) � 2�

log(1=�1)
;

where G1 = G\fz : 0 < Re z < 1g. As in the proof of Lemma 2.29, with u = x�"h
this yields

dG(fz : Re z = 0g; fz : Re z = 1g) � 1

DG1
(u)

� 1

�
+ c�21 log

1

�1
:



CHAPTER 3

Brennan's conjecture

1. Equivalent formulations

Let 
 � C be a simply connected domain, and let ' : 
 ! D be a conformal

bijection. In [Bre78] J. E. Brennan posed the following problem.

Brennan's problem: For which q 2 R isZZ



j'0jq dA <1 for every '? (3.1)

In terms of the inverse map '�1 = f : D ! 
 we may write thisZZ
D

jf 0jt dA <1 for every f; (3.2)

where t = 2� q. This is also related to integral means over circles jzj = r.

De�nition 3.1. Let f : D ! C be univalent and t 2 R. De�ne �f (t) to be the

in�mum of all � such thatZ 2�

0

jf 0(rei�)jt d� = O

 �
1

1� r

��!
as r ! 1:

�f is called the integral means spectrum of f 0. The universal integral means spec-
trum is

B(t) = supf�f (t) : f : D ! C is univalent g:

Example 3.2. For the Koebe function k(z) = z(1 + z)�2 we have

�k(t) = maxf�t� 1; 0; 3t� 1g:
Thus (3.2) implies �2 < t < 2=3.

Proposition 3.3. �f : R ! [0;+1) is convex, and

�f (t+ s) � �f (t) + 3s if s > 0; (3.3)

�f (t� s) � �f (t) + s if s > 0; (3.4)

B(t) = 3t� 1 if t � 2=5: (3.5)

Proof. This follows from H�older's inequality and the distortion theorem. See

[Pom92, Proposition 8.3 and Theorem 8.4].

Proposition 3.4.

�f (t) < 1 =)
ZZ

D

jf 0jt dA <1 =) �f (t) � 1:

Proof. The �rst implication is obvious. Since jf 0jt is subharmonic, the integralR 2�
0
jf 0(rei�)jt d� is an increasing function of r. HenceZZ

D

jf 0jt dA � (1� r)r

Z 2�

0

jf 0(rei�)jt d�;

and the second implication follows.

43
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It follows from Example 3.2 and Proposition 3.3 that the equation B(t) = 1 has

two roots t = 2=3 and tBr 2 [�2;�1]. Proposition 3.4 shows that (3.2) is equivalent
to either

tBr < t < 2=3 or tBr � t < 2=3:

Brennan proved that tBr < �1, and he conjectured that tBr = �2.
Brennan's conjecture: (3.1) holds for 4=3 < q < 4.

By Proposition 3.3 and Example 3.2 an equivalent formulation is

B(t) = �t� 1 for t � �2:

In [CaMa94] Carleson and Makarov indicated that the condition B(t) = �t � 1

can be reformulated as an estimate of �-numbers, or as an estimate of the number

of discs of large harmonic measure. In the following theorem, we prove that these

formulations are equivalent.

De�nition 3.5. � is the set of all conformal maps g : D � ! Ĉ with the normal-

ization g(1) =1, g0(1) = 1.

De�nition 3.6. Let 
 3 1 be a simply connected domain. Let �; h > 0. De�ne

N
(�; h) to be the maximal number of disjoint discs �j of radius � such that

!(�j \ @
;
;1) � h:

Theorem 3.7. Let p > 0. The following are equivalent:

a) B(�p) = p� 1.

b) For any polygonal tree � with leaves a1; : : : ; am;1,

mX
1

�Cn� (aj ;1)p � 1:

c) For any simply connected domain 
 and distinct points a1; : : : ; am; b 2 @
,
mX
1

�
(aj ; b)
p � 1:

d) There exists a constant C such that for any simply connected domain 


and distinct points a1; : : : ; am 2 @
, b 2 
 we have

mX
1

�
(aj ; b)
p � C:

e) There exists a constant C such that for all g 2 �Z 2�

0

jg0(rei�)j�p d� � C

(r � 1)p�1
; r > 1:

f) There exists a constant C such that for all f 2 SZ 2�

0

jf 0(rei�)j�p d� � C

(1� r)p�1
; 0 � r < 1:

g) For any " > 0 there exists a C(") such that for any simply connected domain

 3 1 with diam@
 = 1

N
(�; h) � C(")
�p�"

h2p
; �; h > 0:

The heart of the theorem lies in the implication a) =) b). This is proved with an

iterative construction. Starting with a tree � with

mX
1

�Cn� (aj ;1)p = K > 1
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one may build \dandelions" �n, which are trees with

m
nX
1

�Cn�n (a
0
j
;1)p � Kn

In the limit n ! 1 one gets a domain C n �1 for which the Riemann map

f : D ! C n �1 satis�esZ 2�

0

jf 0(rei�)j�p d� � C

�
1

1� r

�p�1+�
for some � > 0.

Brennan's conjecture states that for every univalent f : D ! C and every " > 0

there is a C(f; ") such thatZ 2�

0

jf 0(rei�)j�2 d� � C(f; ")

�
1

1� r

�1+"
:

The equivalence a)() f) shows that an equivalent formulation isZ 2�

0

jf 0(rei�)j�2 d� � C

1� r
for every f 2 S;

where C is an absolute constant.

The main theorem of [CaMa94] is that g) holds with " = 0 for some p = p0 > 0.

Thus B(�p) = p � 1 for p � p0. Moreover they showed that for the domain


 = C n [�1;+1) n [�i"; i"] one has for p < 2

�
(�1;1)p + �
(i";1)p + �
(�i";1)p > 1 (3.6)

if " is small. By the implication a) =) b) this gives B(�p) > p� 1 for p < 2. In

conclusion, there exists a tCM 2 (�1;�2] such that

B(t) = �t� 1 for t � tCM;

B(t) > �t� 1 for t > tCM:

Brennan's conjecture states that tCM = �2.
The rest of the chapter is devoted to the proof of Theorem 3.7. We prove the

implications a) =) b) =) c) =) d) =) e) =) f) =) a) and e) =) g) =) a).

2. The dandelion construction

In this section we prove the implication a) =) b) of Theorem 3.7. The idea

is taken from [CaMa94, Section 4.3]. Let �1 be a polygonal tree with leaves

a1; : : : ; am;1. Assume that [�1; 0] � �1.

a1

0

a2
�1

w1

�2

�1

w1

w2

Figure 8

By induction we construct polygonal trees �n (n = 2; 3; : : : ) with leaves1 and aX ,
whereX = X1 : : : Xn ranges over all sequences of length nwithXj 2 f1; 2; : : : ;mg.
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�n+1 is constructed from �n as follows. Fix a small q > 0. For each leaf aX , let
sX be the line segment of �n with length qn that ends at aX . Construct �n+1
by glueing to each sX a scaled down and rotated copy of �01 = �1 n [�1;�1)
so that [�1; 0] corresponds to sX . The leaves of �n+1 are coded in the natural

way, namely, the leaves of the tree glued on at aX are denoted aX1; : : : ; aXm. We

choose q so small that no intersections occur in this process. The set

�1 = [1
n=1�n

is called the dandelion constructed from �1 with scale q. The implication a) =) b)

follows from the following lemma.

Lemma 3.8. Let g1 : D ! 
1 = C n�1 be a conformal bijection. Let 
 = C n�1 ,
�j = �
(aj ;1) and p > 0. Assume that

mX
j=1

�
p

j
> 1:

Then, if q is su�ciently small, we haveZ 2�

0

jg01(rei�)j�p d� � C

�
1

1� r

�p�1+"
; 0 � r < 1; (3.7)

where " = "(q) > 0 and C = C(g1) > 0.

Proof. Fix b > 0 such that b 2 
. We �rst study the conformal bijection

f1 : H ! 
1 with f1(i) = b, f1(1) = 1. Let w1 = 1=
p
q 2 
. For each

leaf aX , let wX 2 
1 be the point corresponding to w1 in the glueing operation.

That is, the segment (aX ; wX ) is parallel to sX and jwX � aX j = jsX jw1. Let

zX = f�11 (wX ) 2 H and z1 = f�11 (w1) 2 H . The proof rests on the following

estimates: ����f 01(zXj)

f 01(zX)

���� =r q

�j
(1 + o(1)) (3.8)

Im zXj

Im zX
=
p
q�j(1 + o(1)); (3.9)

where o(1)! 0 as q ! 0 uniformly in X and j. Moreover

jRe zX �Re zY j � Cq1=4 Im zX (3.10)

if X 6= Y have the same length. Before proving these estimates, let us see how the

proof is �nished. De�ne

s =

mX
1

�p
j

and �k = �p
k
=s:

Given n, select integers nk � �kn so that
P
m

1 nk = n. Let Sn be the set of

all sequences X = X1 : : :Xn that contain nk symbols k (k = 1; 2; : : : ;m). The

number of such X is

#Sn =
n!

n1! : : : nm!
�

p
n(n=e)nQ

m

1

p
nk(nk=e)nk

=

�
1 + o(1)Q
m

1 ��k
k

�n
;

where o(1)! 0 as n!1. By (3.8) and (3.9) we have for X 2 Sn

jf 01(zX)j = jf 01(z1)j
�
q(1 + o(1))Qm

1 ��k
k

�n=2
(3.11)

and

Im zX = Im z1

 
q(1 + o(1))

mY
1

��k
k

!n=2
; (3.12)

where o(1)! 0 as q ! 0 and n!1 (uniformly in X).
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Let

yn = Im z1

 
q

mY
1

��k
k

!n=2
:

By (3.12) and the distortion theorem we have for X 2 Sn
jf 01(Re zX + � + iyn)j = jf 01(zX)j(1 + o(1))n (3.13)

for real � with j�j � Im zX . There is a bounded interval I containing all Re zX .
By (3.10) and (3.13) we getZ

I

jf 01(x+ iyn)j�p dx �
X
X2Sn

jf 01(zX)j�p(1 + o(1))nCq1=4 Im zX :

By (3.11) and (3.12) this is greater than

#Snjf1(z1)j�p
� Q

m

1 ��k
k

q(1 + o(1))

�np=2
Cq1=4yn

= C2(q)

 
mY
1

��kp
k

��k
k

(1 + o(1))

!n
yn

(q
Q
m

1 ��k
k
)np=2

= C3(q)(s(1 + o(1)))ny1�p
n

:

Fix q and n0 so that s(1 + o(1)) > s0 > 1 for n > n0. Let " > 0 solve 
q

mY
1

��k
k

!"=2
= 1=s0:

We haveZ
I

jf 01(x+ iyn)j�p dx � C3(q)s
n

0 y
1�p
n

= C4(q)y
1�p�"
n

; n > n0:

Now consider any conformal bijection g1 : D ! 
1. Using the distortion theorem

it is straightforward to see thatZ
jzj=1�yn

jg01(z)j�p d� � C5

Z
I

jf 01(x+ iyn)j�p dx;

and (3.7) follows.

It remains to prove the estimates (3.8){(3.10). To do this, introduce scaled variants

of f1:

fX(z) =
ei�X

qn
(f1(Re �X + z Im �X)� aX) for X = X1 : : :Xn:

�X 2 R is chosen so that the domain 
X = fX(H ) has �
0
1 = �1 n [�1;�1) on its

boundary. �X 2 H is chosen so that fX(i) = b. The domains 
X and 
 di�er only

within the discs D(1; C1q) and D(aj ; C1q), j = 1; 2; : : : ;m. We need a lemma

which estimates how much f�1
X

(w) and f�1(w) di�er for w not close to these discs.

Lemma 3.9. There are constants C, A1, A2, A3 depending on the positive integer

N such that the following holds. Let 
1 � 
0 be simply connected domains such

that


1 \ @
0 = Q = [N1 Qk;
where Qk are crosscuts of 
1. Let w0 2 
0 and assume for the harmonic measure

that

!(Q;
0; w0) = " � 1=C:

Let 
2 be another simply connected domain such that 
2 � 
0 and 
2\@
0 = Q.
Let gj : 
j ! D be conformal bijections with gj(w0) = 0. Let 1 � � � C" and

F = fw 2 
0 : dist(g1(w); g1(Q)) � �g:
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We consider di�erent normalizations:

a) Suppose that g0
j
(w0) > 0. Then����g2(w)g1(w)

� 1

���� � A1"
2=� for w 2 F;����g02(w)g01(w)

� 1

���� � A1"
2=�2 for w 2 F:

b) Suppose for j = 1; 2 that Pj is a prime end of 
j that is separated from w0 in


j by the crosscut Qk. Assume that gj(Pj) = 1. Then����g2(w)g1(w)
� 1

���� � A2" for w 2 F;����g02(w)g01(w)
� 1

���� � A2"=� for w 2 F:

c) Let Pj be as in b). Let hj : 
j ! H be conformal bijections with hj(w0) = i
and hj(Pj) =1. Then����h02(w)h01(w)

� 1

���� � A3"=� for w 2 F:

We use part c) of the lemma with 
1 = 
, 
2 = 
X , h1 = f�1, h2 = f�1
X

,

Q = C(1; C1q) [ [m1 C(aj ; C1q), " �
p
q and � = C3q

1=3. We get

(f�1
X

)0(w) = (f�1)0(w)(1 +O(q1=6)) (3.14)

for w outside the discs D(1; q2=3), D(aj ; q
2=3), j = 1; : : : ;m. In particular

(f�1
X

)0(w1)

(f�1
X

)0(wj)
=

(f�1)0(w1)

(f�1)0(wj)
(1 +O(q1=6)):

The left-hand side here is

f 0
X
(f�1
X

(wj))

f 0
X
(f�1
X

(w1))
=
f 01(zXj)

f 01(zX)
:

Since f is analytic at xj = f�1(aj) and meromorphic at 1 we get by Theorem

2.23 ���� (f�1)0(w1)

(f�1)0(wj)

���� =
s
q

����f 00(xj)f 00(1)

����(1 +O(q1=4)) =

r
q

�j
(1 +O(q1=4));

and (3.8) follows.

To prove (3.9), integrate (3.14) around one of the semicircles � � C(aj ;
p
q) with

endpoints wj and ~wj 2 �1. We get

f�1
X

(wj)� f�1
X

( ~wj) = f�1(wj)� f�1( ~wj) + jf�1(�)jO(q1=6):

Since f�1
X

( ~wj) and f
�1( ~wj) are real, and jf�1(�)j � Im f�1(wj) this gives

Im f�1
X

(wj) = Im f�1(wj)(1 +O(q1=6)):

Similarly we get

Im f�1
X

(w1) = Im f�1(w1)(1 +O(q1=6)):

Since

f�1
X

(wj) =
zXj �Re �X

Im �X
and f�1

X
(w1) =

zX �Re �X

Im �X

we get

Im zXj

Im zX
=

Im f�1(wj)

Im f�1(w1)
(1 +O(q1=6))
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Since f is analytic at xj and meromorphic at 1 we get by Theorem 2.23

Im f�1(wj)

Im f�1(w1)
=

s
q

����f 00(1)

f 00(xj)

����(1 +O(q1=4)) =
p
q�j(1 +O(q1=4));

and (3.9) follows.

Finally, integrating (3.14) from any point w0
j
2 C(aj ;

p
q) to any point w0

k
2

C(ak;
p
q) we get

f�1
X

(w0
j
)� f�1

X
(w0

k
) = f�1(w0

j
)� f�1(w0

k
) +O(q1=6);

so that

Re(f�1
X

(w0j)� f�1
X

(w0k)) � C if j 6= k and q is small.

It follows that

Re(f�1
X

(wjY )� f�1
X

(wkZ )) � C if j 6= k:

Now

f�1
X

(wjY ) =
zXjY �Re �X

Im �X
so we have

Re(zXjY � zXjZ) � C Im �X = C
Im zX

Im f�1
X

(w1)

� Im zX

Im f�1(w1)
� q1=4 Im zX � q1=4 Im zXjY

and (3.10) follows.

Proof of Lemma 3.9. a) 'j = gj � g�10 maps D conformally onto the Jordan

domain gj(
j) � D , and 'j(0) = 0, '0
j
(0) > 0. The set ~Q = g0(Q) consists of the

arcs ~Qk = g0(Qk) � T. Let

~F = g0(F ) = fz 2 D : dist('1(z); '1( ~Q)) � �g:
It su�ces to prove ����'j(z)z

� 1

���� � C1
"2

�
for z 2 ~F (3.15)

and ��'0
j
(z)� 1

�� � C2
"2

�2
for z 2 ~F : (3.16)

We have

j ~Qj
2�

= !( ~Q; D ; 0) = !(Q;
0; w0) = "; (3.17)

j'j j = 1 on T n ~Q (3.18)

and with an absolute constant C3 > 0,

j'j j � 1� C3" on ~Q: (3.19)

To see (3.19), let I be the circular projection of 'j( ~Q):

I = fjzj : z 2 'j( ~Q)g = [r; 1):

By Beurling's projection theorem [Ahl73, Theorem 3-6]

!(I; D n I; 0) � !('j( ~Q); D n 'j( ~Q); 0) = !( ~Q; D ; 0) = "

and hence r � 1� C3" and (3.19) follows. The Poisson-Schwarz formula

log
'j(z)

z
=

Z 2�

0

ei� + z

ei� � z
log j'j(ei�)j

d�

2�
(3.20)
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together with (3.17){(3.19) gives����log 'j(z)z

���� � 4C3"
2

dist(z; ~Q)
(3.21)

if " is small.

We now show that

z 2 ~F =) dist(z; ~Q) � �

C
(3.22)

if our constant C is chosen large enough. Let L be the union of the arcs of T n ~Q
that have length > 2�=C. Let � be a component arc of T n L. Thus

j�j � j ~Qj+ (N � 1)
2�

C
� 2�"+

(2N � 2)�

C
� 2� + 2N � 2

C
�:

Let G be the domain

G = fz 2 D : dist(z; ~Q \ �) < �

C
g:

The arc 
 = @G \ D has

diam 
 � j�j+ 2
�

C
� 2� + 2N

C
�: (3.23)

For z 2 
 we have dist(z; ~Q) = �=C, so (3.21) gives

j'j(z)� zj � 8C3C"
2

�
� 8C3

C
�: (3.24)

Thus diam'j(
) � (2�+2N+16C3)�=C, so that diam'j(G) < � is C is su�ciently

large. Hence

z 2 G =) dist('1(z); '1( ~Q)) < �;

which proves (3.22).

The estimate (3.15) follows from (3.21) and (3.22). By (3.20),

'0
j
(z)

'j(z)
� 1

z
=

Z 2�

0

2

(ei� � z)2
log j'j(ei�)j

d�

2�

so that (3.17){(3.19) and (3.22) gives for z 2 ~F����'0j(z)� 'j(z)

z

���� � 2

dist(z; ~Q)2
2C3"

j ~Qj
2�

� 4C3C
2"2

�2
:

Together with (3.15) this proves (3.16).

b) Keep the normalization in a). We need only prove that

jg2(P2)� g1(P1)j � C4": (3.25)

Let L, �, G and 
 be as before, with � � ~Qk. Let z
0; z00 2 T be the endpoints of


. By (3.23) and (3.24) with � = C" we have

jz0 � z00j; j'j(z0)� z0j; j'j(z00)� z00j � C5":

It follows that

jgj(Pj)� z0j � 2C5";

which proves (3.25).

c) With gj(Pj) = 1 and  (z) = i(1 + z)=(1� z) we have hj =  � gj , so that

h02(w)

h01(w)
=

�
1� g1(w)

1� g2(w)

�2
g02(w)

g01(w)
: (3.26)

For w 2 F , g1(Q) separates g1(w) and g1(P1) = 1 in D , so

jg1(w) � 1j � dist(g1(w); g1(Q)) � �:
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Together with b) this gives ����1� g2(w)

1� g1(w)
� 1

���� � A2"

�
:

By b) ����g02(w)g01(w)
� 1

���� � A2"

�

so (3.26) gives ����h02(w)h01(w)
� 1

���� � A3"

�
:

3. Polygonal approximation

We prove the implication b) =) c) of Theorem 3.7. Let 
 3 1 be a simply

connected domain, and aj 2 @
 with �
(aj ; a0) > 0 for j = 1; 2; : : : ;m. Let

" > 0. We will approximate @
 with a polygonal tree � with leaves a00
j
such that

�Cn� (a
00
j
; a000) � �
(aj ; a0)� " for j = 1; : : : ;m: (3.27)

Using a M�obius transformation we may arrange so that a000 = 1. This will prove

the implication b) =) c).

The �rst problem is that @
 may look like a spiral around aj . To get rid of this we
consider the modi�ed domain 
1 = f(H n [0; i�]), where f : H ! 
 is a conformal

bijection such that f(0) = a1 and �f (0) = anglim
z!0 jz=f 0(z)j > 0. The point a1

is replaced by ~a1 = f(i�), and @
1 is an analytic arc in a neighbourhood of ~a1.
We will prove that

j�
1(~a1; a0)� �
(a1; a0)j < " (3.28)

and

j�
1(aj ; a0)� �
(aj ; a0)j < " (j 6= 1) (3.29)

if � is su�ciently small. We then do the same modi�cation for the other points

a2; a3; : : : ; am; a0. We end up with a domain 
0 3 1 and points a00; : : : ; a
0
m 2 @
0

such that

j�
0(a0j ; a00)� �
(aj ; a0)j < (m+ 1)"; j = 1; : : : ;m:

@
0 is an analytic arc in a neighbourhood of each point a0
j
.

To get closer to a polygonal domain, we consider the modi�ed domain 
01 =


0 n [a01; ~a01], where the segment [a01; ~a01] is chosen so that @
01 has a tangent at a
0
1.

We will prove that

j�
0
1
(~a01; a

0
0)� �
0(a

0
1; a

0
0)j < " (3.30)

and

j�
0
1
(a0
j
; a00)� �
0(a

0
j
; a00)j < " (j 6= 1) (3.31)

if [a01; ~a
0
1] is su�ciently short. We then add line segments at the other points a0

j

and end up with a domain 
00 and points a000 ; : : : ; a
00
m 2 @
00 such that

j�
00(a00j ; a000)� �
0(a
0
j
; a00)j < (m+ 1)"; j = 1; : : : ;m:

@
00 is a line segment in a neighbourhood of each a00
j
.

We now approximate 
00 with a domain 
00
r
� 
00 such that

@
00
r
= J [ [m

j=0[bj ; a
00
j
]

where [bj ; a
00
j
] are parts of the line segments [a0

j
; a00
j
] and J is an analytic Jordan

curve. Let g : D ! 
0 and h : D ! 
00 be conformal bijections with g(0) = h(0),
g0(0) > 0 and h0(0) > 0. Then  = g�1 � h maps D onto G = D n 
0 n : : : n 
m,
where 
j are analytic arcs ending orthogonally on T. We let Gr = G\D(0; r) and
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00
r
= g(Gr). Note that J = g(C(0; r)) is an analytic Jordan curve. We will prove

that

j�
00
r
(a00j ; a

00
0 )� �
00(a

00
j ; a

00
0)j < "; j = 1; : : : ;m (3.32)

if r is su�ciently close to 1.

Finally, let T be a polygonal tree in the interior domain of J with leaves bj . Let
� be the tree T [ [m

j=0[bj ; a
00
j
]. Since C n � � 
00

r
the comparison principle gives

�Cn� (a
00
j
; a000) � �
00

r
(a00
j
; a000 ) � �
(aj ; a0)� (2m+ 3)" for j = 1; 2; : : : ;m

and (3.27) is proved.

To see that we may take a000 =1, let � be a M�obius transformation with �(a000 ) =
1. Had we instead of the line segments [a0

j
; a00
j
] taken appropriate circular arcs Cj

we would get that �(
00
r
) has boundary �(J) [[m

j=0[�(bj); �(a
00
j
)]. Let ~T be a tree

inside �(J) as before. Now ~� = ~T [ [m
j=0[�(bj); �(a

00
j
)] is a polygonal tree with

root at 1, and

�
Cn~� (�(a

00
j
);1) � ��(
00

r
)(�(a

00
j
);1) = �
00

r
(a00
j
; a000) � �
(aj ; a0)� (2m+ 3)":

It remains to prove the estimates (3.28){(3.32). The estimates (3.28){(3.31) follow

from the following lemma.

Lemma 3.10. Let a0; a1; a2 be distinct points on @
 such that �
(a1; a0) > 0 and

�
(a2; a0) > 0. Let f : H ! 
 be a conformal bijection, and let xj 2 R be the point

satisfying f(xj) = aj and �f (xj) = anglim
z!xj j(z � xj)=f 0(z)j > 0 (see Theorem

2.22). Let 
 : [0; t0] ! H be an analytic arc with 
(0) = x1 and 
0(0) = i. Let


" = f(H n 
([0; "])) and ~a1 = f(
(")). Then

�
"(~a1; a0)! �
(a1; a0) and �
"(a2; a0)! �
(a2; a0) as "! 0:

Proof. We may assume that x1 = 0. Let '" : H ! H n 
([0; "]) be the conformal
bijection with '"(i) = i and '"(0) = 
("). We claim that

'�1" (x0)! x0; (3.33)

('�1" )0(x0)! 1; (3.34)

j'00
"
(0)j"! 1 as "! 0: (3.35)

(3.33) and (3.34) follow from Lemma 3.9a) with 
1 = H , 
2 = H n 
([0; "]) and
Q = C(0; 2") \ H . When proving (3.35), we may change the normalisation to

'"(0) = 
("), '"(1) = 1, '0
"
(1) = 1 (because of (3.33) and (3.34)). Consider

the map f"(z) = �'"(z)2, which maps H onto G" = C n (�1; 0] n �", where �" is
a curve

y = a3x
3=2 + a4x

2 + a5x
5=2 + : : : ; 0 � x � x" = "2 + o("2) (3.36)

with endpoints 0 and a" = f(
(")). By Theorem 2.23

�G"(a";1) =

����f 00" (1)

f 00" (0)

���� = 2

2j'"(0)'00" (0)j
:

Thus it su�ces to prove that �G"(a";1)! 1 as "! 0. By the estimate (2.65)

dG"(C(a"; �); C(a"; R)) �
1

2�
log

R

�
+

1

2�

Z
R

�

�0(r)2r dr;

where � = �(r) is the equation of the curve (�1; 0][�" in polar coordinates with

centre a". From (3.36) it follows that j�0(r)j � C=", while for the ray (�1; 0] we
have j�0(r)j � C"2=r2. This gives

�G"(a";1) � 1

2�

Z 1

0

�0(r)2r dr = O("2);

and lim"!0 �G"(a";1) = 1 follows.
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Now let g = f � '" : H ! 
". By (2.26) and (3.33){(3.35)

�
"(~a1; a0) =
4j~a1 � a0j2

'�1" (x0)4
anglim
z!0

���� z

g0(z)

���� anglim
z!'�1" (x0)

����z � '�1
"
(x0)

g0(z)

����
=

4j~a1 � a0j2

'�1" (x0)4
1

jf 0(
("))'00
"
(0)j

1

j'0"('�1" (x0))j2
anglim
w!x0

����w � x0

f 0(w)

����
! 4ja1 � a0j2

x40
lim
"!0

���� 
(")

f 0(
("))

���� anglim
w!x0

����w � x0

f 0(w)

���� = �
(a1; a0) as "! 0:

Similarly

�
"(a2; a0) =

=
4ja2 � a0j2

j'�1" (x2)� '�1" (x0)j4
anglim

z!'�1" (x0)

����z � '�1
"
(x0)

g0(z)

���� anglim
z!'�1" (x2)

����z � '�1
"
(x2)

g0(z)

����
=

4ja2 � a0j2

j'�1" (x2)� '�1" (x0)j4
1

j'0
"
('�1" (x0))j2

anglim
w!x0

����w � x0

f 0(w)

���� �
1

j'0
"
('�1" (x2))j2

anglim
w!x2

����w � x2

f 0(w)

����! �
(a2; a0) as "! 0:

To prove (3.32), let  r : D ! Gr be the conformal bijection with  r(0) = 0 and

 0r(0) > 0. Then hr = g �  r maps D onto 
00r . Let �j = h�1r (a00
j
). By Theorem

2.22

�
00
r
(a00j ; a

00
0) =

4ja00
j
� a000 j2

j�j � �0j4
1

jh00(�j)h00(�0)j
;

where h00r (�j) = g0(g�1(a00
j
)) 00r (�j). It thus su�ces to prove

�j ! h�1(a00j ) and  00r (�j)!  00(h�1(a00j )) as r ! 1: (3.37)

The sets C nGr are uniformly locally connected, and Gr ! G in the sense of kernel

convergence. By [Pom92, Corollary 2.4] this means that  r !  uniformly on D .

Since  r extends to neighbourhoods of �j by re
ection, we get  
�1( r(z))! z and

 00r !  00 uniformly on these neighbourhoods. Hence also  �1r ( (z))! z on these
neighbourhoods, and (3.37) follows. This completes the proof of the implication

b) =) c) of Theorem 3.7.

4. Proofs of the implications c) =) d) =) e) =) f) =) a)

Proof of c) =) d). This is taken from [CaMa94, Corollary 4]. Let 
 be a simply

connected domain, and a1; : : : ; am 2 @
, b 2 
. We may suppose that b =1 and

�
(aj ;1) > 0. Let f : D � ! 
 be a conformal bijection with f(1) = 1, and

let �j 2 T be the points such that f(�j) = aj and �f (�j) > 0 (see Theorem 2.1).

Let ' : D � ! D
� n [1; 2] be the conformal bijection with '(1) =1 and '(1) = 2.

g = f � ' maps D � onto a domain ~
 with a new tip point b = g(1) = f(2). We

claim that

�~
(aj ; b) � �
(aj ;1) if Re �j � 0: (3.38)

Together with the corresonding estimate for the points with Re �j > 0, this proves

the implication c) =) d).
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Let ~�j = '�1(�j). By Theorem 2.22 and equation (2.24)

�~
(aj ; b) =
4jaj � bj2

j~�j � 1j4
anglim
z!~�j

�����z � ~�j

g0(z)

����� 1

jg00(1)j

=
4jaj � bj2

j~�j � 1j4
anglim
z!~�j

����'(z)� �j

f 0('(z))

���� 1

j'0(z)j

����� z � ~�j

'(z)� �j

����� 1

jf 0(2)'00(1)j

=
4jaj � bj2

j~�j � 1j4
�
(aj ;1)

2jf 0(1)j
1

j'0(~�j)j2jf 0(2)'00(1)j
:

Since Re �j � 0 we have j~�j � 1j � 1 � j'0(~�j)j. By the distortion theorem

jf 0(2)j � jf 0(1)j. Together with

jaj � bj � jf 0(1)j (3.39)

this proves (3.38). The estimate (3.39) follows from [Pom92, Corollary 1.3 and

Theorem 1.4] and the Koebe 1/4 theorem.

Proof of d) =) e). Let g 2 �. Let N � 1 be an integer and let �k = e2�ik=N .
Let

'N : D � ! D
� n [N�1

k=0 [�k; 2
1=N�k]

be the conformal bijection with 'N (1) = 1 and '0
N
(1) > 0. Consider the

domain 
N = g('N (D
� )), which has tip points ak = g(21=N�k). We claim that

jg0(21=N�k)j�1 � N�
N (ak;1): (3.40)

Together with the distortion theorem this givesZ 2�

0

jg0(21=Nei�)j�p d� � 1

N

N�1X
k=0

jg0(21=N�k)j�p � Np�1
N�1X
k=0

�
N (ak;1)p

so that e) follows from d).

By (2.24)

�
N (ak;1) =
2j(g � 'N )0(1)j
j(g � 'N )00(�k)j

=
2j'0

N
(1)j

jg0(21=N�k)'00N (�k)j
:

A calculation using 'N (z) = '(zN )1=N gives

j'0
N
(1)j � 1 and j'00

N
(�k)j � N;

so (3.40) follows.

Proof of e) =) f ). Let f 2 S. Then g(z) = f(z�1)�1 2 � and

jg0(z)j = jf 0(z�1)j
jf(z�1)zj2 �

jf 0(z�1)j
16

; z 2 D
� ;

where the last inequality is the Koebe 1/4 theorem. ThusZ 2�

0

jf 0(rei�)j�p d� � 16�p
Z 2�

0

����g0�1r ei�
������p d�; r < 1 (3.41)

so that f) follows from e).

The implication f) =) a) is trivial.
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5. Concentration of harmonic measure

In this section we prove the implications e) =) g) =) a) of Theorem 3.7, which

show that Brennan's conjecture can be formulated as an estimate of the number of

disjoint discs of large harmonic measure. To prove e) =) g) we use the following

lemma.

Lemma 3.11. There are absolute constants �0; C > 0 such that the following

holds. Assume that f 2 � and 
 = f(D � ). If � < �0 and

!(D(w; �) \ @
;
;1) � �

then there exists a disc D(z; r) � f�1(D(w;C�)) such that

r =
jzj � 1

2
� !(D(w; �) \ @
;
;1)

C log(1=�)
:

Proof. By [Mak85, Lemma 2.3] there exists a crosscut � of 
 such that � �
D(w; 2�) and

!(1; �;
) � !(D(w; �) \ @
;
;1)

4� log(1=�)
;

where � is the part of @
 that � separates from 1. (In [Mak85] this is stated

for Jordan domains, but the proof also works for simply connected domains if �
is considered as a set of prime ends.) Let S be the hyperbolic geodesic in D

� that

has the same endpoints as f�1(�). With z as the midpoint of S we have

jzj � 1 � !(�;
;1):

With r = (jzj � 1)=2 we have by the distortion theorem

diam f(D(z; r)) � dist(f(z); @
) � diam f(S) � K diam�;

where the last inequality is the Gehring-Hayman theorem [Pom92, Theorem 4.20].

Thus

f(D(z; r)) � D(w; 2�+ diam f(S) + diam f(D(z; r))) � D(w;C�):

Proof of e) =) g). Assume that e) holds. Thus p � 2. Since g) holds trivially

for h < �, we may assume h � �. If N
(�; h) > 0 then h � C0
p
� (this follows

from Beurling's projection theorem). Thus we may also assume that � < �0. Let
f 2 � and 
 = f(D � ). Assume that D(wj ; �), j = 1; : : : ; N are disjoint discs with

!(D(wj ; �) \ @
;
;1) � h:

Let D(zj ; rj) be the corresponding discs given by Lemma 3.11, so that

rj � � =
h

C log(1=�)
:

By the distortion theoremZZ
D(zj;rj)

jf 0j�p dA �
r2
j

jf 0(zj)jp
�

r2+p
j

dist(f(zj); @
)p
� �2+p

(C + 1)p�p
:

Since each point is covered by a most C1 sets f(D(zj ; rj)) and since r2
j
= (jzj j �

1)2=4 � C2 dist(f(zj); @
) � C2(C + 1)� by the distortion theorem, we get

C1

ZZ
1+��jzj�1+C3

p
�

jf 0j�p dA �
NX
1

ZZ
D(zj;rj)

jf 0j�p dA � NC4
�2+p

�p
:

By e) ZZ
1+��jzj�1+C3

p
�

jf 0j�p dA �
Z 1+C3

p
�

1+�

C5

(r � 1)p�1
r dr;
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and thus

N � C6
�p

�2p
= C6�

p

�
C log(1=�)

h

�2p
if p > 2

and

N � C7
�2

�4
log

p
�

�
= C7�

2

�
C log(1=�)

h

�4
log

�
C
p
� log(1=�)

h

�
if p = 2:

In both cases g) is satis�ed.

Proof of g) =) a). This is taken from [CaMa94, Section 3.5]. Let g 2 � and 
 =

g(D � ). Let n be positive integer, let r = 1 + 2=n and �k = e2�ik=n. Consider the
disjoint discsDk = D(r�k ; 1=n), k = 1; 2; : : : ; n. By the Koebe 1/4 theorem, g(Dk)

contains a disc Bk with centre g(r�k) and radius �k = jg0(r�k)j=4n. Similarly,

g�1(Bk) � D(r�k ; 1=16n). Hence, for the domain 
n = g(fz : jzj > rg) we have
!(Bk \ @
n;
n;1) � C=n; k = 1; 2; : : : ; n:

Let " > 0. By the distortion theoremZ 2�

0

jg0(rei�)j�p+2" d� � 1

n

nX
1

jg0(r�k)j�p+2" =
1

4p�2"np+1�2"

nX
1

��p+2"
k

:

By g), the number of k:s with 2�� < �k � 2��+1 is at most

C2(")
(2��+1)p�"

(C=n)2p
:

Thus
nX
1

�
�p+2"
k

� C3 + C2(")
� n
C

�2p 1X
�=1

�
2��+1

�p�"
2�(p�2") � C4(")n

2p;

so thatZ 2�

0

jg0(rei�)j�p+2" d� � C5(")n
p�1+2" = C6(")

�
1

r � 1

�p�1+2"
; r > 1:

By (3.41) this gives

B(�p+ 2") � p� 1 + 2"

and B(�p) � p� 1 follows by continuity.



CHAPTER 4

Extremals for
P

�p

1. Overview

By Theorem 3.7, Brennan's conjecture can be stated: For any simply connected

domain 
 and distinct points a1; : : : ; am; b 2 @
,
mX
1

�
(aj ; b)
2 � 1: (4.1)

In an attempt to prove this formulation of Brennan's conjecture, we examine

con�gurations (
; a1; : : : ; am; b) that maximize the sum in (4.1) (for �xedm). (We

say that (
; a1; : : : ; am; b) is a con�guration if 
 is a simply connected domain,

and a1; : : : ; am; b are distinct points on @
.) We will consider the more general

case with an exponent p > 0.

Theorem 4.1. Assume that there exists a con�guration with
P
m

1 �
(aj ; b)
p > 1.

Let m0 � 2 be the smallest m for which such a con�guration exists. Then there is

a con�guration (
; a1; : : : ; am0
; b) that maximizes

m0X
1

�
(aj ; b)
p:

Remark. For m > m0 it is conceiveable that no maximizing con�guration exists.

For example, let (
̂; â1; : : : ; âm0
;1) be a maximizing con�guration. We will see

that � = C n
 is a tree of analytic arcs. Let �2 be the �rst iterate in a dandelion

construction similar to Section 3.2. One can prove that

�Cn�2 (ajk ;1)! �
(âj ;1)�
(âk;1) (1 � j; k � m0)

as the scale q ! 0. It is conceivable that

�Cn�2 (ajk ;1) < �
(âj ;1)�
(âk;1)

and

sup

m
2
0X
1

�
(aj ;1)p = lim
q!0

m0X
j;k=1

�Cn�2 (ajk ;1)p:

To get information about a maximizing con�guration we use Schi�er's method of

interior variation [Ahl73, Chapter 7]. We will use the version given by Chang,

Schi�er and Schober in [ChScSc81], which gives a simple derivation of both �rst

and second variations. The �rst variation gives the following theorem.

Theorem 4.2. Fix m � 1. Assume that (
; a1; : : : ; am;1) is a maximizing con-

�guration for
P
m

1 �
(aj ;1)p. Assume that �j = �
(aj ;1) > 0 for j = 1; : : : ;m.

Then � = C n
 is a tree of trajectories of the quadratic di�erential

Q(w) dw2 =

mX
j=1

�p
j

(aj � w)2
dw2:

57
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Let f : H ! 
 be a conformal bijection with f(1) =1. Let xj = f�1(aj). Then

Q(f(z))f 0(z)2 = P (z) =

mX
j=1

4�p
j

(xj � z)2
for z 2 H : (4.2)

Equation (4.2) should almost determine the con�guration completely, as can be

seen from the following heuristic argument. Given aj , xj and �j , the equation

(4.2) determines f up to an integration constant c (and a choice of branch). The

condition that f should be univalent gives the constraints f(�k) = zk, where
�1; : : : ; �m�1 are the zeros of Q in 
, and z1; : : : ; zm�1 are the zeros of P in

H . Moreover, the zeros �m; : : : ; �2m�2 of Q on � should be mapped by f�1 to

points on R. Together with the constraints jf 00(1)j=jf 00(xj)j = �j we have 4m� 3

real constraints on the 4m + 2 parameters Re aj , Im aj , xj , �j , Re c, Im c. This

means that, modulo the freedom of rotating, scaling and translating 
, as well as

the freedom of translating xj , there should only be a �nite number of solutions

(f; a1; : : : ; am; x1; : : : ; xm; �1; : : : ; �m) to (4.2) (with f univalent).

This approach was used in [CaMa94] to prove (4.1) for m = 2. In this case,

equation (4.2) is integrable in terms of elementary functions. It turns out that the

above-mentioned constraints imply that �1 = �2 < 1=
p
2 (when p = 2). Hence the

con�guration is uniquely determined (up to Euclidean motions), and it is not a

maximum. By Theorem 4.1 this means that (4.2) holds for m = 2. When m � 3,

the di�culty of integrating (4.2) makes this method troublesome.

Another source of information comes from the second variation. The resulting

inequality is quite complicated, see (4.26) and the special cases (4.28), (4.31)

and (4.32). From this it is however possible to extract the following piece of

information.

Theorem 4.3. Under the assumptions of Theorem 4.2, the function Q has no

multiple zeros on �.

This means that at each branch point of the tree �, exactly three arcs join. Un-

fortunately, the author has not been able to rule out simple zeros on �.

2. Existence of extremals

We prove Theorem 4.1. We will use the following form of the distortion theorem,

which follows from (1.4) by a M�obius transformation.

Lemma 4.4. If f : H ! C is univalent, then����f 0(z)f 0(s)

���� � (jz � sj+ jz � sj)4
16 Im s(Im z)3

for z; s 2 H :

Recall that by Theorem 2.23 the angular limits

�f (x) = anglim
z!x

����z � x

f 0(z)

���� and �f (1) = anglim
z!1

����f 0(z)z
����

exist (�nite) for every univalent f : H ! C and every x 2 R. By Lemma 4.4,

�f (x) �
jz � xj4

(Im z)3jf 0(z)j and �f (1) � jf 0(s)j
Im s

: (4.3)

To get an idea of the proof, let fk : H ! C be univalent functions converging

locally uniformly to f : H ! C . The inequalities (4.3) enable us to get a relation

between the �-numbers of fk(H ) and f(H ). Namely, we get using Theorem 2.23,

�fk(H) (f(xk);1) � jf 0
k
(s)j

Im s

jz � xk j4
(Im z)3jf 0

k
(z)j :
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Letting �rst k !1 and then s = iy !1, z ! x = limk!1 xk we get

lim sup
k!1

�fk(H) (f(xk);1) � �f (1)�f (x) = �f(H) (f(x);1):

Now we havem0 points aj;k 2 @fk(H ), and the corresponding xj;k = f�1
k

(aj;k) 2 R

may converge to the same x as k !1. Hence a rescaling argument is called for.

Lemma 4.5. Let 2 � m � m0, where m0 is as in Theorem 4.1. Let fk : H ! C

(k = 1; 2; : : : ) be univalent functions, converging locally uniformly to f as k !1.

Let 0 = x1;k < x2;k < : : : < xm;k = 1 be sequences converging to 0 = x1 � x2 �
: : : � xm = 1 as k ! 1. Then there are sequences z1;k; z2;k; : : : ; zm;k 2 H and a

sequence K of positive integers such that

lim sup
k!1
k2K

mX
j=1

�
jzj;k � xj;k j4

(Im zj;k)3jf 0k(zj;k)j

�p
�

X
x2fx1;::: ;xmg

�f (x)
p:

Proof. We use induction over m. Fix m so that 2 � m � m0. Assume that the

lemma is true for m := 2; 3; : : : ;m� 1. Consider a set of equal xj : xj1 = xj1+1 =
: : : = xj2 . It su�ces to show the existence of sequences zj1;k; : : : ; zj2;k 2 H and a

sequence K of positive integers such that

lim sup
k!1
k2K

j2X
j=j1

�
jzj;k � xj;kj4

(Im zj;k)3jf 0k(zj;k)j

�p
� �f (xj1 )

p: (4.4)

Case 1: j1 = j2. Take zj1;k = xj1;k + i=k and let K be the set of positive integers.

Fix " > 0. By Lemma 4.4,

k�1

jf 0
k
(zj1;k)j

� "

jf 0
k
(xj1;k + i")j if k�1 < ":

It follows that the left-hand side of (4.4) is � ("=jf 0(xj1 + i")j)p. Letting " ! 0

we get (4.4).

Case 2: j1 < j2. (This case does not occur for m = 2.) Let �k = xj2;k � xj1;k and
�j;k = (xj;k � xj1;k)=�k for j1 � j � j2. Let gk be the univalent functions

gk(�) = Akfk(xj1;k + ��k) +Bk;

where Ak and Bk are chosen so that gk(i) = 0 and g0
k
(i) = 1. By compactness

there exists a sequence K 0 of positive integers, a univalent function g : H ! C

and numbers 0 = �j1 � �j1+1 � : : : � �j2 = 1 such that gk ! g locally uniformly

and �j;k ! �j as k 2 K 0 tends to 1. By the induction hypothesis, there exist

sequences �j;k 2 H (j1 � j � j2) and a sequence K � K 0 such that

lim sup
k!1
k2K

j2X
j=j1

�
j�j;k � �j;k j4

(Im �j;k)3jg0k(�j;k)j

�p
�

X
�2f�j1 ;::: ;�j2g

�g(�)
p: (4.5)

Now let zj;k = xj1;k + �j;k�k for j1 � j � j2. (4.5) implies

lim sup
k!1
k2K

j2X
j=j1

�
jzj;k � xj;k j4

(Im zj;k)3jf 0k(zj;k)j

�p
�
�
lim sup
k!1

jAkj�2k
�p X

�2f�j1 ;::: ;�j2g
�g(�)

p:

(4.6)

It thus su�ces to consider the case lim supk!1 jAk j�2k > 0. Let y > 0 and " > 0.

By Lemma 4.4

jAkj�2k
y

jg0
k
(iy)j =

y�k

jf 0
k
(xj;k + iy�k)j

� "

jf 0
k
(xj;k + i")j if y�k < ":

Letting k !1 we get

lim sup
k!1

jAk j�2k
y

jg0(iy)j �
"

jf 0(xj1 + i")j :
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Hence �g(1) > 0 and we get

lim sup
k!1

jAkj�2k � �g(1)�f (xj1 ):

Thus the right-hand side of (4.6) is

� �f (xj1 )
p
X
�

(�g(�)�g(1))
p
= �f (xj1 )

p
X
�

�g(H) (g(�);1)p;

where the sums are taken over those � 2 f�j1 ; : : : ; �j2g with �g(�) > 0. Since

j2 � j1 < m � m0, those sums are � 1, and so (4.4) follows.

Proof of Theorem 4.1. Let S > 1 be the supremum of
P
m0

1 �
(aj ; b)
p. Let

(
k; a1;k; : : : ; am0;k
;1) be a sequence of con�gurations with

lim
k!1

m0X
j=1

�
k (aj;k;1)p = S:

We can arrange so that �
(aj;k;1) > 0. By Theorem 2.23 there are conformal

bijections fk : H ! 
k and points x1;k; : : : ; xm0;k
2 R such that fk(xj;k) = aj;k,

fk(1) =1 and

�
k (aj;k;1) = �fk (xj;k)�fk (1): (4.7)

By rescaling and renumbering we may assume that

0 = x1;k < x2;k < : : : < xm0;k = 1; fk(i) = 0; f 0k(i) = 1:

By compactness we may, by taking a subsequence, assume that fk ! f locally

uniformly and xj;k ! xj as k !1. Now (4.7) and (4.3) imply

m0X
1

�
k (aj;k;1)p �
�
jf 0
k
(s)j

Im s

�p m0X
j=1

�
jzj;k � xj;kj4

(Im zj;k)3jfk(zj;k)j

�p
for s; zj;k 2 H . Applying Lemma 4.5 we get

S �
�
jf 0(s)j
Im s

�p X
x2fx1;::: ;xm0

g
�f (x)

p:

Thus �f (1) > 0. By Theorem 2.23 we get

S �
X
x

�f(H) (f(x);1)p;

where the sum is taken over those x 2 fx1; : : : ; xm0
g for which �f (x) > 0. By

the de�nition of m0, these x:s must be m0 in number. Hence the con�guration

(f(H ); f(x1 ); : : : ; f(xm0
);1) is a maximizing con�guration.

3. Calculus of variations

Let f : H ! 
 � C be a conformal bijection. For k = 1; 2; : : : ; n, let wk 2 
,

pk; qk; rk 2 C and de�ne

v1(w) =

nX
k=1

pk

w � wk
and v2(w) =

nX
k=1

qk

(w � wk)2
+

rk

w � wk
: (4.8)

For small " 2 R the mapping

v"(w) = w + "v1(w) + "2v2(w) (4.9)

is univalent in a neighbourhood of � = Ĉ n 
. Thus the domain 
" = Ĉ n v"(�)
is simply connected. We say that 
" is gotten by interior variation of 
. We

will calculate the conformal mappings f" : H ! 
" to second order in ". The

function g" = f�1" � v" � f is univalent in N \ H , where N is a neighbourhood of
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R̂ = R [ f1g. Since g"(z) ! R̂ as z ! R̂, we can extend g" by re
ection to a

neighbourhood of R̂. We normalize f" and g" so that

g"(z) = z +O(z�1) as z !1:

We can write

f"(z) = f(z) + "f1(z) + "2f2(z) +O("3); (4.10)

g"(z) = z + "g1(z) + "2g2(z) +O("3); (4.11)

where fj are analytic in H , gj are analytic in a neighbourhood of R̂, and O("3) is
uniform on compact subsets. This follows from the following lemma.

Lemma 4.6. f"(z) and g"(z) can be extended to complex " so that f"(z) is analytic
in ("; z) 2 D(0; "0) � H , and g"(z)� z is analytic in ("; z) 2 D(0; "0)�N , where

N is a neighbourhood of R̂.

Proof. Let ' : D ! 
 be the conformal bijection ' = f � ��1, where �(z) =
(z � i)=(z + i). It follows from the proof of Satz 1 in [Gol57, p. 96-102] that

there exist functions '"(z) analytic in ("; z) 2 D(0; "0)� D and  "(z) analytic in
("; z) 2 D(0; "0) � fz : r0 < jzj < 1=r0g, such that for real " the following holds:

'" : D ! 
" is a conformal bijection,  " : fz : r0 < jzj < 1=r0g ! C is a univalent

function with  "(T) = T, and

'" �  " = v" � ' on fz : r0 < jzj < 1=r0g:

Using a rotation we may arrange so that  "(1) = 1 for real ". Now let ~f"(z) =

'"(�(z)) and ~g"(z) = ��1( "(�(z))). For real " we have that ~f" : H ! 
" is

conformal bijection, ~g" is univalent in a neighbourhood of R̂, ~g"(R̂) = R̂, ~g"(1) =

1 and ~f" � ~g" = v" � f . It follows that for real ",

f"(z) = ~f" (~g
0
"(1)(z +A")) (4.12)

and

g"(z) = ~g"(z)=~g
0
"
(1)�A"; (4.13)

where A" = limz!1 ~g"(z)=~g
0
"
(1) � z. The right-hand sides of (4.12) and (4.13)

have the required analyticity in " and z.

Inserting (4.9), (4.10) and (4.11) in the relation f"(g"(z)) = v"(f(z)) and compar-

ing coe�cients gives

f1(z) + f 0(z)g1(z) = v1(f(z)) (4.14)

f2(z) + f 01(z)g1(z) +
1
2
f 00(z)g1(z)2 + f 0(z)g2(z) = v2(f(z)): (4.15)

By analytic continuation this holds for all z 2 H . To determine g1, note that

v1(f(z)) is analytic in H , except for simple poles at zk = f�1(wk) with residues

pk=f
0(zk). By (4.14), g1 is therefore analytic in H except for simple poles at zk

with residues �k = pk=f
0(zk)2. Since g1(R) � R and g1(1) = 0 it follows that g1

is rational:

g1(z) =

nX
k=1

�k

z � zk
+

�k

z � zk
: (4.16)

To calculate g2, we use the trick in [ChScSc81] to choose qk and rk so that the

principal parts of f 01(z)g1(z) +
1
2
f 00(z)g1(z)2 and v2(f(z)) coincide at the poles

z1; : : : ; zn. By (4.15) this implies that g2 is analytic in H , and since g2(R) � R

and g2(1) = 0 we get g2 = 0. Let

�k(z) = g1(z)�
�k

z � zk
=

�k

z � zk
+
X
l6=k

�l

z � zl
+

�l

z � zl
:
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The principal part of f 01(z)g1(z) +
1
2
f 00(z)g1(z)2 at zk is

�2
k
f 00(zk)

2(z � zk)2
+
�k�k(zk)f

00(zk) +
1
2
�2
k
f 000(zk) + �kf

0
1(zk)

z � zk
:

The principal part of v2(f(z)) at zk is

qk

f 0(zk)2(z � zk)2
+

�
rk

f 0(zk)
� qkf

00(zk)

f 0(zk)3

�
1

z � zk
:

Thus we choose

qk =
1

2
�2
k
f 00(zk)f

0(zk)
2 (4.17)

and

rk =
1

2
�2
k

�
f 00(zk)

2 + f 000(zk)f
0(zk)

�
+ �kf

0(zk)
�
f 01(zk) + �k(zk)f

00(zk)
�
:

A calculation with (4.14) and (4.16) gives

f 01(zk) =
�k

f 0(zk)

�
1

4
f 00(zk)

2 � 2

3
f 000(zk)f

0(zk)

�
� �k(zk)f

00(zk)� �0
k
(zk)f

0(zk)� f 0(zk)
X
l6=k

pl

(wk � wl)2

so we get

rk =�
2
k

�
3

4
f 00(zk)

2 � 1

6
f 000(zk)f

0(zk)

�

� �kf
0(zk)

2

0@�0
k(zk) +

X
l6=k

pl

(wk � wl)2

1A :

(4.18)

The �rst and second variations f1 and f2 can now be computed from (4.14) and

(4.15).

We now compute the �rst and second variations of the �-numbers. Assume that
a;1 2 @
 have �
(a;1) > 0. By Theorem 2.23 we can choose f so that �f (1) >
0, f(1) =1, and then we can �nd x 2 R such that �f (x) > 0 and f(x) = a. For
the varied domain 
" the corresponding points are a" = v"(a) and x" = g"(x). By
Theorem 2.23

�
"(a";1) = �f"(x")�f"(1) and �
(a;1) = �f (x)�f (1):

Now

f 0"(g"(z))g
0
"(z) = v0"(f(z))f

0(z);

which implies

�f"(x") = anglim
z!x

����g"(z)� x"

f 0
"
(g"(z))

����
= anglim

z!x

����(g"(z)� x")g
0
"
(z)

(z � x)v0
"
(f(z))

���� ����z � x

f 0(z)

���� = jg0
"
(x)j2

jv0
"
(a)j �f (x)

and

�f"(1) = anglim
z!1

����f 0"(g"(z))g"(z)

���� = anglim
z!1

���� v0"(f(z))zg"(z)g0"(z)

���� ����f 0(z)z
���� = �f (1):

Thus

�
"(a";1) = �
(a;1)
jg0"(x)j2
jv0
"
(a)j :
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Substituting (4.9) and (4.11) gives

�
"(a";1)p = �
(a;1)p
�
1 + pRe(2g01(x)� v01(a))"+

p

2

�
j2g01(x)� v01(a)j2

+(p�2)
�
Re (2g01(x)� v01(a))

�2
+2Re

�
(g01(x) � v01(a))

2 � v02(a)
� �
"2+O("3)

�
:

Thus, if (
; a1; : : : ; am;1) is a maximizing con�guration for
P
m

1 �
(aj ; b)
p, we

must have

mX
j=1

�p
j
Re(2g01(xj)� v01(aj)) = 0 (4.19)

and

mX
j=1

�p
j

�
j2g01(xj)� v01(aj)j2 + (p� 2)

�
Re (2g01(xj)� v01(aj))

�2
+ 2Re

�
(g01(xj)� v01(aj))

2 � v02(aj)
��

� 0;

(4.20)

where �j = �
(aj ;1). Equation (4.19) with n = 1 and z1 = z is

mX
j=1

�p
j

�
�4

(xj � z)2
+

f 0(z)2

(aj � f(z))2

�
= 0 for z 2 H ; (4.21)

which is (4.2) of Theorem 4.2. It follows that the boundary of 
 consists of

trajectories of the quadratic di�erential

Q(w) dw2 =

mX
j=1

�p
j

(aj � w)2
dw2:

@
 must be a tree, since otherwise we could enlarge the domain 
 by removing a

part of the boundary, and so get all �j increased. Thus @
 = Ĉ n
, and Theorem

4.2 is proved.

From the local structure of trajectories of a quadratic di�erential (see [Pom75,

Section 8.2]) it follows that f(z) continues analytically across R, except for branch
points where Q(f(z)) = 0. Substituting the Taylor expansion of f at xk in (4.21)

we get the following relations:

f 000(xk) = 0 (4.22)

�p
k

f (4)(xk)

f 00(xk)
= 6

X
j 6=k

�p
j

(xj � xk)2
(4.23)

�p
k

f (5)(xk)

f 00(xk)
= 40

X
j 6=k

�
p

j

(xj � xk)3
(4.24)

2�p
k

45

f (6)(xk)

f 00(xk)
=
�p
k

36

f (4)(xk)
2

f 00(xk)2
+ 12

X
j 6=k

�p
j

(xj � xk)4
� f 00(xk)

2
X
j 6=k

�p
j

(aj � ak)2

(4.25)

4. The second variational inequality

We now try to extract information from (4.20). Noting that

mX
j=1

�p
j
v02(aj) =

nX
k=1

�qkQ0(wk)� rkQ(wk)
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we can write (4.20) as

mX
j=1

�p
j

�
j2g01(xj)� v01(aj)j2 + (p� 2)

�
Re (2g01(xj)� v01(aj))

�2
+

2Re(g01(xj)� v01(aj))
2

�
+ 2Re

nX
k=1

qkQ
0(wk) + rkQ(wk) � 0: (4.26)

The special case n = 1 is, with � = �1, z = z1, f(z) = w = w1,

mX
j=1

�p
j

� ����� 2�

(xj � z)2
� 2�

(xj � z)2
+

�f 0(z)2

(aj � w)2

����2

+ (p� 2)

�
Re

�
� 2�

(xj � z)2
� 2�

(xj � z)2
+

�f 0(z)2

(aj � w)2

��2
+ 2Re

�
� �

(xj � z)2
� �

(xj � z)2
+

�f 0(z)2

(aj � w)2

�2 �
+Re�2f 00(z)2f 0(z)2Q0(w)

+ 2Re

�
�2
�
3

4
f 00(z)2 � 1

6
f 000(z)f 0(z)

�
+ j�j2 f 0(z)2

(z � z)2

�
Q(w) � 0:

Expanding the squares and optimizing over � gives���� mX
j=1

�p
j

"
p

2

�
4

(xj � z)2
� f 0(z)2

(aj � w)2

�2
� 4

(xj � z)4
+

f 0(z)4

(aj � w)4

#

+ f 00(z)f 0(z)2Q0(w) +

�
3

2
f 00(z)2 � 1

3
f 000(x)f 0(z)

�
Q(w)

����
+

mX
j=1

�p
j

"
p

2

���� 4

(xj � z)2
� f 0(z)2

(aj � w)2

����2 � 4

jxj � zj4

#

� 1

2(Im z)2
Re f 0(z)2Q(w) � 0:

(4.27)

Using the relation Q(f(z))f 0(z)2 = P (z) and its derivative we can write (4.27) as���� mX
j=1

�p
j

�
p

2

�
4

(xj � z)2
� f 0(z)2

(aj � w)2

�2
� 4

(xj � z)4
+

f 0(z)4

(aj � w)4

+
8f 00(z)

f 0(z)

1

(xj � z)3
� 2f 00(z)2

f 0(z)2
1

(xj � z)2
� 4f 000(z)

3f 0(z)

1

(xj � z)2

�����
+

mX
j=1

�p
j

�
p

2

���� 4

(xj � z)2
� f 0(z)2

(aj � w)2

����2 � 4

jxj � zj4

� 2

(Im z)2
Re

1

(xj � z)2

�
� 0:

(4.28)

Proof of Theorem 4.3. Assume that w0 2 � is a zero of Q(w) of order d � 2.

Thus

Q(w) = C(w � w0)
d�2 +O

�
(w � w0)

d�1� as w ! w0:

It follows from (4.2) that

f(z) = w0 +A(z � x0)
2=d + o((z � x0)

2=d);

where CAd = d2P (x0)=4: Let x0 2 R satisfy f(x0) = w0. Let z = x0 + i�, � > 0

in (4.27), and let � ! 0. We get that (4.28) can be written�� : : : ��+ mX
j=1

�p
j

p

2

���� 2A

d(aj � w0)

����4 �8=d�4 + o(�8=d�4) +O(��2) � 0:
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If d > 4 this is a contradiction.

To rule out the case d = 4 we use the general inequality (4.26). Let zk = x0+ ick�,
where ck > 0 and � > 0. We �x �k and ck, but let � ! 0. We have g01(xj) = O(1)
and

�v01(aj) =
A2

4i(aj � w0)2�

nX
k=1

�k

ck
+ o(��1):

Thus the �rst sum in (4.26) is

mX
j=1

�p
j

hp
2
jv01(aj)j2 +

�p
2
+ 1
�
Re v01(aj)

2 +O(��1)
i

=
p

32�2
jAj4

mX
j=1

�p
j

jaj � w0j4

�����
nX
k=1

�k

ck

�����
2

� p+ 2

32�2
ReA4

mX
j=1

�p
j

(aj � w0)4

 
nX
k=1

�k

ck

!2

+ o(��2):

(4.29)

Since

A4

mX
j=1

�p
j

(aj � w0)4
= A4Q

00(w0)

6
= A4C

3
=

4

3
P (x0)

we get that

(4.29) � P (x0)

�2

0@ p

24

�����
nX
k=1

�k

ck

�����
2

� p+ 2

24
Re

 
nX
k=1

�k

ck

!2
1A+ o(��2):

We have

qkQ
0(wk) =

P (x0)

4

�2
k

c2
k
�2

+ o(��2)

and

rkQ(wk) =
P (x0)

�2

0@� 1

16

�2
k

c2
k

� 1

4

j�kj2
c2
k

+
1

4

X
l6=k

�k�l

cl(
p
ck �

p
cl)2

1A+ o(��2):

Putting all this into (4.26) we get from the leading term

p

24

�����
nX
1

�k

ck

�����
2

� p+ 2

24
Re

 
nX
1

�k

ck

!2

+
3

8
Re

nX
1

�2
k

c2
k

�1

2

nX
1

j�kj2
c2
k

+
1

2
Re

nX
k=1

X
l6=k

�k�l

cl(
p
ck �

p
cl)2

� 0

Choosing �k = ck we get

�n
2

12
� n

8
+
1

4

nX
k=1

X
l6=k

ck + cl

(
p
ck �

p
cl)2

� 0:

Choosing ck =Mk and letting M !1, we get that each term in the double sum

tends to 1. Hence
n2

6
� 3n

8
� 0;

which is a contradiction for n � 3.

Remark. In the case d = 3 (simple zero of Q) we can proceed as follows. Let

zk = �k + ick�, where f(�k) = w0, ck > 0 and � > 0. We have

f(z) = w0 +Ak(z � �k)
2=3 + o((z � �k)

2=3):
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Let uk = Ak(ick)
2=3 and 
k =

p
P (�k)�k=ck. We have

qkQ
0(wk) + rkQ(wk) =

0@ 11

108

2
k
� 1

4
j
kj2 +

4

9

X
l 6=k


k
l
u
3=2

k
u
1=2

l

(uk � ul)2

1A ��2 + o(��2):

The �rst sum in (4.26) is O(��4=3) so we get the inequality

Re

nX
k=1

0@ 11

108

2k �

1

4
j
kj2 +

4

9

X
l6=k


k
l
u
3=2

k
u
1=2

l

(uk � ul)2

1A � 0: (4.30)

If p < 2 there do exist extremals with
P
m

1 �p
j
> 1, see (3.6). By Theorem 4.3, the

corresponding Q must have a simple zero on �. Hence (4.30) holds for all complex


k and uk with (uk=u1)
3 > 0. To get information from (4.26) we can consider

n = 3, 
k = 1, u2 = e2�i=3u1, u3 = e4�i=3u1, which gives equality in (4.30). For

this choice it turns out that the left-hand side of (4.26) is O(1). The leading term
is quite complicated, and the author is unable to derive any contradiction from its

non-positivity.

Another way to use the second variational inequality (4.26) is to let n = m and

zk = xk + ick�, where ck > 0 and � > 0. It turns out that the leading term of the

left-hand side of (4.26) is

� 4

�4

nX
k=1

�p
k

c4
k

(Im�k)
2:

We thus restrict to the case �k 2 R. Now the leading term of (4.26) is
mX
j=1

�p
j

��
� 4

15
Re

f (6)(xj)

f 00(xj)
+
2

3

f (4)(xj)
2

f 00(xj)2

�
�2
j
+ 24

X
k 6=j

�2
k
+ 2�k�j

(xj � xk)4

+ (16p� 8)

0@�j
6

f (4)(xj)

f 00(xj)
�
X
k 6=j

�k

(xj � xk)2

1A2 �
� 0:

(4.31)

(We have used (4.22){(4.25).) For the special case �j = 0 for j 6= l, �l = 1 this

gives

Re
f (6)(xl)

f 00(xl)
� 5(p+ 1)

3

�
f (4)(xl)

f 00(xl)

�2
+ 60(p+ 1)

X
j 6=l

�
p

j

(xj � xl)4
: (4.32)

Remark. A similar inequality holds for any univalent function f : H ! C that

satis�es f 0(x) = 0, f 000(x) = 0, f (4)(x)=f 00(x) 2 R and f (5)(x)=f 00(x) 2 R for some

x 2 R (cf. (4.22){(4.24)). Namely, the well-known estimate

jSf(z)j � 3

2(Im z)2
; z 2 H

for the Schwarzian derivative gives

Re
f (6)(x)

f 00(x)
� 5

2

�
f (4)(x)

f 00(x)

�2
:



CHAPTER 5

Integral means

1. A stronger conjecture

By Theorem 3.7 Brennan's conjecture can be stated: For every f 2 S and t � �2Z 2�

0

jf 0(rei�)jt d� � Ct

(1� r)jtj�1
; 0 < r < 1:

This makes the following stronger conjecture irresistible.

Conjecture 5.1. For every f 2 S and t � �2Z 2�

0

jf 0(rei�)jt d� �
Z 2�

0

jk0(rei�)jt d�; 0 < r < 1; (5.1)

where k(z) = z(1 + z)�2 is the Koebe function.

This is akin to Baernstein's theorem [Bae74] thatZ 2�

0

jf(rei�)jt d� �
Z 2�

0

jk(rei�)jt d�; 0 < r < 1;

for f 2 S and t 2 R. Leung used Baernstein's theory to prove that (5.1) holds for

every t 2 R if f is close-to-convex, see [Leu79] or [Dur83, Section 7.5]. In favor

of Conjecture 5.1 we give the following result, which almost proves that the Koebe

function is a local maximum of the functional

f 7!
Z 2�

0

jf 0(rei�)j�2 d�

on S (r is �xed).

Theorem 5.2. Let v"(w) be de�ned for w in a complex neighbourhood of [1=4;+1]

and for small complex ". Assume that v0(w) = w and that v"(w)=w is analytic in

w and ". For small real ", let f" be the conformal map of D onto C nv" ([1=4;+1])

normalized by f"(0) = 0, f 0"(0) > 0. Let 0:91 < r < 1. ThenZ
jzj=r

����f 0"(0)f 0"(z)

����2 d� = Z
jzj=r

���� 1

k0(z)

����2 d� + V2"
2 +O("3);

where V2 � 0. If V2 = 0 then

v"(w) = C"(w + "�(w) +O("2));

where C" 2 C and �(w) is real for real w.

The statement about equality means that V2 = 0 only when the varied domain

f"(D ) modulo O("
2) is the Koebe domain C n [1=4;+1) scaled and rotated around

0. The restriction to radii r > 0:91 is an artifact of the proof that probably could

be overcome by modifying the proof.

We note that if �2 < t < 0, the Koebe function is not a local maximum to the

functional

f 7!
Z 2�

0

jf 0(rei�)jt d�

67
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on S (for r large enough). This follows from a consideration of functions mapping

onto C n [1=4;+1) minus a slit.

The proof of Theorem 5.2 will be given in the next section. In Section 5.3 we

examine the relation between integral means and coe�cients of functions (f 0)p,
where f 2 S.

2. The proof of Theorem 5.2

The proof is based on formulas for the Golusin variation up to second order around

the Koebe function k(z) = z(1+z)�2, see Lemma 5.6 below. The second variation
V2 of the integral mean of jf 0

"
j�2 is thus written as a sum of integrals. In one

of these integrals we do some ad hoc estimates, while the others are evaluated

by residues. All this turns out to yield V2 � 0. Since the algebra becomes very

laborious we use the computer program Mathematica, see the Appendix. As a

check we have redone the computations with the program Maple on a di�erent

computer.

To simplify the proof we need some de�nitions and lemmas.

De�nition 5.3. If g is meromorphic on T we de�ne

ĝ(z) = g(z�1);

g�(z) = g(z);

symm g = (ĝ + g)=2:

If g(z) =
P1
n=�1 cnz

n for r0 < jzj < 1, we let

[g(z)] = Re c0 +

1X
n=1

(cn + c�n)z
n:

De�nition 5.4. Let R denote the set of all functions analytic in a neighbourhood

of D having real MacLaurin coe�cients. Let I be the set all functions analytic in

D having imaginary MacLaurin coe�cients. Let � be the set of functions

a
z + 1

z � 1
+ b

z � 1

z + 1
; where a; b 2 R:

Lemma 5.5. If g is analytic in D , except possibly for simple poles at 1 and �1,
then

[g � ĝ�] 2 �:

Proof. We have g(z) = h(z)+�=(z� 1)+ �=(z+1), where h is analytic in D . It

is easily checked that

[ĥ�] = [h];�
�

z � 1
� �

z�1 � 1

�
= Re� � z + 1

z � 1
;�

�

z + 1
� �

z�1 + 1

�
= Re� � 1� z

1 + z
:

We now give representations of the �rst and second variations around the Koebe

function in terms of a function u 2 R. (The second variation, though, is given

modulo I.)

Lemma 5.6. With the notation in Theorem 5.2 we have

f" = k + "f1 + "2f2 +O("3)

and

v"(w) = w + "v1(w) +O("2);
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where

f1 = �1k + 2izk0u; (5.2)

f2 = �2k � 2zk0(Im�1 � u+ uv + q) +  ; (5.3)

v1 � k = �1k + zk0(U � Û): (5.4)

Here �1; �2 2 C , u 2 R, v = �u+ zu0,

� = 1 +
zk00

k0
=

1� 4z + z2

1� z2
;

q = [ûzu0],  2 I and U � iu 2 R.

Proof. It follows from the proof of Satz 1 in [Gol57, p. 96-102] that

f"(z) = v"

�
k(ze'"(z))

�
; r1 < jzj < 1;

where '"(z) is analytic in ("; z) 2 D(0; "1) � fz : r1 < jzj < 1=r1g and '"(z) is
imaginary for z 2 T and real ". Hence

v"(w) = w + "v1(w) + "2v2(w) +O("3);

'"(z) = "'1(z) + "2'2(z) + O("3);

f"(z) = k(z) + "f1(z) + "2f2(z) +O("3);

where

f1 = '1zk
0 + F1; (5.5)

f2 = '2zk
0 +

1

2
'21(zk

0 + z2k00) + '1zF
0
1 + F2 (5.6)

and Fj = vj � k. We can write Fj(z) = k(z)(�j +Sj(z)), where �j = 4Fj(1), Sj is

analytic on T and Sj(1) = 0. Since k̂ = k we have Ŝj = Sj . Hence Sj = Tj + T̂j ,

where Tj is analytic in D . Since Tj(1) = 0 we can write Tj(z) =
1�z
1+z

Uj(z), where

Uj is analytic in D . This gives

Fj � �jk

zk0
=

k

zk0
Sj =

1 + z

1� z

�
1� z

1 + z
Uj +

1� z�1

1 + z�1
Ûj

�
= Uj � Ûj : (5.7)

Together with equation (5.5) this gives

f1 � �1k

zk0
= '1 + U1 � Û1:

Since the left-hand side is analytic in D , and since '1 is imaginary on T, this

implies that

'1 = Û1 � U�1 + i
1; where 
1 2 R:

Writing U = U1 + i
1=2 we get

'1 = Û � U� and f1 = �1k + zk0(U � U�):

Introducing u = (U � U�)=2i 2 R we get (5.2) and (5.4).

Equations (5.6) and (5.7) give

f2 � �2k

zk0
= '2 +

1

2
�'21 + '1

F 01
k0

+ U2 � Û2; (5.8)

where

� = 1 +
zk00

k0
=

1� 4z + z2

1� z2
:

We now apply the operation [ ] on both sides of equation (5.8). Since the left-

hand side is analytic in D , it is only shifted by an imaginary constant under this

operation. We examine the terms on the right-hand side one by one. The �rst
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term '2 is imaginary on T, so we have ['2] = 0. Since �̂ = ��� and '̂1 = �'�1 we
have for the second term

2[�'21] = [�'21 � (�'21 )̂
�] 2 �

by Lemma 5.5. To compute the third term we di�erentiate (5.4). We get

F 01
k0

= �1 + �(U � Û) + z(U 0 + z�2cU 0) = �1 + V + V̂ ;

where V = �U + zU 0. Thus�
'1
F 01
k0

�
=
h
�1Û � �1U

� + '1V + '1V̂
i

Using Lemma 5.5 this can be written

[�1U
� � �1U

� + '1V � '1V
�] + �1;

where �1 2 �. Introducing v = (V �V �)=2i = �u+zu0 and  j 2 I we can simplify
this further:

� 2 Im�1 � u+  1 +
h
(Û � U�)2iv

i
+ �1

=� 2 Im�1 � u+  1 + [�2(û+ u)v] +  2 + �1

=� 2 Im�1 � u� 2uv � 2 [ûv] +  3 + �1:

Since (û�u)̂ = �(û�u)�, Lemma 5.5 gives [û�u] 2 �. Thus we can simplify [ûv]
and get �

'1
F 01
k0

�
= �2 Im�1u� 2uv � 2 [ûzu0] +  3 + �2;

where �2 2 �. For the fourth term we have [U2 � Û2] = [U2 � U�2 ] 2 I. Thus

equation (5.8) implies that

f2 � �2k

zk0
= �2 Im�1u� 2uv � 2q +  4 + �3;

where q = [ûzu0],  4 2 I and �3 2 �. To get (5.3) it remains to show that �3 = 0.

From (5.8) it follows that the residue of (f2 � �2k)=zk
0 at z = 1 is

1

2
'1(1)

2 =
1

2
(U(1)� U(1))2 = �2u(1)2;

which is the same as the residue of �2uv at z = 1. Similarly, the residues at

z = �1 coincide. This implies that �3 = 0.

We now begin the proof of Theorem 5.2. By a scaling of v"(w) we may assume

that f 0"(0) = 1. By Lemma 5.6 we getZ
jzj=r

jf 0"j�2 d� =
Z
jzj=r

jk0j�2 d� + V1"+ V2"
2 +O("3);

where

V1 = �2Re
Z
jzj=r

jk0j�2 f
0
1

k0
d�

and

V2 =

Z
jzj=r

jk0j�2
 
2Re

 �
f 01
k0

�2
� f 02
k0

!
+

����f 01k0
����2
!

d�:

Equations (5.2) and (5.3) together with f 01(0) = f 02(0) = 0 give

f 01
k0

= 2i(v � u(0));

f 02
k0

= 4u(0)v � 2u(0)2 � 2�uv � 2z(uv)0 � 2�q � 2zq0 + 2q(0) +  1;

where  1 2 I. Let R = r2. We evaluate the integrals above by residues using

jk0(z)j�2 = 1

k0(z)k0(R=z)
=

(1 + z)3(z +R)3

(1� z)(z �R)z2
= Q1(z) for jzj = r:
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Since f 01=k
0 2 I we get V1 = 0. Similarly  1 does not contribute to V2. We get

V2 =

Z
jzj=r

Q1

�
Re
�
� 8(v � u(0))2 � 8u(0)v + 4u(0)2

+ 4(�uv + z(uv)0) + 4(�q + zq0 � q(0))
�
+ 4jv � u(0)j2

�
d�

=

Z
jzj=r

Q1

�
�8v2 + 4(�uv + z(uv)0) + 4(�q + zq0 � q(0)) + 4jvj2

	
d�;

(5.9)

where we have used that u, v and � have real coe�cients. Since Q1 has a pole at

R it will be useful to decompose u = ua + uh, where

ua(z) = a0 + a1z + a2z
2; uh(z) = P1(z)h(z); h(z) =

1X
n=0

hnz
n 2 R

and P1(z) = (z�R)3. Thus v = va+vh, where va = �ua+zu
0
a
and vh = �uh+zu

0
h
.

We partition V2 = I1 + I2 + I3 + I4 according to the last integral in (5.9). The

�rst integral is

I1 = �8
Z
jzj=r

Q1v
2 d� = �16�

�
Res
z=0

Q1

z
v2 + Res

z=R

Q1

z
v2
a

�
;

where we have used that vh(R) = 0. The residues are evaluated with Mathematica,

see (A.1) in the Appendix. Note that when calculating the �rst residue we can

replace v (or u or h) by its MacLaurin polynomial of degree 2.

The second integral is

I2 = 4

Z
jzj=r

Q1(�uv + z(uv)0) d�

= 8�

�
Res
z=0

Q1

z
(�uv + z(uv)0) + Res

z=R

Q1

z
(�uava + z(uava)

0)

�
;

where we have used that uh(R) = u0
h
(R) = vh(R) = v0

h
(R) = 0. The residues are

again evaluated with Mathematica, see (A.2). When calculating the �rst residue

we may replace h by its MacLaurin polynomial of degree 2.

To compute I3 we �rst derive an integral formula for q. Writing u =
P1
n=0 unz

n

we have

q(z) = [ûzu0] =
1X

m;n=0

umunnz
jn�mj; jzj < 1:

Since

1

2�

Z
T

û(s)su0(s)sj jdsj =
1X

m;n=0
n�m=�j

umunn

this yields

q(z) =
1

2�

Z
T

û(s)su0(s)

0@ 1X
j=0

zjs�j +
1X
j=1

zjsj

1A jdsj

=
1

2�

Z
T

û(s)su0(s)K(z; s) jdsj;

where

K(z; s) =
1

1� zs�1
+

zs

1� zs
:
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Thus the third integral is

I3 = 4

Z
jzj=r

Q1(�q + zq0 � q(0))
jdzj
r

= 4

Z
T

û(s)su0(s)
1

2�

Z
jzj=r

Q1

�
�K + z

@K

@z
�K(0; s)

�
jdzj
r
jdsj:

(5.10)

Let

Q2(z; s) = Q1

�
�K + z

@K

@z
� 1

�
:

A computation gives (see (A.3))

Q2(z; s) =
(s� 1)2(1 + z)3(z +R)3(2sz2 � (s� 1)2z + 2s)

(1� z)(z �R)z(z � s)2(sz � 1)2
:

Evaluating the inner integral in (5.10) by residues we get

I3 =

Z
T

û(s)su0(s)Q3(s) jdsj; (5.11)

where

Q3(s) = 4

�
Res
z=0

Q2

z
+ Res
z=R

Q2

z

�
:

With Mathematica it is veri�ed that Q̂3 = Q3, see (A.4). We partition (5.11) as

I3 = I3a + I3b, where

I3a =

Z
T

Q3(z)uzu
0
a
d� +

Z
T

Q3(z)ûazu
0
h
d�

and

I3b =

Z
T

Q3(z)uhzu
0
h
d�:

Since the �rst integral in I3a is real it can be writtenZ
T

Q3(z)uzu0a d� =

Z
T

Q3(z)udzu0a d�:
Since Q3(z) has double poles at z = R, z = 0 and z = R�1 (see (A.3)), this gives

I3a = 2�

�
Res
z=R

Q3

z
uadzu0a +Res

z=0

Q3

z
(udzu0

a
+ ûazu

0
h
)

�
;

where we have used that uh(R) = u0
h
(R) = u00

h
(R) = 0. These residues are again

evaluated with Mathematica, see (A.5). Note that when calculating the second

residue we may replace h by its MacLaurin polynomial of degree 4. We have

I3b =

Z
T

Q3P̂1hz(P
0
1h+ P1h

0) d�:

Since I3b is real we can rewrite this as

I3b =

Z
T

(Q4jhj2 +Q5hzh
0) d�;

where

Q4 = symmQ3P̂1zP
0
1; Q5 = Q3P̂1P1:

Finally, the fourth integral I4 is

I4 = 4

Z
jzj=r

Q1jvj2 d� = I4a + I4b;

where

I4a = 4

Z
jzj=r

Q1(vava + 2vavh); d�

and

I4b = 4

Z
jzj=r

Q1jvhj2 d�:
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Evaluating I4a by residues we get

I4a = 8�

�
Res
z=0

Q1(z)

z
va(R=z)(va(z) + 2vh(z)) + Res

z=R

Q1(z)

z
va(R=z)va(z)

�
;

where we have used that vh(R) = 0. Note that when evaluating the �rst residue

we may replace vh (or h) by its MacLaurin polynomial of degree 4. Again the

residues are evaluated with Mathematica, see (A.6). To simplify I4b, we use that

r

���� z � 1

z �R

���� = 1 for jzj = r:

This gives

I4b = 4

Z
jzj=r

���vh
k0

���2 d� = Z
jzj=r

jQ6(�uh + zu0h)j
2
d�;

where

Q6(z) = R

�
z � 1

z �R

�2
2

k0(z)
:

We can write this

I4b =

Z
jzj=r

jP2h+ z(P3h)
0j2 d�;

where

P2 = (�Q6 � zQ06)P1 = 2R(z � 1)(z + 1)2(3z2 � 5Rz � 3z + R)

and

P3 = Q6P1 = 2R(z � 1)(z + 1)3(R � z);

see (A.6). (The factor R((z � 1)=(z �R))2 was introduced in Q6 to make P2 and
P3 polynomials.)

To prove that V2 � 0 we would like to estimate I4b with an integral over T of the

same type as I3b. To do this we introduce the MacLaurin series

P2h =

1X
n=0

pnz
n and P3h =

1X
n=0

qnz
n:

We have

I4b = 2�

1X
n=0

(pn + nqn)
2Rn:

For n > 4 we use the estimates

(pn + nqn)
2 � 2p2

n
+ 2n2q2

n
and nRn � 1

e(1�R)
:

This gives

I4b � 2�

4X
n=0

(pn + nqn)
2Rn + 2�

1X
n=5

(2p2
n
+

2

e(1�R)
nq2
n
)

= I4c +

Z
T

�
2jP2hj2 +

2

e(1�R)
P3hz(P3h)

0
�
d�;

(5.12)

where

I4c = 2�

4X
n=0

�
(pn + nqn)

2Rn � 2p2
n
� 2

e(1�R)
nq2
n

�
:

The last integral in (5.12) is real and can thus be writtenZ
T

�
2P̂2P2 +

2

e(1�R)
symm(P̂3zP

0
3)

�
jhj2 + 2

e(1�R)
P̂3P3hzh

0 d�;

which is of the same type as I3b.
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Summing the four integrals I1; I2; I3; I4 we get the estimate

V2 � Isum +

Z
T

�
Q7jhj2 +Q8hzh

0� d�; (5.13)

where

Isum = I1 + I2 + I3a + I4a + I4c;

Q7 = Q4 + 2P̂2P2 +
2

e(1�R)
symm(P̂3zP

0
3);

Q8 = Q5 +
2

e(1�R)
P̂3P3

are computed with Mathematica, see (A.7). We note that Isum is a quadratic form

in the variables a1; a2; h0; : : : ; h4, and that Q7 and Q8 are Laurent polynomials in

z.

To see that the right member of (5.13) is � 0, we use the decomposition

�(1�R)Q8(z) =

4X
j=1

bjBj(z
�1)Bj(z); (5.14)

where

B1(z) = (z � 1)(Rz � 1)

B2(z) = (z � 1)2(Rz � 1)

B3(z) = (z + 1)(z � 1)2(Rz � 1)

B4(z) = (z + 1)2(z � 1)2(Rz � 1)

and

b1 = 32R+ (288� 512=e)R2 + 256R3 � 64R4 + 672R5 � 224R6 + 64R7

b2 = (128=e� 20)R2 + 68R3 + 184R4 � 56R5 + 92R6 � 12R7

b3 = (32=e)R2 + 8R3 + 8R4 � 40R5 + 24R6

b4 = (8=e)R2 + 12R4 � 12R5:

The proof of (5.14) is a computation in Mathematica, see (A.8). Since 0 < R < 1,

the bj are positive. For b1, b2 and b4 this follows by comparing each negative term

with its preceding positive term. For b3 we have

b3 > 11R2 + 8R3 � 16R5 + 8R4(1� 3R+ 3R2) > 0:

Using the decomposition (5.14), the inequality (5.13) can be written (� is the radial
coordinate)

�(1�R)V2 � �(1�R)Isum +

Z
T

0@�(1�R)Q7jhj2 +
1

2

4X
j=1

bj jBj j2
@

@�
jhj2
1A d�

= �(1�R)Isum +

Z
T

0@Q9jhj2 +
1

2

4X
j=1

bj
@

@�
jBjhj2

1A d�;

(5.15)

where

Q9 = �(1�R)Q7 �
4X
j=1

bj symm(B̂jzB
0
j
):
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To see that the right member of (5.15) is � 0 we do the following decomposition,

which again is veri�ed with Mathematica, see (A.9).

Q9(z) =

5X
j=1

cjCj(z
�1)Cj(z); (5.16)

where

C1(z) = z � 1

C2(z) = (z � 1)2

C3(z) = (z � 1)3

C4(z) = (z + 1)(z � 1)3

C5(z) = (z + 1)(z � 1)4

and

c1 =16(1�R)R(5 + (48� 80=e)R+ (67 + 16=e)R2

� 114R3 + 99R4 + 28R5 � 11R6 + 6R7)

c2 =8R
2(72=e� 147 + (89� 144=e)R+ (245� 24=e)R2

� 95R3 � 113R4 + 131R5 � 49R6 + 3R7)

c3 =4R
2(72� 20=e+ (40=e� 27)R+ (12=e� 57)R2

� 2R3 + 66R4 � 67R5 + 15R6)

c4 =8R
2(9� 1=e+ (2=e� 15)R+ (9 + 1=e)R2 � 13R3 + 16R4 � 6R5)

c5 =12(1�R)R3(2 +R2)

By plotting with Mathematica (see (A.10)) it is veri�ed that c1, c3, c4 and c5
are positive for 0 < R < 1, and that c2 > 0 for 0:827 < R < 1. This is where

the assumption r > 0:91 comes in. (By doing smarter decompositions one could

probably get positive cj and bj in the entire interval 0 < r < 1.)

Using the decomposition (5.16) in (5.15) we get

� 1�R

2�
V2 � �

1�R

2�
Isum +

5X
j=1

cj

Z
T

jCjhj2
d�

2�
+

4X
j=1

bj

Z
T

1

2

@

@�
jBjhj2

d�

2�

� �1�R

2�
Isum +

5X
j=1

cj

4X
n=0

(Coe�cient of zn in Cjh)
2

+

4X
j=1

bj

4X
n=0

n(Coe�cient of zn in Bjh)
2: (5.17)

Let Q be the last expression times e=R. Q is a quadratic form in the variables

a1; a2; h0; : : : ; h4. Using Mathematica (see (A.11)) it is veri�ed the the corre-

sponding symmetric 7x7 matrix M has characteristic polynomial

A1x+ � � �+A7x
7; where A1 6= 0 for 0 � R < 1:

ThusM has an eigenvalue 0 of multiplicity 1 for 0 � R < 1. For R = 0 it is veri�ed

(see (A.12)) that the Ajs have alternating signs, and hence M has no negative

eigenvalues. By continuity it follows that M has no negative eigenvalues when

0 � R < 1. With Mathematica it is checked that the vector (1� 3R; 1; 1; 1; 1; 1; 1)
is a null-vector of M , see (A.13). Hence Q � 0, with equality if and only if

(a1; a2; h0; : : : ; h4) = c(1� 3R; 1; 1; 1; 1; 1; 1): (5.18)

Thus V2 � 0.
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If V2 = 0 we must have equality in the second inequality of (5.17). Hence C0h
must be a polynomial of degree at most 4, and so h has degree at most 3. This

means that c = 0 in (5.18). Thus a1 = a2 = h = 0 and we get u = a0. By (5.4)

this means that v1(w) = �1w + �(w), where �(w) is real for real w.

3. Integral means and coe�cients

In this section we give some relations between integral means and coe�cients of

functions (f 0)p, where f 2 S and p 2 R. We will denote the nth MacLaurin

coe�cient of a function g by cn(g), that is

g(z) =

1X
n=0

cn(g)z
n:

The �rst relation of the above-mentioned type is given by Parseval's formula:Z
jzj=r

jgj2 d� = 2�

1X
n=0

jcn(g)j2r2n; 0 < r < 1: (5.19)

This leads to the following simple proposition.

Proposition 5.7. Let g be analytic in D , and let 
 > 0. The following are equiv-

alent: Z
jzj=r

jgj2 d� = O

��
1

1� r

�
�
(5.20)

NX
n=0

jcn(g)j2 = O(N
): (5.21)

Proof. Assume that (5.20) holds, and let N be a positive integer. De�ne r =

e�1=N . Then (5.19) gives

e�2
NX
n=0

jcn(g)j2 �
NX
n=0

jcn(g)j2r2n �
1

2�

Z
jzj=r

jgj2 d� = O(N
):

Conversely, suppose that (5.21) holds. De�ne

sN =

NX
n=0

jcn(g)j2:

Summation by part gives

1X
n=0

jcn(g)j2r2n = (1� r2)

1X
N=0

sNr
2N � A(1� r2)

1X
N=0

N
r2N = O

��
1

1� r

�
�
;

and (5.20) follows from (5.19).

It follows that Brennan's conjecture can be stated

NX
n=0

jcn((f 0)p)j2 � ApN
2jpj�1 for f 2 S and p � �1:

Another relation comes from Cauchy's formula

cn(g) =
1

2�

Z
jzj=1�1=n

g(z)

zn
d�:

This gives the estimate

jcn((f 0)p)j � B

Z
jzj=1�1=n

jf 0jp d�: (5.22)
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The following theorem gives a kind of reversed estimate. The case p = 1 of this

theorem was proved in [CaJo92, Theorem 1]. Our proof is a modi�cation of the

proof in [CaJo92].

Theorem 5.8. Let f0 : D ! C be univalent, let p 2 R n f0g and n be a positive

integer. Then there is a function hn univalent in D such that

jcn((h0n)p)j � A

Z
jzj=1�1=n

jf 00jp d� (5.23)

hn(0) = f0(0) (5.24)

hn(D ) � f0(D ) (5.25)

jh0
n
(0)j � Ajf 00(0)j: (5.26)

A is a constant which may depend on p.

Proof. Let Aj and � denote various positive constants which may depend on p.
Let rn = 1�A0=n and n > A0, where A0 will be chosen later. Let

V (�) =
jf 00(rnei�)jp
f 00(rne

i�)p
:

The distortion estimate ����f 000 (z)f 00(z)

���� � 6

1� jzj2 ; jzj < 1 (5.27)

implies that

jV 0(�)j � 6jpjn
A0

: (5.28)

Let Vn be the nth Fejer mean of V , that is,

Vn(�) =
1

2�

Z �

��
kn(�)V (� + �) d�;

where

kn(�) =

nX
j=�n

�
1� jjj

n+ 1

�
eij�:

Since kn(�) � 0 and
R
�

�� kn(�) d� = 2� we get

jVn(�)j � 1:

It is well-known that Z
A1=n�j�j��

kn(�) d� �
�

4

if A1 is large enough. Together with (5.28) this implies

jVn(�)� V (�)j � 1

2
(5.29)

provided A0 is large enough. There is a polynomial  (z) such that

 (rne
i�) = ei(n+1)�Vn(�):

Obviously the degree of  is at most 2n+ 1,  (0) = 0 and

j (z)j � 1 for jzj � rn: (5.30)

For z = rne
i� the estimate (5.29) gives

Re
�rn
z

�n+1
 (z)f 00(z)

p = ReVn(�)f
0
0(z)

p � 1

2
jf 00(z)jp: (5.31)

Let

f(z) = f0(z) +
�

n
 (z)f 00(z); jzj < 1; (5.32)
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where � will be chosen later. Thus

f 0

f 00
= 1 +

�

n

�
 0 +  

f 000
f 00

�
:

By (5.30) and Bernstein's theorem [Dur83, p. 195] we get

j 0(z)j � 2n+ 1

rn
for jzj � rn:

Together with (5.30) and (5.27) this gives���� 0 +  
f 000
f 00

���� � 5n for jzj � rn;

provided A0 � 6 and n � 4A0. Hence�
f 0

f 00

�p
= 1 +

p�

n

�
 0 +  

f 000
f 00

�
+ �2R;

where jR(z)j � A1 for jzj � rn provided � is chosen small enough. We can write

this as

(f 0)p � (f 00)
p =

p�

n

�
( (f 00)

p)0 + (1� p) 
f 000
f 00

(f 00)
p

�
+ �2R(f 00)

p: (5.33)

By (5.31) we have

Re cn (( (f
0
0)
p)0) = (n+ 1)Re cn+1 ( (f

0
0)
p)

= (n+ 1)Re

Z
jzj=rn

 (f 00)
p

zn+1
d�

2�
� n+ 1

2rn+1n

Z
jzj=rn

jf 00jp
d�

2�
:

Thus ����cn�p�n ( (f 00)
p)0
����� � jpj�

2rn
n

Z
jzj=rn

jf 00jp
d�

2�
: (5.34)

For the remainder term

T =

�
p�

n
(1� p) 

f 000
f 00

+ �2R

�
(f 00)

p

we have

jT j �
�
jpj�
n
j1� pj 6n

A0

+ �2A1

�
jf 00jp �

jpj�
4
jf 00jp

for jzj � rn provided A0 is su�ciently large and � is su�ciently small. Thus

jcn(T )j �
jpj�
4rn
n

Z
jzj=rn

jf 00jp
d�

2�
: (5.35)

Now (5.33), (5.34) and (5.35) give

jcn((f 0)p)� cn((f
0
0)
p)j � jpj�

4rnn

Z
jzj=rn

jf 00jp
d�

2�
� A3

Z
jzj=1�1=n

jf 00jp d�; (5.36)

where the last estimate follows from the distortion theorem.

We now prove that f is univalent in jzj < rn � 8�=n. It follows from (5.32) and

(5.30) that

jf(z)� f0(z)j � jf 00(z)j
�

n
; jzj � rn: (5.37)

Let jz0j < rn � 8�=n. By (5.37) and the Koebe 1
4
theorem there is a z1 such that

jz1 � z0j � 4�=n and f0(z1) = f(z0). Hence

f (D(0; 1� (A0 + 8�)=n)) � f0(D ):

Let � be any complex number on the circle j�j = rn. By the Koebe 1
4
theorem

jf0(z1)� f0(�)j �
1

4
jf 00(�)jjz1 � �j:
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Together with (5.37) this gives

jf0(z1)� f0(�)j > jf(�)� f0(�)j:
Thus, by Rouch�e's theorem the equations

f(z) = f0(z1) and f0(z) = f0(z1)

have the same number of solutions in jzj < rn. Hence the equation f(z) = f(z0)
has exactly one solution for jzj < rn. This means that f is univalent in jzj <
rn � 8�=n. The function

g(z) = f
�
(rn � 8�=n)z

�
satis�es (5.24), (5.25), (5.26) and

jcn((g0)p)j � A4jcn((f 0)p)j:
Thus, by (5.36) either hn = g or hn = f0 satis�es (5.23), provided n is large

enough. For small n we can take hn(z) = f0(0)+ jf 00(0)j�(z)=4, where � : D ! D is

a univalent function with nonzero coe�cients with the exception that �(0) = 0.

It follows from (5.22) and Theorem 5.8 that Brennan's conjecture can be stated

jcn((f 0)p)j � Cnjpj�1 for n � 1; f 2 S; p � �2: (5.38)

where C is a constant that may depend on p. One might even conjecture that

jcn((f 0)p)j � jcn((k0)p)j for n � 0 f 2 S; p � �2: (5.39)



CHAPTER 6

De Branges' method

De Branges' miraculous proof of Milin's conjecture [deB85, FiPo85] gives the

uninitiated reader the impression that everything is so �ne-tuned that it is hard

to see how it could be applied to other problems. There have also been very few ap-

plications of the ideas used in de Branges' proof; the most noteworthy is [deB86a],

which estimates the coe�cients of powers of functions in S. The ideas put forward
by de Branges have a potential of wider applicability, however. This was shown

in [deB87, deB86b] and in more detail in [VaNi91, VaNi92]. These papers

describe the underlying concepts in de Branges' proof in an operator-theoretic

language. For an exposition more directed to system theorists, see [HeWe96]. In

Section 6.1 we aim at a less sophisticated presentation of the principles underlying

de Branges' proof of Milin's conjecture. In the following sections we apply this

general framework to three problems: Milin's conjecture, Conjecture 5.1 and the

conjecture (5.39).

1. The general framework

What we call de Branges' method is a method for solving certain problems of the

following type: Let f 2 S and form a function G(f) analytic in D by

G(f)(z) = �(z; f(z); f 0(z); f 00(z); : : : ; f (�)(z));

where � is some �xed analytic function. Let H1; H2; : : : be real constants. Show
that the functional

f 7!
1X
n=0

Hnjcn(G(f))j2 (6.1)

has maximum when f is the Koebe function k(z) = z(1 + z)�2. As before, cn(g)
denotes the nth MacLaurin coe�cient of g.

Of course, we need some condition on Hn for the sum in (6.1) to converge. Let us

suppose that jHnj � A�n for some constants A > 0, � < 1. This implies that the

functional (6.1) is continuous. (We use the topology of locally uniform convergence

on S.) Hence it su�ces to consider functions f in the following dense subclass of

S. Let � : [0;+1)! C be a parametrization of a Jordan arc such that, for some

T > 0, the arc �([T;+1)) is an interval [�(T );+1) on the positive real axis. Let

f0 be a conformal map of D onto C n �([0;+1)). The set of such mappings f0 is
dense in S [Dur83, p. 81]. Hence it su�ces to prove

1X
n=0

Hnjcn(G(f0))j2 �
1X
n=0

Hnjcn(G(k))j2

for such f0 2 S. For t > 0, let ft be the Riemann mapping of the unit disc onto

the complement of the arc �([t;+1)), normalized so that ft(0) = 0 and f 0
t
(0) > 0.

We can choose the parametrization � so that f 0t(0) = et. L�owner's di�erential

equation [Ahl73, Chapter 6] then relates the mappings ft:

_ft(z) =
1 + !(t)z

1� !(t)z
zf 0t(z) for t � 0; (6.2)

80
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where ! is a complex-valued continuous function with j!(t)j = 1, and the dot

denotes di�erentiation with respect to t. We have the initial condition

fT (z) = eT k(z): (6.3)

Note that the choice ! � 1 corresponds to ft = etk. L�owner's theory has thus

transformed our problem to the following optimal control problem:

Let ! : [0; T ]! T be a continuous function, and let ft be the solution of the initial
value problem (6.2), (6.3). Show that

1X
n=0

Hnjcn(G(f0))j2 (6.4)

is maximal when ! � 1:

In more geometric terms, we start with the slit domain fT (D ) = C n [eT =4;+1),

and then prolong the slit and get a new domain f0(D ). We have to show that the

resulting quantity (6.4) is greatest if the slit is prolonged along the real axis. It is

natural to study the functions G(e�tft), or more generally gt = Gt(ft), where Gt
are di�erential operators such that G0 = G. A common way to estimate (6.4) is

to study how the quantity
1X
n=0

Hnjcn(gt))j2

evolves in t. This seldom works for our problem, though. The brilliant idea of de

Branges was to study such a quantity

Q(t) =

1X
n=0

hn(t)jcn(gt))j2

where the real-valued weights hn(t) depend on t in a cunningly chosen way (but

they do not depend on !). We will see that there is nothing mysterious about

the choice of hn, since they can be computed as the solution of a system of lin-

ear di�erential equations. The idea is to choose hn such that the following two

conditions are satis�ed. Let Q̂(t) be the value of Q(t) obtained in the case ! � 1.

hn(0) = Hn; (6.5)

_Q(t) � _̂
Q(t) for all choices of !; for t � 0: (6.6)

The problem is solved as soon as these conditions are established, since we get

1X
n=0

Hnjcn(G(f0))j2 = Q(0) = Q(T )�
Z T

0

_Q(t) dt

�
1X
n=0

hn(T )jcn(GT (eT k))j2 �
Z
T

0

_̂
Q(t) dt;

with equality if ! � 1.

Let us examine the quantity _Q(t):

_Q(t) =

1X
n=0

_hnjcn(gt)j2 + hn2Re cn(gt)cn( _gt): (6.7)

To justify this we assume that jhnj � A�n and j _hnj � A�n for some constants

A > 0 and � < 1. To get a compact notation, let us introduce the scalar product

(u; v) =

1X
n=0

cn(u)cn(v)

whenever u; v 2 A(D ) and the sum is absolutely convergent. Here, A(
) denotes
the set of analytic functions in 
. Let Dt : A(D ) ! A(D(0; ��1)) be the linear
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operator which is diagonal in the basis 1; z; z2; : : : , with diagonal elements hn(t),
that is,

(Dtu)(z) =

1X
n=0

hn(t)cn(u)z
n:

Now (6.7) can be written

_Q(t) = ( _Dtgt; gt) + 2Re(Dtgt; _gt): (6.8)

From (6.2) follows that _gt(z) can be expressed in terms of t; !; z; ft(z); f
0
t
(z); : : : .

(From now on we write ! instead of !(t).) In order to prove (6.6) it is desirable

that _Q(t) is quadratic gt. Let us therefore assume that _gt(z) can be expressed in

terms of t; !; z; gt(z); g
0
t
(z); : : : ; g

(m)
t

(z), and that the dependence on the g
(j)
t
(z) is

linear:

_gt(z) =

mX
j=0

 j(t; !; z)g
(j)
t
(z) + '(t; !; z):

It is easy to see that we must have m = 1 and  1 =
1+!z
1�!z z, so that

_gt = Lt;!gt + 't;!; (6.9)

where Lt;! is the linear di�erential operator

Lt;! =  t;!(z) +
1 + !z

1� !z
z
d

dz

and 't;!(z) and  t;!(z) are analytic for z 2 D .

Remark. One can show that the operators Gt for which gt = Gt(ft) satis�es (6.9)
can be written Gt(f) = �tH(f)+�t, where �t(z) and �t(z) are analytic functions
and H(f) is one of the following di�erential operators:

(� � f)(f 0)p; log f 0 + � � f; (6.10)

f 00

f 0
+ (� � f)f 0; f 000

f 0
� 3

2

�
f 00

f 0

�2
+ (� � f)(f 0)2;

where p 2 C and � is an analytic function. Thus our assumption is quite restrictive,
but not too restrictive. The proof of this is based on the observation that (6.9)

implies that the operator G satis�es a certain \chain rule". To see that this implies

that Gt has to be one of the mentioned operators, one uses the fact that a �nite-

dimensional connected complex Lie group of conformal maps must be conjugate

to the M�obius group, the a�ne group or the translation group.

Let L�
t;!

: A(D )! A(D ) be the adjoint operator, which satis�es

(L�t;!u; v) = (u; Lt;!v) for u 2 A(D ); v 2 A(D ):
Now (6.8) can be written

_Q(t) = (Pt;!gt; gt) + 2Re(gt; Dt't;!); (6.11)

where Pt;! = _Dt + L�t;!Dt + DtLt;!. To \complete the square" we assume that

there exists a �t;! 2 A(D ) such that

Pt;!�t;! = Dt't;! : (6.12)

Together with P �t;! = Pt;! this gives

_Q(t) = (Pt;!gt; gt) + (Pt;!gt; �t;!) + (Pt;!�t;!; gt)

= (Pt;!(gt + �t;!); gt + �t;!)� (Pt;!�t;! ; �t;!):

Since the function gt + �t;! is di�cult to keep track of, the only reasonable way

to get condition (6.6) is to require that

(Pt;!u; u) � 0 for all u 2 A(D ); (6.13)
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(Pt;!(gt + �t;!); gt + �t;!) = 0 if ! � 1 (6.14)

and

�(Pt;!�t;! ; �t;!) � �(Pt;1�t;1; �t;1) for ! 2 T: (6.15)

We will now show that these conditions determine the weight functions hn(t). In
case ! � 1 we have gt = Gt(e

tk) = ĝt. Thus condition (6.14) is

(Pt;1(ĝt + �t;1); ĝt + �t;1) = 0:

By (6.13) this means that

Pt;1(ĝt + �t;1) = 0;

that is,

_Dtĝt + L�
t;1Dtĝt +DtLt;1ĝt +Dt't;1 = 0: (6.16)

By (6.9) we have _̂g
t
= Lt;1ĝt + 't;1, so (6.16) can be written

_yt = �L�t;1yt; (6.17)

where yt = Dtĝt. Finally, condition (6.5) gives

y0 =

1X
n=0

Hncn(ĝ0)z
n (6.18)

Hence yt is uniquely determined, and so are the weights hn, provided cn(ĝt) 6= 0.

In conclusion, for a particular problem the procedure is as follows. Choose the

di�erential operators Gt so that G0 = G and gt = Gt(ft) satis�es (6.9). (We

will always take Gt(f) = G(e�tf), since this makes ĝt independent of t.) Solve

the di�erential equation (6.17) with initial condition (6.18). Then compute the

weights hn(t) = cn(yt)=cn(ĝt) and the operator Pt;!. Finally, try to show that

(6.12), (6.13) and (6.15) hold. If we succeed, the problem is solved. To simplify

the last step, we can often use that  t;! and 't;! depend on ! in the following

special way:

 t;!(z) = ~ t(!z); 't;! = !d ~'t(!z): (6.19)

This implies that

Lt;! = U!Lt;1U!�1 ;

where U! is the operator that takes a function u(z) to the function u(!z). This
gives

Pt;! = U!Pt;1U!�1 ; (6.20)

so that (6.13) can be written

(Pt;1u; u) � 0 for all u 2 A(D ): (6.21)

Moreover, by (6.16) we have

Pt;1ĝt +Dt't;1 = 0; (6.22)

so that (6.12) is satis�ed with �t;! = �!dU!ĝt. This also shows that (6.15) is

satis�ed with equality.
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2. Milin's conjecture

In this section we show how de Branges' proof of Milin's conjecture �ts into the

framework of the preceding section. Some of the material is taken from [VaNi92,

Chapter E].

Let

G(f)(z) = log
f(z)

z
for f 2 S:

Let N be a positive integer and

Hn = n(N + 1� n) for n = 1; : : : ; N;

Hn = 0 for n > N:

Milin's conjecture states that
1X
n=1

Hnjcn(G(f))j2

is maximized when f is the Koebe function k(z) = z(1 + z)�2.

Let Gt(f) = G(e�tf). (This corresponds to the �rst operator in (6.10) with

� = log, p = 0, �t(z) = 1, �t(z) = � log z � t.) The di�erential equation (6.2)

implies that gt = Gt(ft) satis�es

_gt =
1 + !z

1� !z
zg0t +

2!z

1� !z
;

so that (6.9) and (6.19) are satis�ed with

Lt;1 =
1 + z

1� z
z
d

dz
; ~'1(z) =

2z

1� z
; d = 0:

Since gt(0) = 0 it su�ces to consider Lt;1 as de�ned for functions u 2 A(D ) with
u(0) = 0. The matrix of Lt;1 in the basis z; z2; z3; : : : is0BBBBBBBB@

1 0 0 0 0 0 : : :
2 2 0 0 0 0 : : :
2 4 3 0 0 0 : : :
2 4 6 4 0 0 : : :
2 4 6 8 5 0 : : :
2 4 6 8 10 6 : : :
: : : : : : : : : : : : : : : : : : : : : : : :

1CCCCCCCCA
Thus the transposed matrix de�nes an adjoint operator L�

t;1 on the space of func-

tions u 2 A(D ) with u(0) = 0. The equation (6.17) therefore reads

_yn(t) = �nyn(t)� 2n

1X
j=n+1

yj(t); n � 1; (6.23)

where yn(t) = cn(yt). Since

ĝt(z) = Gt(e
tk)(z) = �2 log(1 + z) =

1X
n=1

2(�1)n
n

zn;

the initial condition (6.18) is

yn(0) = 2(�1)n(N + 1� n) for n = 1; 2; : : : ; N;

yn(0) = 0 for n > N:
(6.24)

The solution of the initial value problem (6.23), (6.24) is of the form

yn(t) =

NX
j=n

anje
�jt; n = 1; 2; : : : ; N; (6.25)

yn(t) = 0; n > N: (6.26)
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Note also that (6.23) implies that

_yn(t)

n
� _yn+1(t)

n+ 1
= �yn(t)� yn+1(t); n � 1:

Thus the weight functions hn(t) = yn(t)=cn(ĝt) = (�1)nnyn(t)=2 satisfy

_hn(t)

n2
+

_hn+1(t)

(n+ 1)2
= �hn(t)

n
+
hn+1(t)

n+ 1
; n � 1: (6.27)

This means that the functions hn(t)=n coincide with the weight functions �n(e
t)

in [deB85, p.141].

To prove Milin's conjecture it remains to show that the operator Pt;1 = _Dt +

DtLt;1 + L�
t;1Dt satis�es (6.21), or rather

(Pt;1u; u) � 0 for all u 2 A(D ) with u(0) = 0:

Equivalently, choosing a basis e1; e2; : : : we have to prove that the symmetric

matrix M with elements

Mnj = (Pt;1en; ej) = ( _Dten; ej) + (DtLt;1en; ej) + (Dten; Lt;1ej)

is positive semide�nite. The most convenient choice of basis is

en =
zn

n
� zn+1

n+ 1
; n = 1; 2; : : : ;

since this gives Lt;1en = zn+zn+1 a simple form. This immediately givesMnj = 0

if jn� jj > 1, so that M is tridiagonal:

M =

0BBBBBB@
�1 �2 0 0 0 : : :
�2 �2 �3 0 0 : : :
0 �3 �3 �4 0 : : :
0 0 �4 �4 �5 : : :
0 0 0 �5 �5 : : :
: : : : : : : : : : : : : : : : : : : : : : : : : :

1CCCCCCA
We compute

�n =Mnn =
_hn

n2
+

_hn+1

(n+ 1)2
+
2hn

n
� 2hn+1

n+ 1
;

�n =Mn;n�1 = �
_hn

n2
:

Hence (by (6.26)) we can consider M as a N �N matrix. Equation (6.27) shows

that we have the relation �n = �n + �n�1. Thus the corresponding Hermitian

form can be written

(Pt;1u; u) =

NX
n;j=1

Mnjunuj = �1ju1j2 +
NX
n=2

�njun + un�1j2;

where u =
P
N

n=1 unen. It remains to prove that

�n � 0 for t � 0; n = 1; 2; : : : ; N: (6.28)

A computation of the anj in (6.25) shows that �n can be expressed in terms of

a generalized hypergeometric function (polynomial). A known inequality for such

polynomials [AsGa76, Theorem 3 and equation (3.1)] now proves (6.28). For a

more enlightening proof of (6.28), see [VaNi92, pp. 1232-1236].
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3. Integral means

In this section we apply the method described in Section 6.1 to Conjecture 5.1.

That is, we let G(f) = (f 0)p, Hn = r2n, where p � �1 and 0 < r < 1. We want

to show that
1X
n=0

Hnjcn(G(f))j2 �
1X
n=0

Hnjcn(G(k))j2; for f 2 S: (6.29)

Let Gt(f) = G(e�tf). (This corresponds to the �rst operator in (6.10) with � = 1,

�t = e�pt, �t = 0.) Di�erentiation of (6.2) shows that gt = Gt(ft) satis�es

_gt = 2p

�
1

(1� !z)2
� 1

�
gt +

1 + !z

1� !z
zg0t:

Thus (6.9) and (6.19) hold with

Lt;1 = 2p

�
1

(1� z)2
� 1

�
+

�
2

1� z
� 1

�
z
d

dz
; 't;! = 0:

To compute the adjoint L�
t;1, we �rst compute the adjoint of 1=(1�z). For u 2 A(D )

and v 2 A(D ) we have by partial summation

(u;
1

1� z
v) =

1X
n=0

cn(u)(c0(v) + � � �+ cn(v)) =

1X
n=0

0@ 1X
j=n

cj(u)

1A cn(v);

so that�
1

1� z

��
u =

1X
n=0

0@ 1X
j=n

cj(u)

1A zn =

1X
j=0

cj(u)
1� zj+1

1� z
=
u(1)� zu

1� z
:

This gives�
1

(1� z)2

��
u =

�
1

1� z

���
1

1� z

��
u =

1

1� z

�
d

dz
(zu)jz=1 � z

u(1)� zu

1� z

�
=

1� 2z

(1� z)2
u(1) +

u0(1)

1� z
+

z2

(1� z)2
u:

Together with
�
z d
dz

��
= z d

dz
this yields

L�
t;1u = 2p

�
1� 2z

(1� z)2
u(1) +

u0(1)

1� z
+

2z � 1

(1� z)2
u

�
+ z

d

dz

�
2
u(1)� zu

1� z
� u

�
= 2p

�
1� 2z

(1� z)2
u(1) +

u0(1)

1� z
+

2z � 1

(1� z)2
u

�
+

2z

(1� z)2
u(1)�1 + z

1� z
zu0� 2z

(1� z)2
u:

The next step is to solve the di�erential equation

� _yt = L�t;1yt; (6.30)

with the initial condition

y0(z) =

1X
n=0

CnHnz
n =

1X
n=0

Cnr
2nzn = ĝ(r2z); (6.31)

where Cn = cn(ĝ) and ĝ = Gt(e
tk) = G(k) = (k0)p. To do this we �rst solve (6.30)

with the initial condition

~y0(z) =

1X
n=0

�nzn =
1

1� �z
;

where j�j = r. This makes it natural to try a solution of the type

~yt(z) =
at

1� stz
;
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where at 2 C and st 2 D . Putting this into (6.30) gives

� a _sz

(1� sz)2
� _a

1� sz
= 2p

�
a

1� s

1� 2z

(1� z)2
+

as

(1� s)2
1

1� z
+

2z � 1

(1� z)2
a

1� sz

�
+

a

1� s

2z

(1� z)2
� 1 + z

1� z
z

as

(1� sz)2
� 2z

(1� z)2
a

1� sz
:

Since L�
t;1 : A(D )! A(D ), both sides are analytic for z 2 D , and therefore we need

only ensure that the principal parts at z = 1=s agree. This gives the equations

_s = s
s+ 1

s� 1
; (6.32)

_a

a
= �2p (2� s)s

(1� s)2
: (6.33)

The solution of these equations with initial conditions s0 = � and a0 = 1 is

st

(1 + st)2
=

�

(1 + �)2
e�t; (6.34)

at =

�
1� �

(1 + �)3
(1 + st)

3

1� st

�p
: (6.35)

Now note that

ĝ(r2z) =

Z
j�j=r

~y0(z)ĝ(�)
jd�j
2�r

:

By linearity this means that the solution of (6.30) with initial condition (6.31) is

yt(z) =

Z
j�j=r

~yt(z)ĝ(�)
jd�j
2�r

=

Z
j�j=r

at

1� stz
ĝ(�)

jd�j
2�r

;

and the weight functions are

hn(t) =
cn(yt)

Cn
=

Z
j�j=r

ats
n

t

Cn
ĝ(�)

jd�j
2�r

:

(We have Cn > 0, see Lemma 6.6 below.) By (6.34) and (6.35), the Taylor

polynomial of degree n� 1 of ats
n

t
around � = 0 vanishes. Hence we may replace

ĝ(�) with Tn(�) =
P1
j=n Cj�

j in the last integral:

hn(t) =

Z
j�j=r

ats
n
t

Cn
Tn(�)

jd�j
2�r

: (6.36)

We compute the derivative using (6.32) and (6.33):

_hn(t) =

Z
j�j=r

ats
n

t

Cn

�
�2p (2� st)st

(1� st)2
� 1 + st

1� st
n

�
Tn(�)

jd�j
2�r

: (6.37)

It remains to examine whether the operator

Pt;1 = _Dt +DtLt;1 + L�t;1Dt

satis�es (6.21), that is

(Pt;1u; u) � 0; for all u 2 A(D ): (6.38)

As a �rst test, let us compute

(Pt;1z
n; zn) = ( _Dtz

n; zn) + (DtLt;1z
n; zn) + (Dtz

n; Lt;1z
n)

for t = 0. Since

Lt;1z
n = 2p

�
1

(1� z)2
� 1

�
zn +

1 + z

1� z
nzn
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we get

(P0;1z
n; zn) = _hn(0) + 2nhn(0)

=

Z
j�j=r

�n

Cn

�
�2p (2� �)�

(1� �)2
� 1 + �

1� �
n+ 2n

�
Tn(�)

jd�j
2�r

:

Using the series for (1�z)p one can show that limn!1 Cn=n
jpj�1 2 (0;+1). Thus

the dominated convergence theorem gives

lim
n!1

Tn(�)

Cn�n
= lim
n!1

1X
j=0

Cn+j

Cn
�j =

1

1� �
:

This gives

lim
n!1

(P0;1z
n; zn)

nr2n
=

Z
j�j=r

�
�1 + �

1� �
+ 2

�
1

1� �

jd�j
2�r

=

Z
j�j=r

1� 3�

1� �

1

� � r2
d�

2�i
=

1� 3r2

1� r2
:

Thus, if r > 1p
3
, the operator P0;1 does not satisfy (6.38), and therefore the method

does not work.

However, for small r we get a positive result:

Theorem 6.1. Let p 2 R be such that Cn 6= 0 for all n � 0, where�
1� z

(1 + z)3

�p
=

1X
n=0

Cnz
n:

If r is su�ciently small (depending on p) thenZ
jzj=r

jf 0(z)jp d� �
Z
jzj=r

jk0(z)jp d� for all f 2 S:

Note that we no longer require that p � �1. The condition Cn 6= 0 is ful�lled

if p > � 1
8
, see Lemma 6.6. To prove Theorem 6.1, we �rst note that by (6.36),

(6.34) and (6.35) we have

hn(t) =

Z
j�j=r

snt �
n

(1 +O(r))
jd�j
2�r

=

Z
j�j=r

snt �
n jd�j
2�r

+O(r2n+1e�nt)

= r2ne�nt +O(r2n+1e�nt); (6.39)

where the constants in the O( ) only depend on p. Here we have used that

jCn+j=Cnj < Ajb for some constants A and b. Similarly, (6.37) gives

_hn(t) = �nr2ne�nt +O(nr2n+1e�nt): (6.40)

This implies that the operator Pt;1 maps A(D ) continuously into A(D(0; r
�2)) (in

the topologies of locally uniform convergence). Hence (Pt;1u; u) is continuous for
u 2 A(D ). Thus it su�ces to prove (6.38) for

u = �0ĝ +

NX
n=1

�nen;

where e1; e2; e3; : : : is a basis for the polynomials with zero constant term. Since

Pt;1ĝ = 0 by (6.22), this amounts to proving that the N � N symmetric matrix

M with elements

Mnj = (Pt;1en; ej) = ( _Dten; ej) + (DtLt;1en; ej) + (Dten; Lt;1ej)

is positive semide�nite. The obvious choice of basis is

en(z) = zn(1� z)2 = zn � 2zn+1 + zn+2; n = 1; 2; 3; : : : ;
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since this makes

Lt;1en = nzn + (4p� 2)zn+1 + (�2p� n� 2)zn+2

a polynomial. This implies that M is �ve-diagonal:

M =

0BBBBBBBBBB@

u1 v2 w3 0 0 0 : : : 0

v2 u2 v3 w4 0 0 : : : 0

w3 v3 u3 v4 w5 0 : : : 0

0 w4 v4 u4 v5 w6 : : : 0

0 0 w5 v5 u5 v6 : : : 0

0 0 0 w6 v6 u6 : : : wN
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : vN
0 0 0 0 0 wN vN uN

1CCCCCCCCCCA
A computation gives

un =Mnn = _hn + 4_hn+1 + _hn+2 + 2nhn

+ (�16p+ 8)hn+1 + (�2n� 4p� 4)hn+2;
(6.41)

vn =Mn;n�1 = �2 _hn � 2 _hn+1 + (�2n+ 4p� 2)hn + (2n+ 8p)hn+1; (6.42)

wn =Mn;n�2 = _hn � 2phn: (6.43)

By (6.39) and (6.40) we get

un = nr2ne�nt(1 +O(r));

vn = O(nr2ne�nt);

wn = O(nr2ne�nt);

where the constants in O( ) only depend on p. Consider the matrix ~M gotten by

multiplyingM with the diagonal matrix diag(et=2r�1; etr�2; e3t=2r�3; : : : ; eN=2r�N )
from both sides:

~M =

0BBBBBBBBBB@

~u1 ~v2 ~w3 0 0 0 : : : 0

~v2 ~u2 ~v3 ~w4 0 0 : : : 0

~w3 ~v3 ~u3 ~v4 ~w5 0 : : : 0

0 ~w4 ~v4 ~u4 ~v5 ~w6 : : : 0

0 0 ~w5 ~v5 ~u5 ~v6 : : : 0

0 0 0 ~w6 ~v6 ~u6 : : : ~wN
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ~vN
0 0 0 0 0 ~wN ~vN ~uN

1CCCCCCCCCCA
where

~un = n(1 +O(r)); ~vn = O(n
p
r); ~wn = O(nr):

If r is su�ciently small (depending on p), the matrix ~M is diagonally dominant in

the sense that
NX
j=1
j 6=n

j ~Mnj j < ~Mnn for n = 1; 2; : : : ; N:

By Gerschgorin's theorem [Lan69, p. 226], this implies that all eigenvalues of ~M
are positive, and so M is positive de�nite. This completes the proof of Theorem

6.1.

4. Coe�cients of (f 0)p

In this section we apply de Branges' method to the conjecture (5.39). That is,

we let G(f) = (f 0)p, where p � �2, and we want to show that jcN (G(f))j �
jcN (G(k))j for f 2 S. We will see that the method works if and only if N � 2jpj+1.
We get the following theorem.
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Theorem 6.2. Let p < 0 and 1 � N � 2jpj+ 1. If f 2 S then

jcN ((f 0)p)j � jcN ((k0)p)j:
Moroever, except for the case N = 2, p = � 1

2
, we have equality only when f(z) is

a Koebe function z(1 + �z)�2, where j�j = 1.

Before giving the proof, let us note the special cases N = 1; 2; 3 are known before.

Namely, writing an = cn(f) we have

c1((f
0)p) = 2pa2;

c2((f
0)p) = �3p(a22 � a3) + 2p(p+

1

2
)a22;

c3((f
0)p) = �4p(a4 � 3a2a3 + 2a32) + 6p(p+ 1)a2(a

2
2 � a3)�

4

3
p(p+

1

2
)(p+ 1)a32:

Thus the case N = 1 is Bieberbach's inequality ja2j � 2. The case N = 2; p = � 1
2

is the elementary estimate ja22 � a3j � 1 which follows from the area theorem, see

[Pom75, Theorem 1.5]. Here the extremal functions are

f(z) =
z

(1� �z)(1� �z)
; where j�j = j�j = 1:

Concerning this, the author apologizes for the incorrect statement in [Ber98].

The case N = 3, p = �1 is Ozawa's inequality ja4 � 3a2a3 + 2a32j � 2, which was

proved in [Oza64] using Schi�er's variational method.

As in the previous section, let ĝ = G(k) = (k0)p and Cn = cn(ĝ). We may assume

that p � � 1
2
. (Otherwise N = 1, and in that case the value of p does not matter.)

By Lemma 6.6 below, this ensures that Cn > 0 for all n � 0. By continuity, we

may for the �rst part of the theorem assume that N < 2jpj+1. We have the same

situation as in the previous section, except that Hn are changed. Now

Hn = 1 for n = N;

Hn = 0 for n 6= N:

The functions gt = G(e�tft) still satisfy

_gt = 2p

�
1

(1� !z)2
� 1

�
gt +

1 + !z

1� !z
zg0
t
; (6.44)

so that (6.9) and (6.19) and satis�ed with

Lt;1 = 2p

�
1

(1� z)2
� 1

�
+
1 + z

1� z
z
d

dz
; 't;! = 0:

We have to solve the equation

_yt = �L�t;1yt (6.45)

with the initial condition

cn(y0) = Hn=Cn; n � 0:

Thus it is best to write (6.45) as a system of di�erential equations for the coe�-

cients yn(t) = cn(yt). To do this, we �rst calculate the matrix of Lt;1 in the basis

1; z; z2; : : : . The matrix elements are

lnj = cn(Lt;1z
j) =

8><>:
2p(n� j + 1) + 2j for 0 � j < n;

n for 0 � j = n;

0 for 0 � n < j:

The matrix of L�
t;1 is the transpose of this matrix. Thus equation (6.45) can be

written

_yn(t) = �nyn(t) +
1X

j=n+1

(�2p(j � n+ 1)� 2n)yj(t); n � 0: (6.46)
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The solution of this system with initial conditions yn(0) = Hn=Cn is clearly of the
type

yn(t) =

NX
j=n

anje
�jt; n = 0; 1; 2; : : : ; N; (6.47)

yn(t) = 0; n > N: (6.48)

Equations (6.46) can be written

d

dt
(yn(t)e

nt) = ent
NX

j=n+1

(�2p(j � n+ 1)� 2n)yj(t); 0 � n � N; (6.49)

where the coe�cient of yj(t) is positive thanks to the assumption N < �2p+ 1.

Thus a descending induction over n shows that

yn(t) > 0 for t > 0; n = 0; 1; : : : ; N: (6.50)

Hence we get by (6.47) and (6.49)

ann = yn(0) +

Z 1

0

d

dt
(yn(t)e

nt) dt > 0 for n = 0; 1; : : : ; N: (6.51)

The weight functions are hn(t) = yn(t)=Cn.

It remains to prove that (Pt;1u; u) � 0 for u 2 A(D ). As in the previous section,

we introduce the basis en = zn(1�z)2, n = 0; 1; 2; : : : . Since Pt;1en = 0 for n > N

we need only consider u =
P
N

n=0 �nen. We thus have to prove that the Hermitian

form

�t = (Pt;1u; u) =

NX
n;j=0

(Pt;1en; ej)�n�j (6.52)

is positive semide�nite for t � 0. As before, we get that the corresponding matrix

is �ve-diagonal, and we can write

�t =

NX
n=0

unj�nj2 + vn2Re(�n�n�1) + wn2Re(�n�n�2); (6.53)

where ��1 = ��2 = 0 and

un = _hn + 4_hn+1 + _hn+2 + 2nhn

+ (�16p+ 8)hn+1 + (�2n� 4p� 4)hn+2;
(6.54)

vn = �2 _hn � 2 _hn+1 + (�2n+ 4p� 2)hn + (2n+ 8p)hn+1; (6.55)

wn = _hn � 2phn: (6.56)

The Hermitian form �t is singular. To see this, let An be de�ned by

ĝ(z)(1� z)�2 =
1X
n=0

Anz
n;

so that

ĝ =

1X
n=0

Anen:

Since Pt;1ĝ = 0 by (6.22), we have

�t = 0 if �n = An for n = 0; 1; : : : ; N: (6.57)

We want to complete the squares in (6.53) and write

�t =

NX
n=0

pn(t)j�n + qn(t)�n�1 + rn(t)�n�2j2: (6.58)
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First, we prove that this is possible if t is large. Using (6.47) we get that un; vn
and wn are polynomials in e�t:

un = n
ann

Cn
e�nt + : : : ;

vn = (4p� 2)
ann

Cn
e�nt + : : : ;

wn = (�n� 2p)
ann

Cn
e�nt + : : : ;

where the omitted terms are of smaller order as t! +1. This shows that for large

t we can successively complete squares in (6.53), beginning with terms containing

�N . In each step of this process the coe�cient of terms of type j�nj2 will have

leading term nann
Cn

e�nt. Thus we get (6.58) with pn(t) > 0 for n = 1; 2; : : : ; N , for

large t. By (6.57) we must have p0(t) = 0 for large t.

The functions pn(t); qn(t); rn(t), now de�ned for large t, are rational functions of
e�t. We now want to prove that these functions have no poles for 0 < e�t � 1,

and that pn(t) > 0 for t � 0, n = 1; 2; : : : ; N . Thanks to (6.57), we can derive a

one-step recursion formula for pn(t). Identifying coe�cients in (6.53) and (6.58)

we get, for large t,

un = pn + pn+1q
2
n+1 + pn+2r

2
n+2; 0 � n � N (6.59)

vn = pnqn + pn+1qn+1rn+1; 1 � n � N (6.60)

wn = pnrn; 2 � n � N (6.61)

where pN+1 = pN+2 = qN+1 = rN+1 = rN+2 = 0.

By (6.53) and (6.57) we get, for large t,

An + qnAn�1 + rnAn�2 = 0; 1 � n � N: (6.62)

Solve (6.62) for qn, plug this into (6.60) and use (6.61). This gives the recursion

formula

pn = �An�2
An

wn �
An�1An+1

A2
n

wn+1 �
An�1
An

vn �
A2
n�1
A2
n

w2
n+1

pn+1
(6.63)

for 1 � n � N � 1, still only for large t. In the next section we use this formula to

prove the following lemma.

Lemma 6.3. The meromorphic functions pn(t) are analytic for t � 0, and for

t � 0 we have

pN = NhN > 0; p0 = 0; (6.64)

pn >
An�2
An

wn +
An�1
An

2(n+ 1)hn � 0 for n = 1; 2; : : : ; N � 1: (6.65)

It follows from this lemma and the equations (6.61) and (6.62) that the functions

rn and qn are also analytic for t � 0. Hence (6.58) holds for t � 0, and thus �t � 0.

Remark: If N > 2jpj+ 1 the proof breaks down: We get uN�1(t) < 0 for large t;
hence �t is not positive semi-de�nite.

To show that only the Koebe functions give equality in Theorem 6.2, we have to

turn back to the considerations in Section 6.1. Let � = 2� jc2(f0)j. Thus
jc1(g0)j = jc1((f 00)p)j = j2pc2(f0)j = 4jpj � 2jpj�: (6.66)

The di�erential equation (6.44) gives

d

dt
c1(gt) = 4p!(t) + c1(gt):

Together with jc1(gt)j � C1 = 4jpj this yields���� ddt c1(gt)
���� � 8jpj: (6.67)
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The estimates (6.66) and (6.67) imply

jc1(gt)j � 4jpj � jpj� for 0 � t � �

8
: (6.68)

Now (6.11), (6.20), (6.52) and (6.58) give

_Q(t) = (Pt;!gt; gt) = (Pt;1U!�1gt; U!�1gt) =

NX
n=1

pn(t)j�n+qn(t)�n�1+rn(t)�n�2j2;

where U!�1gt =
P1
n=0 �nen. Thus �0 = 1 and c1(U!�1gt) = �2 + �1. Since

q1(t) = �A1=A0 = 4p� 2 by (6.62), this yields

_Q(t) � p1(t)j�1 + q1(t)�0j2 = p1(t)jc1(U!�1gt) + 4pj2:
Lemma 6.3 and (6.68) now give

_Q(t) � 4

A1

h1(t)(jpj�)2 for 0 � t � �

8
:

Thus

jcN (g0)j2 = Q(0) � Q(T )� 4jpj2�2
A1

Z
�=8

0

h1(t) dt:

Since Q(T ) = C2
N
, we get by continuity

jcN ((f 0)p)j2 � C2
N
� 4jpj2�2

A1

Z
�=8

0

h1(t) dt;

for all f 2 S and for 1 � N � 2jpj+1, where now � = 2�jc2(f)j. By (6.49) we have
h1(t) > 0 for t > 0, except when N = 2 and p = � 1

2
. Thus, if jcN ((f 0)pj = CN , we

must have � = 0, and so f is a Koebe function by Bieberbach's theorem [Pom75,

Theorem 1.5].

5. The proof of Lemma 6.3

For convenience, introduce the parameter q = �2p+1 > N . We need some lemmas

concerning the constants Cn, An and Bn = An �An�1 = C0 + � � �+ Cn.

Lemma 6.4. The following recursion formulas hold for all integers n:

nCn = (2q � 2)Cn�1 � (q � n+ 1)Cn�2; (6.69)

nBn = (2q � 1)Bn�1 � (q � n)Bn�2; (6.70)

nAn = 2qAn�1 � (q � n� 1)An�2: (6.71)

Here, Cn = Bn = An = 0 for n < 0.

Proof. These formulas follow from applying (1�z2) d
dz

on the generating functions

(1� z)p(1 + z)�3p =
1X
n=0

Cnz
n;

(1� z)p�1(1 + z)�3p =
1X
n=0

Bnz
n;

(1� z)p�2(1 + z)�3p =
1X
n=0

Anz
n:

Lemma 6.5. If q � 3, then nCn > qCn�1 > 0 for 1 � n � q + 1:

Proof. The case n = 1 is clear. Inductively, assume that nCn > qCn�1 > 0,

where 1 � n � q. Together with equation (6.69) this implies

(n+ 1)Cn+1 � (2q � 2)Cn � (q � n)nCn=q > qCn:
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Lemma 6.6. If p < � 1
8
then Cn > 0 for n � 0.

Proof. By the previous lemma Cn > 0 if 4 � n � q + 1. Moreover, C0 = 1,

C1 = 2q � 2, C2 = (q � 1)(2q � 5=2) and C3 = (q � 1)(4q2 � 11q + 9)=3 are all

positive, since q > 5=4. Equation (6.69) now implies that Cn > 0 for all n � 0.

Lemma 6.7. If q � 3, then Cn�1=Cn < Cn=Cn+1 for 0 � n � q:

Proof. The case n = 0 is trivial. Inductively, assume that CnCn�2 < C2
n�1,

where 1 � n � q. Equation (6.69) implies

(n+ 1)Cn+1Cn�1 � nC2
n
= (q + 1� n)CnCn�2 � (q � n)C2

n�1:

But Lemma 6.5 implies Cn > Cn�2, so we get

(n+ 1)(Cn+1Cn�1 � C2
n
) < (q � n)(CnCn�2 � C2

n�1) � 0:

Lemma 6.8. If q � 3, then An�1=An < Bn�1=Bn for 1 � n � q:

Proof. By Lemma 6.7 we have

Bj�1
Bj

=
C0 + � � �+ Cj�1
C0 + � � �+ Cj

<
C0 + � � �+ Cj

C0 + � � �+ Cj+1
=

Bj

Bj+1
for 1 � j � q:

Thus
An�1
An

=
B0 + � � �+Bn�1
B0 + � � �+Bn

<
Bn�1
Bn

for 1 � n � q:

Lemma 6.9. If q � 3 and 1 � n < q, then

CnBn+1

Cn+1Bn
< 1 +

1

q � n
: (6.72)

Proof. The case n = 1 is easily checked. Inductively, assume that

Cn�1Bn
CnBn�1

< 1 +
1

q + 1� n
;

where 2 � n < q. Using Cn = Bn�Bn�1 and the recursion formula (6.70) we can

write this as

� n(q � n+ 1)B2
n
+ (2q(q � n) + 2q � 1)BnBn�1

� (q � n+ 2)(q � n)B2
n�1 > 0: (6.73)

We want to prove the inequality (6.72), which in a similar way can be written

(2q � 1� (n+ 1)(q � n+ 1))B2
n
+ ((2q � 2)(q � n) + 1)BnBn�1

� (q � n� 1)(q � n)B2
n�1 > 0: (6.74)

It su�ces to prove that the di�erence between the left-hand sides of (6.74) and

(6.73),

(q + n� 2)B2
n
+ (�4q + 2n+ 2)BnBn�1 + 3(q � n)B2

n�1 =

= (Bn �Bn�1)((q + n� 2)Bn � 3(q � n)Bn�1)

is positive. Lemmas 6.7 and 6.5 imply

Bn

Bn�1
=

C0 + � � �+ Cn

C0 + � � �+ Cn�1
>

Cn

Cn�1
>
q

n
:

Thus we need only prove that (q + n � 2)q=n � 3(q � n) � 0, which is a simple

veri�cation.

We also need the following facts. By (6.49), (6.50) and yN(t) = CNe
�Nt we have

wn = (_hn + nhn) + (�2p� n)hn > 0 for t � 0; if 0 � n � N � 1: (6.75)
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Together with (6.50), this proves the second inequality of (6.65). The �rst equation

in (6.64) follows from (6.59) and (6.54):

pN (t) = uN (t) = _hN (t) + 2NhN(t) = Ne�Nt = NhN (t) > 0: (6.76)

By (6.55) and (6.56) we have

vn = �2wn � 2wn+1 � 2(n+ 1)hn � 2(q � n� 1)hn+1:

Thus we can write the recursion formula (6.63) as

pn =
An�1
An

��
2� An�2

An�1

�
wn +

�
2� An+1

An

�
wn+1 + 2(n+ 1)hn

+2(q � n� 1)hn+1 �
An�1w2

n+1

Anpn+1

�
; 1 � n � N � 1: (6.77)

We prove the �rst inequality in (6.65) by descending induction over n.

Induction base: For t � 0 and 2 � N < q,

pN�1 >
AN�3
AN�1

wN�1 +
AN�2
AN�1

2NhN�1:

Proof. By (6.77) and (6.76), this is equivalent to

2

�
1� AN�3

AN�2

�
wN�1 +

�
2� AN

AN�1

�
wN + 2(q �N)hN �

AN�2
AN�1

w2
N

NhN
> 0:

(6.78)

By (6.56) and (6.46) we have

wN�1 = (q �N)(2CNC
�1
N�1hN + hN�1) and wN = (q �N � 1)hN ;

which substituted into (6.78) gives

2

�
1� AN�3

AN�2

�
(q �N)hN�1 +

�
2

�
1� AN�3

AN�2

�
(q �N)

2CN

CN�1
+

+

�
2� AN

AN�1

�
(q �N � 1) + 2(q �N)� AN�2

AN�1

(q �N � 1)2

N

�
hN > 0:

Since AN�3 < AN�2 and hN�1 � 0, we only have to prove that the coe�cient of

hN is positive. Using the recursion formula (6.71) with n = N , we can write this

coe�cient as

4(q �N)

��
1� AN�3

AN�2

�
CN

CN�1
+ 1� q � 1

2N

�
: (6.79)

It follows from Lemma 6.5 and C2=C1 = q � 5=4 that

CN=CN�1 > (q � 1)=(2N):

Lemma 6.7 implies that

AN�3
AN�2

=
CN�3 + 2CN�4 + � � �+ (N � 2)C0

CN�2 + 2CN�3 + � � �+ (N � 2)C1 + (N � 1)C0
<
CN�1
CN

:

Thus (6.79) is positive.

Induction step: Assume that 1 � n � N � 2, t � 0 and

pn+1 >
An�1
An+1

wn+1 +
An

An+1
2(n+ 2)hn+1:

Hence, by (6.75) and (6.50),

pn+1 >
An�1
An+1

wn+1 > 0: (6.80)
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We want to prove that pn > (An�2=An)wn + (An�1=An)2(n + 1)hn. By the

recursion formula (6.77) and (6.80) it is enough to prove

2

�
1� An�2

An�1

�
wn + 2

�
1� An+1

An

�
wn+1 + 2(q � n� 1)hn+1 > 0: (6.81)

Using the functions sn =
P
N

j=n(j�n+1)yj we can write the di�erential equation

(6.46) as

_yn = �nsn + 2(q � 1)sn+1 + (�q + 1 + n)sn+2: (6.82)

Remember that hn = yn=Cn � 0. Substituting this, yn = sn � 2sn+1 + sn+2 and
(6.82) into (6.56) we get

wn = C�1
n

((q � 1� n)sn + nsn+2):

Putting this into (6.81) and using hn+1 � 0, we see that it su�ces to prove

(q � 1� n)sn + nsn+2 � �n(q � 2� n)sn+1 � �n(n+ 1)sn+3 > 0; (6.83)

where

�n =

Cn

Cn+1

�
An+1

An
� 1
�

1� An�2

An�1

=
CnBn+1An�1
Cn+1Bn�1An

> 0:

Note that q > N � 3. From Lemma 6.8 and Lemma 6.9 it follows that

�n =
CnBn+1

Cn+1Bn

BnAn�1
Bn�1An

< 1 +
1

q � n
:

Hence

sn

sn+1
=
yn + 2yn+1 + � � �+ (N � n+ 1)yn

yn+1 + � � �+ (N � n)yn
� N � n+ 1

N � n
> �n;

and similarly sn+2 > �nsn+3. Thus

(q � 1� n)(sn � �nsn+1) + n(sn+2 � �nsn+3) > 0;

which implies (6.83), since sn+1 > sn+3.



CHAPTER 7

Generalized Schwarzian derivatives

In Section 7.1 we show how the coe�cient inequalities of Theorem 6.2 lead to

estimates for certain generalizations of the Schwarzian derivative. In Section 7.2

we give a simpler proof of these estimates, based on the estimates of Klouth and

Wirths [Klo89] for Peschl's generalized Schwarzian derivatives. In Section 7.3 we

use these estimates to produce new estimates for integral means of jf 0jp, where p
is a negative integer and f is univalent in the unit disc.

1. Generalized Schwarzians connected with Theorem 6.2

Given a coe�cent estimate for functions f univalent in D , one may apply it to the

composite function f � � , where � is a conformal self-map of D :

�(z) =
z + �

1 + �z
; where � 2 D : (7.1)

This gives an estimate of the type

jTf(�)j � B(�); � 2 D ;

where T is a di�erential operator. This procedure is especially simple for the

Schwarzian derivative

Sf =
f 000

f 0
� 3

2

�
f 00

f 0

�2
since it satis�es a \chain rule"

S(f � �) = ((Sf) � �) (� 0)2 if � is a M�obius transformation.

Using this, it is easy to see that the well-known estimate

ja22 � a3j � 1; f 2 S
gives the estimate [Dur83, p. 263]

jSf(�)j � 6

1� j�j2 ; � 2 D (7.2)

for univalent functions f : D ! C .

Since c2((f
0)�1=2) = 3

2
(a22 � a3), one might ask if a similar chain rule can be used

for the more general estimates of Theorem 6.2:

jcn((f 0)p)j � jcn((k0)p)j; p � �n� 1

2
; f 2 S: (7.3)

The answer is yes, if p = �n�1
2
. Consider the di�erential operator

Snf = (f 0)
n�1

2 Dn(f 0)�
n�1

2 ;

where we choose the same branch of
p
f 0 at both occurences. (D is the di�erenti-

ation operator.) We will see that Sn satis�es

Sn(f � �) = ((Snf) � �) (� 0)n if � is a M�obius transformation. (7.4)

For this reason we call Sn a generalized Schwarzian derivative. Note that S2 =

�S=2. The case p = �n�1
2

of the estimate (7.3) can be written

jSnf(0)j � jSnk(0)j:

97



7.1. Generalized Schwarzians connected with Theorem 6.2 98

This holds for all univalent f : D ! C since Sn is homogeneous (that is, Sn(cf) =
Snf if c is a constant). Applying this to the function f � � , where � is given by

(7.1) and using (7.4) we get

jSnf(�)� 0(0)nj � jSnk(0)j:
Here � 0(0) = 1 � j�j2 and Snk(0) can be computed in the following way: Let

'(z) = z2=2. Then

Sn'(1) =

�
�n� 1

2

��
�n� 1

2
� 1

�
: : :

�
�n� 1

2
� (n� 1)

�
and (7.4) with �(z) = 1�z

1+z
gives

Snk(0) = Sn(' � �)(0) = Sn'(1)(�2)n = (n� 1)(n+ 1)(n+ 3) : : : (3n� 3):

We have proved the following generalizations of the estimate (7.2):

Theorem 7.1. For univalent functions f : D ! C we have the sharp estimate

jSnf(z)j =
����f 0(z)(n�1)=2� d

dz

�n
f 0(z)�(n�1)=2

���� � Kn

(1� jzj2)n ;

where Kn = (n� 1)(n+ 1)(n+ 3) : : : (3n� 3) and n is a positive integer.

To prove the invariance property (7.4) we use the following lemma, which can be

found in [GuPe89b] and [Bol49].

Lemma 7.2. Let � be a M�obius transformation. If two analytic functions are

related by ~g = (g � �) (� 0)�(n�1)=2, then their nth derivatives have the relation

~g(n) = (g(n) � �) (� 0)(n+1)=2.

Proof. Since � is a composition of transformations of the types z 7! z+a, z 7! bz
and z 7! 1=z, it su�ces to prove the lemma when � is one of these. The �rst

two cases are rather trivial. In the third case �(z) = 1=z, we can by continuity

and linearity assume that g(z) = zj , and then an easy calculation proves the

lemma.

Now let g = (f 0)�(n�1)=2 and ~g = ((f � �)0)�(n�1)=2. Since ~g = (g��) (� 0)�(n�1)=2,
the lemma shows that

Sn(f � �) =
~g(n)

~g
=
g(n) � �
g � � (� 0)n = ((Snf) � �) (� 0)n;

if � is a M�obius transformation.

Remarks. The operators Sn appear in [GuPe89a, Example 1, � = 1]. In Section

3 of the same paper the authors study the linear space �n of all homogeneous

di�erential operators of the form

Tf =
Polynomial in f 0; f 00; f 000; : : :

(f 0)m

that satisfy the \chain rule"

T (f � �) = ((Tf) � �) (� 0)n if � is a M�obius transformation.

(Actually they consider more general spaces. Our �n corresponds to their M�

with � = 1.) The authors prove that the operators T 2 �n can be generated in

the following way. Let P (x1; : : : ; xn) =
P
ak1;:::;knx

k1

1 : : : xkn
n

be a homogeneous

polynomial of degree n that satis�es

P (x1 + 1; : : : ; xn + 1) = P (x1; : : : ; xn):

Let

Tf = (f 0)�n
X

ak1;:::;kn
f (k1+1)

(k1 + 1)!
: : :

f (kn+1)

(kn + 1)!
:
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This description of �n implies that its dimension p(n) � p(n � 1), where p(n) is
the number of partitions of n, see the following table.

n 1 2 3 4 5 6 7 8 9 10

p(n) 1 2 3 5 7 11 15 22 30 42

dim�n 0 1 1 2 2 4 4 7 8 12

Moreover, it is easy to see that if T 2 �n, then Tf is a polynomial in S2f , S3f ,
: : : ,Snf .

2. Peschl's generalized Schwarzians

Another starting point for generalization of the Schwarzian derivative is the in-

variance property

S(� � F ) = SF;

where � is a M�obius transformation. It follows that the operators Qn = Dn�2S
also satisfy Qn(� � F ) = QnF . Other higher-order di�erential operators with this

property were constructed in [Aha69] and [Tam96]. Let ~Qn(f) = Qn(f
�1) � f:

We get the invariance property

~Qn(f � �) = Qn(�
�1 � f�1) � f � � = Qn(f

�1) � f � � = ( ~Qnf) � �:
Also, if c is a constant,

~Qn(cf) = Qn(f
�1(c�1�)) � (cf) = (c�1)nQn(f

�1) � f = c�n ~Qnf:

Thus the operators

Pnf = (f 0)n ~Qnf

are homogeneous and satisfy

Pn(f � �) = ((Pnf) � �) (� 0)n if � is a M�obius transformation. (7.5)

In other words, Pn 2 �n. The di�erential operators Pn where introduced by Peschl
[Pes74]. In [KlWi80] Klouth and Wirths proved the coe�cient estimate

jcn(S(f�1))j � cn(S(k
�1)); n � 0; f 2 S: (7.6)

The proof is similar to L�owner's proof of his estimates for coe�cients of f�1. The
estimates (7.6) can be written

jPnf(0)j � Pnk(0); n � 2; (7.7)

which holds for any univalent f : D ! C , since Pn is homogeneous. As in the

previous section, this implies

jPnf(�)j �
Pnk(0)

(1� j�j2)n ; � 2 D :

See [Klo89] for related material.

We now examine the relation between the two sets of generalized Schwarzians Sn
and Pn that we have discussed.

Theorem 7.3. Snf = �(P2f; P3f; : : : ; Pnf), where � is a polynomial with posi-

tive coe�cients.

This shows that our estimate jSnf(0)j � Snk(0) is a consequence the estimates

(7.7) of Klouth and Wirths. To prove Theorem 7.3 we use the following lemma.

Lemma 7.4. If H and f are analytic functions with f 0 6= 0, then

(f 0)�
n+1

2 Dn

�
(f 0)�

n�1

2 H � f
�
=

nX
j=0

pn;jH
(j) � f; (7.8)

where pn;j is a polynomial in ~Q2f , : : : , ~Qnf with positive coe�cients.
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Proof. In terms of F = f�1, equation (7.8) can be written

(F 0)
n+1

2

�
1

F 0
D

�n �
(F 0)

n�1

2 H
�
=

nX
j=0

~pn;jH
(j); (7.9)

where ~pn;j is a polynomial in Q2F , : : : ,QnF with positive coe�cients. Denote

the left-hand side of (7.8) with Ln;FH . A computation shows that the linear

di�erential operator Ln;F satis�es

Ln+2;FH =

�
�n+ 1

2
NF +D

�
Ln;F

�
n+ 1

2
NF +D

�
H; (7.10)

where NF = F 00=F 0. We use this to prove (7.9) by induction over n. First note

that (7.9) is satis�ed for n = 0 and n = 1. Assume that (7.9) holds for a speci�c

n � 0. By (7.10),

Ln+2;FH =

�
�n+ 1

2
NF +D

� nX
j=0

~pn;jD
j

�
n+ 1

2
NF +D

�
H:

Using DNF = SF + 1
2
N2
F
, this can be written

Ln+2;FH = NF�+

n+2X
j=0

~pn+2;jH
(j); (7.11)

where ~pn+2;j is a polynomial in Q2F; : : : ; Qn+2F with positive coe�cients, and �

is a polynomial in NF ; Q2F; : : : ; Qn+1F;H;H
0; : : : ; H(n+1). We now use that Ln;F

has the following invariance property:

Ln;��FH = Ln;FH if � is a M�obius transformation. (7.12)

Together with Qj(� � F ) = QjF and

N��F = NF + (N� � F )F 0

this shows that the term NF� in (7.11) must vanish. The induction step is com-

pleted.

To prove (7.12), we write it in terms of f = F�1 and � = ��1:�
((f � �)0)�

n+1

2 Dn

�
((f � �)0)�

n�1

2 H � f � �
��
� � � F =

=
�
(f 0)�

n+1

2 Dn

�
(f 0)�

n�1

2 H � f
��
� F;

which simpli�es to

(�0)�
n+1

2 Dn

�
((f 0)�

n�1

2 H � f) � � � (�0)�
n�1

2

�
=
�
Dn((f 0)�

n�1

2 H � f)
�
� �:

But this follows from Lemma 7.2.

Proof of Theorem 7.3. The case H = 1 of the lemma gives

(f 0)�nSnf = �
�
(f 0)�2P2f; (f

0)�3P3f; : : : ; (f
0)�nPnf

�
;

where � is a polynomial with positive coe�cents. Since Snf and Pjf are homoge-

nous, the powers of f 0 must cancel.

3. Estimates for integral means

Pommerenke [Pom92, Theorem 8.5] used the estimate (7.2) for the Schwarzian

derivative to deduce the estimateZ 2�

0

jf 0(rei�)j�1 d� = O((1� r)�0:601) (7.13)

for univalent functions f : D ! C . We use the same method to deduce from

Theorem 7.1 the following estimates for integral means:
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Theorem 7.5. Let En be the positive root of

E(E + 1)(E + 2) : : : (E + 2n� 1) = K2
n
;

where Kn = (n� 1)(n+ 1)(n+ 3) : : : (3n� 3), and n > 1 is an integer.

If f : D ! C is a univalent function, thenZ 2�

0

jf 0(rei�)j�n+1 d� = O((1� r)�En��) for all � > 0:

In particular, Z 2�

0

jf 0(rei�)j�2 d� = O((1� r)�1:547);

Z 2�

0

jf 0(rei�)j�3 d� = O((1� r)�2:530):

These estimates are small improvements of the known estimatesZ 2�

0

jf 0(rei�)jp d� = O

 �
1

1� r

�jpj�0:399!
for p � �1;

which follow from (7.13) and the elementary estimate jf 0(z)j > 1
8
jf 0(0)j(1 � jzj).

This leads to an improvement of the best exponent in Brennan's problem (3.1).

Namely, B(�1) � 0:601, B(�2) � 1:547 and convexity of B gives

B(t0) � 1; where t0 = �1� 1� 0:601

1:547� 0:601
< �1:421:

By Proposition 3.4 this shows that (3.1) holds for 4=3 < q < 3:421.

Note that En = n � 3
2
+ o(1) as n ! +1. Thus the estimate in Theorem 7.5 is

asymptotically worse that the the estimate (1.7) of Carleson and Makarov.

To prove Theorem 7.5 we need the following lemma.

Lemma 7.6. If g is analytic in the unit disc and m(r) =
R 2�
0
jg(rei�)j2 d�, then

m(2n)(r) � 4n
Z 2�

0

jg(n)(rei�)j2 d�:

Proof. Writing g(z) =
P1
k=0 bkz

k, we get m(r) = 2�
P1
k=0 jbkj2r2k. The lemma

is evident from a comparison of coe�cients in

m(2n)(r) = 2�

1X
k=n

jbkj22k(2k � 1) : : : (2k � 2n+ 1)r2k�2n

and Z 2�

0

jg(n)(rei�)j2 d� = 2�

1X
k=n

jbkk(k � 1) : : : (k � n+ 1)j2r2k�2n:

Proof of Theorem 7.5. Let n > 1 be an integer and let f : D ! C be a univalent

function. Using Lemma 7.6 with g = (f 0)�(n�1)=2 we get

m(2n)(r) � 4n
Z 2�

0

jg(rei�)Snf(rei�)j2 d�:

Theorem 7.1 now gives the di�erential inequality

m(2n)(r) � 4n
�

Kn

(1� r2)n

�2 Z 2�

0

jg(rei�)j2 d� �
�

2

1 + r0

�2n
K2
n

(1� r)2n
m(r)
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for r0 � r < 1. The corresponding di�erential equation

~m(2n)(r) =

�
2

1 + r0

�2n
K2
n

(1� r)2n
~m(r)

has solutions ~m(r) = C(1� r)�E(r0), where E(r0) is the positive solution of

E(E + 1) : : : (E + 2n� 1) =

�
2

1 + r0

�2n
K2
n
:

Choosing C large enough, we get

m(k)(r0) < ~m(k)(r0); k = 0; 1; : : : ; 2n� 1;

and so Proposition 8.7 of [Pom92] gives

m(r) � ~m(r) for r0 � r < 1: (7.14)

Another proof of (7.14): The function �(r) = m(r)� ~m(r) satis�es

�(2n)(r) �
�

2

1 + r0

�2n
K2
n

(1� r)n
�(r); r0 � r < 1 (7.15)

and �(k)(r0) < 0 for k = 0; 1; : : : ; 2n. Let r1 � 1 be the largest number such that

�(2n)(r) < 0 for r0 � r < r1. If r1 < 1, then �(2n)(r1) = 0 and �(r1) < 0, which

contradicts (7.15). Thus r1 = 1, and (7.14) follows.

We thus have

m(r) =

Z 2�

0

jf 0(rei�)j�n+1 d� = O
�
(1� r)�E(r0)

�
:

Since E(r0)! En as r0 ! 1, Theorem 7.5 is proved.
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