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Abstract

Let f be a one-to-one analytic function in the unit disc with f’(0) = 1. Brennan’s
conjecture states that for every e > 0

[ etz ae=o(a-n) *)

0
We do some work on the following reformulations, which we prove are equivalent.

27
: C
/ |f'(re??)| 72 dh < T ,where C is an absolute constant. (1)
0 - T

We propose the stronger conjecture that (for fixed r) the integral is maximized
when f is the Koebe function z(1+z)~2. To support this, we show that the Koebe
function is a local maximum in the sense that analytic variations of the omitted
arc decrease the integral.

If p > 2, the MacLaurin coefficients of (f')" grow like O(nP™1). (2)

We show that if n < 2p 4+ 1, then the nth coefficient is maximized when f is
the Koebe function. The proof is similar to de Branges’ proof of the Bieberbach
conjecture. As a consequence we get sharp estimates for certain higher-order
Schwarzian derivatives of f. These are used to show that (*) holds with ¢ = 0.547.
Earlier it was known that one can take £ = 0.601.

The Carleson-Makarov conjecture about 3-numbers: 26]2 <1 (3)

We show the existence of extremal domains  for the sum )} ;’ , and use the

second variation to prove that the boundary of 2 consists of trajectories of a
quadratic differential which has no multiple zeros on the boundary of 2. We also
prove some estimates of extremal length, that give geometric criteria for a point
to have positive S-number. This is related to the angular derivative problem.
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valent functions, beta numbers, extremal length estimates, the angular derivative
problem, harmonic measure, integral means spectrum of the derivative, Brennan’s
conjecture, variational methods, second variation, the Koebe function, coefficient
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higher-order Schwarzian derivatives.
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CHAPTER 1

Introduction

1. Background

A differentiable map between two domains in Euclidean space R™ is called a con-
formal mapping if it preserves angles between intersecting curves. In dimension
n > 3 the conformal mappings coincide with the Md&bius transformations, that is
transformations which are either a similarity transformation or an inversion

by ETD
|z —pl?

followed by a similarity transformation, see [Nev60] and [Geh62]. For this reason
we restrict attention to the more interesting case of conformal maps in the plane
R?, which we identify with the set of complex numbers C. As usual here, we
restrict the notion of conformal mapping to include only orientation-preserving
maps. Then a conformal map is an analytic function of one complex variable with
nonvanishing derivative. In this thesis we will in addition require that conformal
maps are one-to-one.

In applications the following problem is common: Given a simply connected do-
main @ C C, find a conformal mapping f of the unit disc D ={z € C: |z] < 1}
onto . By the Riemann mapping theorem such an f exists (if Q # C), but it
is not easy to compute if the geometry of Q is complicated. Therefore it is of
interest to find general properties of conformal maps, as well as relations between
properties of the Riemann map and the geometry of Q2. The study of conformal
maps from this viewpoint is the main part of geometric function theory, and it was
initiated in the beginning of the century with the works of Koebe.

Pointwise estimates. The most basic question about Riemann maps in general
is: What can we say about the location of f(z) (where z is fixed)? Of course, to say
anything we need some normalization on f. As usual, let us require that f(0) =0
and f’(0) = 1. The set of conformal maps of the unit disc with this normalization
is denoted by S (from the German word “schlicht”). Koebe [Koe07] proved that
there are upper and lower bounds on |f(z)| that are independent of f € S. Thus
conformal maps have a certain rigidity which analytic functions in general do not
have. Koebe’s result implies that S is compact in the topology of locally uniform
convergence. This implies that there is also bounds on the derivatives f'(z), f"(z),
... . To find the sharp bounds for these quantities it will suffice to consider z = 0,
that is, to find the sharp bounds for the MacLaurin coefficients a,, = £ (0)/n!.
Using Gronwall’s area theorem, Bieberbach [Biel6] proved that |as| < 2, with
equality only for the Koebe functions

z

kx(z) = (ESYE

where |A\| = 1.

These map the unit disc onto the complement of a ray. Bieberbach’s theorem leads
to the distortion estimate

< 6
Tz

‘f”(Z)
f'(2)

(1.1)
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1.1. Background 2

and to the sharp bounds of |f'(z)| and |f(2)]:
1+ |z

|2 |2|
(1 + =)~ ) < 1—1z) (1.3)
A more general version of (1.2) is the distortion theorem:
o) (L=l l-a)’
70| T-pa-ppE ooER (L4

(1.3) contains the Koebe 1 theorem:

F(D) > s < 3.

Again, the extremal functions in (1.2) and (1.3) are Koebe functions. Bieberbach
expected that the Koebe functions are extremal also for |a,,|, that is, |a,| < n. This
is the famous Bieberbach conjecture, which stimulated much research in conformal
mapping theory. Let us mention a few results of this research that are relevant to
this thesis. Léwner [Low23] proved |as| < 3 by representing conformal maps in
terms of solutions to a certain differential equation. Schiffer developed a calculus
of variations for conformal maps (see [Ahl73]), which Garabedian and Schiffer
[GaSc55] used to prove |as| < 4. Another version of Schiffer’s method was given
by Golusin, see [Gol57]. Milin conjectured about the MacLaurin coefficients ¢,
of log & L) that the sum

N
Zn (N +1—n)lc,|?
n=1

is maximized when f € S is a Koebe function. By using the relations between the
@, and the ¢, one can show that Milin’s conjecture implies Bieberbach’s conjecture,
see [Dur83, p. 155]. Finally, de Branges [deB85] proved Milin’s conjecture by
using Lowner’s differential equation. De Branges’ theorem |a,| < n immediately
gives the promised sharp bound for the derivatives of a function f € S:

n+ |z|

(n) AL fod N
O <t

Integral means. In the following we concentrate on how to estimate the quantity
|f'(2)], which is the local scaling factor of the conformal map f € S. Inequalities
(1.2) estimate the minimum and maximum of |f’(z)| over a circle |z| = r. To get
a measure of the overall size of |f'| we can the use the integral means

/Z:T| "()['d8  or // )|t dA,

where df is the angular measure |dz|/r and dA is the area measure dzdy. If t > 0,
these quantities measure how much the conformal map expands. If ¢ < 0, they
measure compression. The problem is to estimate

/ CIRT (1.5)

as r — 1. Since

1/t
Jlim_ ( /_Tu'(z)vow) — max|f'(2)
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we can expect that for large ¢, the Koebe function will maximize (1.5). Accordingly,
Feng and MacGregor [FeMG76] proved that

[ 1rere=o ((1 ir>3t—1> s o)

Note that the Koebe functions k) have

) . g 1 max{3t—1,0,—t—1} . l ~
|K\(2)|" dO =< if t # 3 1.
|z[=r

1—r

Moreover, it follows from de Branges’ theorem and Parseval’s formula that the
Koebe functions maximize the integral (1.5) if ¢ = 2,4,6,.... Since

1/t
lim_ ( /. If’(Z)Itd9> = min |f'(2)

we can expect that the Koebe functions will be extremal for large negative ¢. This
was confirmed by Carleson and Makarov [CaMa94] in the sense that

[ irere=o ((1 ! )) it <, W)

where to is some (unspecified) absolute constant. The proof of this is based on
extremal length estimates, and is much deeper than the proof of (1.6). When
t has an intermediate value, one can expect that the function maximizing (1.5)
should have |f'(z)|¢ fairly large on a fairly large set of z. For example, if t < 0
the extremal function (for a fixed r) should have several zeros of f’ on the unit
circle, and so the image domain should have several tips. To get a function with
maximal growth of f|2|=r |f'(2)|" d6 as r — 1, one should iterate this picture, and
so get an image domain with a “fractal” boundary. These ideas were confirmed
to some extent by a result of Makarov [Mak86], which was improved by Rohde
[Pom92, Proposition 8.15]. Rohde shows that the function

f(z) = /0 exp (1.12953&“) d¢

v=1

belongs to S and satisfies

0.117t2
/ |f'(2)]"d8 > C <1—1r> for small ¢t.
|z|=r

The occurence of the lacunary series implies that the boundary of the image do-
main has a fractal structure.

To collect the information about the growth of integral means, Makarov [Mak98]
introduced the wuniversal integral means spectrum B(t), which is defined as the
infimum of all 3 such that

/ 1 ()" d8 =0 ((1 —r)7F) for all f € S.
‘Z‘:T

It follows from Holder’s inequality that B(t) is a convex function. The results
stated above show that the graph of B looks something like the following figure.
Notice the “phase transition” points ¢t_ and ty < 2/5. If t <t_ or t > t4, then
the Koebe function gives (almost) maximal growth of (1.5), but if t— <t < ¢4,
maximal growth is faster than for the Koebe function, and is probably achieved
by a function with “fractal” image domain. Carleson and Makarov [CaMa94]
constructed such a fractal domain which shows that t_ < —2. Brennan’s conjecture
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B(t)=—t—1 5 1

B(t)=3t—1

| | | |
T T T T

t_ ~1 ty 1

FIGURE 1. The universal integral means spectrum

states that t_ = —2. The known upper bound of B(t) follows from the mentioned
results and Pommerenke’s estimates [Pom92, Theorem 8.5]
1 1\ /2
B(t) <t-— 3+ <4t2 —t+ Z) < 3t + 7t (1.8)
B(-1) < 0.601 (1.9)
In particular,
B(t) < |t|—0.399  fort< —1. (1.10)

This has been improved by the author, see [Ber98] and Theorem 7.5.

Bounded functions. If the conformal map f is bounded, we can improve the
estimates for positive ¢t. Let By(t) be the universal integral means spectrum for
bounded conformal maps, with an analogous definition as B(t). (In [Mak98] B,
is denoted by B, and B is denoted by B.) It is easy to see that By(t) =t — 1
for t > 2. Jones and Makarov [JoMa95] proved that B, (t) has a phase transition
point for ¢ = 2. More precisely,

t—1+C1(2—t)2 < By(t) <t —1+4Co(2—t)? for 0 <t <2, (1.11)

where C; and C, are positive constants. For negative ¢, the spectra By (t) and
B(t) agree, since [Mak98]

B(t) = max{B(t),3t — 1} fort € R.

The value of B,(1) has some special interest, since fIZIZT |f| |dz| is the length of
the image of the circle |z| = r under the conformal map f. Also, as was shown
in [CaJo92]|, the slowest possible decay of the coefficients of bounded confor-
mal maps of I is O(n®*)~1) (up to an ¢ in the exponent). The known upper
bound By (1) < 0.4884 [GrP097] is only slighty smaller than the trivial bound 1.
Carleson and Jones [CaJo092] considered 2., the domain of attraction of oo for
iterations of 22 + ¢. Computer experiments for the Riemann map of Q. (when
this is simply connected) indicated that Bj(1) > 0.23. This led Carleson and
Jones to conjecture that By(1) = L. Kraetzer [Kra96] continued with computer
experiments to calculate fm:T |f'(z)]td# for f mapping D onto Q.. The results
led Kraetzer to conjecture that

t2
Byt) =7 for —2<t<2

Kraetzer’s conjecture implies Brennan’s conjecture B(—2) = 1, the Carleson-Jones
conjecture as well as (1.11). An even more general conjecture has been proposed
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by Binder [Bin97]:

1 |t|?/4+e
/ |f'(2)!]do = O <1 7‘> for all € > 0,
|z|=r -

where t is complex with |¢|] < 2 and f is a bounded conformal map of D. No-
tice that since |f'(2)!| = |f'(z)|R°! exp(— Imtarg f'(z)), this measures both the
expansion/compression as well as the rotation.

We remark that the corresponding problem of estimation of integral means of
f € S was solved completely by Baernstein [Bae74]:

/ |f(2)]tdo < / |kx(2)]t dO fort e R.
|z|=r |z|=r

The correct order of growth had earlier been obtained by Prawitz [Pra27]. Leung
[Leu79] used Baernstein’s theory to prove

/ 1F(2)] db < / ()0 forteR, (1.12)
|z|=r |z|=r

when f € S maps onto a close-to-convex domain, that is, a domain whose com-
plement is a union of disjoint rays (open or closed).

Brennan’s conjecture. We now examine the source of inspiration of this thesis,
Brennan’s conjecture, more closely. Brennan [Bre78] originally formulated it as
an estimate for conformal maps ¢ mapping some domain 2 onto the unit disc:

//Q lo'|7dA < o (1.13)

for % < ¢ < 4. Brennan’s motivation for studying the L? norm of ¢’ was a problem
in approximation theory. By a change of variables (1.13) can be written in terms

of f=¢p 1
// If/>~9dA < . (1.14)
D

When f is a Koebe function, and ¢ < % or ¢ > 4, this integral diverges. It follows
from Feng’s and MacGregor’s result (1.6) and the distortion estimate (1.2) that
the integral is finite if % < ¢ < 3. Using a harmonic measure argument of Car-
leson, Brennan increased the upper bound to 3 + ¢. It follows from Pommerenke’s
estimate (1.10) that (1.14) holds for 3 < ¢ < 3.399. Dahlberg and Lewis [Bre78]
proved that (1.13) holds for 3 < ¢ < 4 if Q is close-to-convex. (This also follows
from (1.12).) It is easy to see that Brennan’s conjecture in the form (1.14) is
equivalent to

14e
/ If'(2)]72d8 = O ((1 L ) ) foralle >0, f €S, (1.15)
|z|=r

—-Tr

in other words B(—2) = 1, or t_ = —2 as was stated above. We can heuristically
get a “r = 1 version” of this estimate if we assume that f is analytic also on the
unit circle. Each zero ¢ of f' on the unit circle gives a contribution of the order
If7(O)]72(1 — r)~! to the integral in (1.15). Thus the “r = 1 version” of (1.15)
should be something like

Z |£"(¢)|™? < constant,
¢

where the sum is taken over all zeros of f’ on the unit circle. An estimate of
this type occurs in [CaMa94]. The authors define a so-called S-number (q(a,b)
whenever ( is a simply connected domain and a, b are distinct point in the closure
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of Q. For the case of a function f € S with image domain 2 and ¢ a zero of f’ on
the unit circle we have

21£(QF
Ba(f(¢),0) = : 1.16
Carleson and Makarov showed that Brennan’s conjecture is related to the estimate
Z Ba(f(¢),0)? < absolute constant, (1.17)
¢

where the sum again is taken over all zeros of f’ on the unit circle. Note that the
corresponding points f({) are “tip points” of the boundary of Q. If both ¢ and (o
are zeros of f’ on the unit circle, we have

41£(Q) — f(G)I?

Pl 70 1)) = T C R @) (118)

Carleson and Makarov proved that both Brennan’s conjecture and (1.17) follows
from

¢

where the sum is taken over all zeros  # (p of f’ on the unit circle. The advantage

with this formulation is that we know the extremal case: The Koebe function

2(1+ 2)~2. (The sum in (1.19) should actually be taken over tip points f((). For
1

the Koebe function these are 7 and co. A definition more general than (1.18) is

used when oo is a tip point.) More generally, Carleson and Makarov showed that
B(-p)=p-1if

> Bala;,b)P <1, (1.20)
=1

where aq,...,a,,b are the tip points of the boundary of 2. The casen =2, p =2
of this inequality was proved in [CaMa94] by computing the extremal domains
of the sum in (1.20) using Schiffer’s method of boundary variation.

In [BaVoZd98] the authors consider the conformal map from the unit disc to .,
the domain of attraction of oo for iterations of z? + ¢ (when this is simply con-
nected). They prove that (1.14) holds for 2 < ¢ < 4, thus establishing Brennan’s
conjecture in this special case. A similar (easier) argument works for iterations of
24 + ¢, where d > 2. In [HuSt98] the authors consider an analogue of Brennan’s
conjecture for K-quasiconformal maps ¢ mapping a domain 2 onto the unit disc.

They prove that
[ weraa<s
Q

holds for all such ¢ if and only if
K 2Ky
oKk +1 PSS K-+ 2
where ¢q is the largest number such that (1.13) holds for § < ¢ < go.

Boundary distortion. The universal integral means spectrum B(t) for negative
t gives a bound on how much a conformal map f from D to {2 may compress
subsets of . This has a counterpart for the corresponding map of the unit circle
to the boundary of Q. (This map can be defined as a radial limit for nearly all
points on the unit circle.) Namely, we have the following inequality between the
Hausdorff dimensions of a Borel set A on the unit circle and its image f(A), see
[Mak87].

pdim A
B(-p)+p+1—dimA

dim f(A) > for p > 0.
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Together with Pommerenke’s estimate B(—p) < 3p? for small p > 0, this implies
Makarov’s famous dimension theorem [Mak85]:

dimA=1 = dimf(4)>1.

Another way to measure the compression of the boundary map is to count the
number of disjoint discs D of a certain radius that have |f (D N oN)| > h. Here,
| | denotes angular measure on the unit circle, and 912 is the boundary of Q. Recall
that the measure w(E) = |f1(ENdN)|/2x is called harmonic measure of ) (with
base point f(0)). Recall also Beurling’s estimate w(D) < C\/p when D is a disc
of radius p. Thus a disc D can be considered to have large harmonic measure if
w(D) > p2+% where § > 0 is small. Let N(£, p,8) be the maximum number of
disjoint such discs. Carleson and Makarov [CaMa94] proved that B(—p) =p—1
follows from the estimate

N(,p,0) < Cp 2.

They also proved this estimate for some (unspecified) p. See [Mak87] and [Mak98]
for relations between different ways to measure boundary distortion of conformal
maps (equivalently, ways to characterize the distribution of harmonic measure).

2. Summary of the thesis

Chapter 2: g-numbers. As a preparation for Chapter 3 and 4 we start with
a chapter about S-numbers. We define S-numbers in terms of extremal length,
almost as in [CaMa94]. In [CaMa94] was given a formula for fq(a,b) in terms
of a conformal map f from the unit disc to Q in the case when f is sufficiently
regular at the boundary, cf. (1.16). We generalize this formula to the general case
as follows. Let b € 2\ {c0}. We show that the boundary map gives a one-to-one
correspondance between

(i) Points a € 90\ {oo} such that Sq(a,b) > 0.

(ii) Points ¢ on the unit circle with anglim,_, -

¢
f’(Z)‘ > 0.

(anglim denotes limit within Stolz angles.) For such points

2la —b? 1—|z|? .|z =C
Bala,b) = — anglim
11 =21 [f'(2)] 22 [ /(%)
where f(z5) = b, see Theorem 2.1. We also show that the angular limit above
exists for all ( on the unit circle, see Proposition 2.21. We give a similar formula
in the case when both a and b are on the boundary of €2, see Theorems 2.22 and
2.23.

b

We consider the problem of characterizing the geometry of the boundary 02
around a point a with SBq(a,b) > 0 (where b € Q). We will see that 9Q has
to be rather thin and straight, but it can spiral around a if does so sufficiently
slowly. To be more precise, let @ = 0 and let aj be the minimal angle (with
apex 0) that contains that part of the complement of Q that is in the annulus
e™® < |z| < e7*+1. Then

2

(o] (o) a
ap <00 = fo(0,0) >0 = —k <o,
zl: k BQ( ) Xlzlog(9/ak)

see Corollary 2.36 and Corollary 2.25. If the boundary of  is a curve ¢ = ¢(r) in
polar coordinates, where ¢(r) is monotone, then this can be improved:

o0 9 oo
z:ailogoé—l€ <00 = fa(0,b) >0 = Zaz<oo7
1 1

see Corollary 2.38. A version of the first implication also holds for certain non-
monotone ¢(r) not having too large and quick oscillations, see Theorem 2.39.
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Proving these results boils down to estimating extremal distance in strip domains.
A similar problem arises when one seeks geometric conditions on Q = f(D) for the
angular derivative
f'(¢) = anglim f'(z)
z—(¢
to exist, see [RoWaT77]. Thus our extremal distance estimates also have some
importance for the angular derivative problem, see Section 2.6.

Chapter 3: Brennan’s conjecture. We prove that a number of reformula-
tions of Brennan’s conjecture are equivalent. Among other things, we prove that
B(—p) = p — 1 is equivalent to the following statements:

(i) For any simply connected domain 2 and distinct points ay, ... , Gm,b € 00,
> Bala;,b)P < 1.
1

(ii) For any ¢ > 0 there exists a C(e) such that for any simply connected domain
13 oo with diamoQ =1

N(Q,p,8) < C(e)p 7,

where N(Q, p,d) is the maximum number of disjoint discs of radius p with
harmonic measure > pz+® (with respect to 0o).

The proofs of most of these equivalences were sketched in [CaMa94]. Our proof
is in part an elaboration of the ideas in [CaMa94]. What is new (and easy to
prove) is that another equivalent formulation is: There exists a constant C' = C(p)
such that for all f € S

/w_ |f'(z)] 77 de < # 0<r<l1 (1.21)

Chapter 4: Extremals for ) 4P. If Brennan’s conjecture is false, there exists
a simply connected domain 2 and boundary points aq, ..., am, b such that

ZﬂQ(a’jvb)z > 1, (122)
j=1

where m is minimal, see statement (i) above. In an effort to prove Brennan’s
conjecture we consider configurations (£2,ay, ..., am,b) which maximize this sum,
and then try to derive a contradiction by using the first variation equation and the
second variation inequality. First of all we prove that maximizing configurations
exist, Theorem 4.1. By using Schiffer’s method of interior variation, we prove that
the complement of an extremal domain 2 consists of trajectories of the quadratic
differential

i /BQ(a’j7 00)2 dw2
=1
(assuming b = 0o0). Moreover, a conformal map f of the upper half plane onto

normalized by f(co) = oo satisfies the differential equation

m m

' 2 ﬁﬂ(ajvoo)2 — 4ﬂ9(ajvoo)2
IO L = For =& e

where f(z;) = aj, see Theorem 4.2. We also use the second variation to derive
a number of inequalities that hold for the extremal configuration. Most of these
results have been obtained independently by O’Neill [O’IN99]. We use the second
variational inequalities to rule out multiple zeros of the above-mentioned quadratic
differential on the complement of 2. This means that the complement of Q is
a tree consisting of arcs such at each junction point, exactly three arcs meet.

j=1
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Unfortunately, the author has not been able to use the information contained in
the mentioned equations and inequalities to derive a contradiction. For generality,
we actually do all this with the exponent p > 0 instead of 2.

Chapter 5: Integral means. By (1.21) Brennan’s conjecture can be stated:
There exists a constant C' such that for all f € S

/ Felr<c [ W), o<r<1,  (1.23)
|z|=r

|z|=r

where k is the Koebe function k(z) = 2(1 + 2)~2. We conjecture that we can take
C =1, which is not far-fetched in view of all instances where the Koebe function
is extremal. To support this, we prove a result which almost shows that the Koebe
function is a local maximum of the the functional

fre |f'(2)] 7 df

|z|=r

on S (r is fixed). More precisely, we show that if distort the Koebe slit [i, +o0]
with a conformal mapping w — w + cvy (w), the corresponding Riemann map f.
f2(0)

will satisfy
/|z|r fi(z)

if € is small (depending on vy and 7). (Actually, we prove this only when 0.91 <
r < 1.) Since the algebraic computations in the proof of this result are so laborious,
we use the computer program Mathematica, see the Appendix.

2

deg/ ()] ~2 d6
l=r

In Section 5.3 we give a some relations between integral means and coefficients
for functions (f')?, where f € S. Denote the MacLaurin coeffients of a function
g by ¢.(g9). Let p € R and 3 > 0. We prove that the following statements are
equivalent:

(i) There exists a constant Cy such that

Ch
fle)IPdd < ——— forO<r<landall f€S.
/|z|r| ( | (1_7‘)/@

(ii) There exists a constant Cy such that
len((f)P)] < Cyn®  forn>1andall f € S.

The implication (i) = (ii) follows easily from Cauchy’s integral formula. The
reversed implication was proved in [CaJo92] for p = 1, and our proof is an easy
generalization of that special case. It follows that Brennan’s conjecture can be
stated

len((F)P)] < Cplen((K)P)] - forn 20, f €S, p< =2 (1.24)

This does not hold for —2 < p < 0, since then B(p) > max{—p —1,0}.

Chapter 6: De Branges’ method. We show how the ideas used in de Branges’
proof of Milin’s conjecture can be used to solve other extremal problems for confor-
mal mappings. This method has been described at a higher level of sophistication
in the papers [VaNi91, VaNi92] in an operator-theoretic setting. See [HeWe96]
for an exposition in the language of systems theory. We analyse how to attack cer-
tain problems of the following type: Let f € S and form a function G(f) analytic
in D by

G(f)(2) = (2, f(2), f'(2), ' (2), ... f(2)),
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where @ is some fixed analytic function. Let Hy, Hs,... be real constants. Show
that the quantity

> Halea (GNP

has maximum when f is the Koebe function k(z) = z(1 + 2)72.

We use the method to prove the following results:
(a) Ifp < —% and r is small, then

/ 1F(2)|F do g/ W (:)Pd6  forall feS.
|z]=r |z]=r
This follows from Theorem 6.1 and Lemma 6.6. Thus (1.23) holds with C =1 if

r is small.
(b) If p < 0 and n < 2|p| + 1, then (1.24) holds with C},, =1, see Theorem 6.2.

Chapter 7: Generalized Schwarzian derivatives. The differential operator

Suf = ()T D)
satisfies a “chain rule”
Sp(for)=((Spf)or)(r")™ if 7 is a Mobius transformation. (1.25)
In conjunction with (b) above this gives the sharp estimate
K
Suf(2)]| € ———=—, z| <1, (1.26)

for conformal maps f of the unit disc, where K, = (n—1)(n+1)(n+3)...(3n—3),
see Theorem 7.1. These results are well-known in the case n = 2, since S5 is the
Schwarzian derivative times a constant factor. Another set of operators that satisfy
(1.25) is Peschl’s generalized Schwarzian derivatives:

Pof = (f)"(D"72S(f71)) o f,
where S is the Schwarzian derivative. Klouth and Wirths [Klo89] proved that
P, also satisfies an estimate of the type (1.26). In Theorem 7.3 we prove that
S, f is a polynomial in P f, ..., P, f with positive coefficients. Thus our estimate
(1.26) follows from the estimate of Klouth and Wirths. We use (1.26) to derive an
estimate for

[ e ses,
|z|=r

see Theorem 7.5. The proof of this estimate is a generalization of Pommerenke’s
proof of the special case n = 2, see (1.9). In particular we get B(—2) < 1.547 and
B(—3) < 2.530. We have thus improved the estimate (1.10). As a consequence,
we get that (1.13) holds for § < ¢ < 3.421.

The content of sections 6.4, 6.5, 7.1, 7.3 have earlier been published in [Ber98].
We reprint a modified version of this material with the permission of Institut
Mittag-Leffler, which has the copyright.

3. Notation

R and C are the sets of real and complex numbers. C = CU{oo} and R = RU{oc}.
H = {z € C:Imz > 0} is the upper half plane. D(a,r) = {z € C: |z —a| <r}
is the disc with centre a and radius 7. We define D(co,r) = {z € C: |z| > r1}.
D = D(0,1) is the unit disc, and D* = D(00,1) is the exterior of the unit circle.
C(a,r) ={z € C: |z — a|] = r} is the circle with centre a and radius r. We define
C(o0,r) = C(0,771). T = C(0,1) is the unit circle. [a,b] is the closed line segment
between the points a,b € C. (a,b) is the corresponding open segment. For a set
Qc C, 0°=C\Qis its complement, 8 is its boundary, and Q@ = Q U 99 is
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its closure. diam Q = sup{|z — w| : z,w € Q} is the diameter of . dist(z,Q) =
inf{|z —w| : w € Q} is the distance from z to (2.

Absolute signs | | denote the length of a curve or a vector in R*. df = |dz|/r is the
angular measure on a circle |z| = r. dA = dady is the area measure. w(E, 2, z)
is the harmonic measure of the set E with respect to the domain  and the base
point z. If x € R we let 2 = max{z,0}. The statement < y means that there
exists positive constants A and B such that Ax < y < Bz. It should be clear
from the context if A and B are absolute constants or if they depend on some
parameters.

The set of all analytic (=holomorphic) functions in (a neighbourhood of) the set
2 is denoted by A(Q). The angular limit of f € A(D) as z — ¢ € T is denoted
by anglim, . f(2) or simply f(¢). The nth MacLaurin coefficient of a function f
is denoted by ¢, (f). We will use the term conformal mapping in a slightly more
general way than above. Namely, a conformal mapping is an injective (one-to-one)
meromorphic function in a domain in C. A univalent function is the same as a
conformal mapping. S is the set of all univalent functions f : D — C with f(0) =0
and f'(0) = 1. I is the set of all univalent functions f : D* — C with f(c0) = 0o
and f’(co) = 1. Among the Koebe functions z(1 + A\z)~2, |A\| = 1 we single out
k(z) = z(1 + 2)72 as the Koebe function. This is convenient for us since we will
deal with (k')~!, which has positive MacLaurin coefficients.



CHAPTER 2

G-numbers

1. Overview

Let Q be a simply connected domain whose boundary has a tip point a. That is, in
a neighbourhood of a the boundary is a smooth arc ending at a. The g-number of
a (with respect to b € ) measures the density of harmonic measure (with respect
to b) at a. Namely, in the special case b = oo,

capdQ .. w(v,Q,00)?

Bala,o0) = im
4 |y-0 ol

b

where v denotes an arc of 99 ending at a, with length |y|. cap 912 is the logarithmic
capacity of the boundary ofAQ. In terms of a conformal mapping f from the exterior
of the unit disc D* = {z € C: |z| > 1} onto  with f(c0) = oo, this can be written
2| f'(o0)]
Bala,0) = ———=, 2.1

(o) = 7P 2
where ¢, = f!(a) is on the unit circle T = {z € C : |z| = 1}. There is also a
version of S-numbers when both a and b are tip points of 9Q2:

4la — b|?
[Ca = Gl 1" (Ca) f7 (Go)I

For the purpose of discussing Brennan’s conjecture, these formulas are sufficient.
However, we consider the problem of extending the definition to arbitrary simply
connected domains © and arbitrary points a,b in the closure Q of Q. Such a
definition was given in [CaMa94] in terms of extremal length. Using a variant of
this definition we prove the following generalization of (2.1).

Ba(a,b) = (2.2)

Theorem 2.1. Let f : D — Q be a conformal bijection. For every ( € T, the
angular limit

L) = ar;glicm j“?zg exists (finite). (2.3)
Let z, € D and b= f(zp) # 0o. IfT'f(¢) > 0 then

>
a = anglim f(z) exists (finite)
z—(
and
2la — b 1 —|z|?
Bala,b) = — I'+(().
=1 = e Y

Moreover, every a € 00\ {00} with Ba(a,b) > 0 is gotten in this way from a
unique ¢ € T.

An analogous generalization of (2.2) holds, see Theorem 2.22.

We also consider the problem of characterizing the geometry of 02 around a point
a with Bq(a,b) > 0. It turns out that 9 has to be thin and rather straight, but it
can spiral around a if it does so sufficiently slowly. More precisely, let a = 0 and let

12
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ay be the minimal angle (with apex 0) that contains Q°N{z :e % <|z| < e *+1},
(Q° = C\ Q is the complement of Q.) Then, for b € Q we have the implications

2

(o] (o) a
ap <00 = fo(0,0) >0 = e
zl: k BQ( ) Xlzlog(9/ak)

If 9 is a curve ¢ = ¢(r) in polar coordinates, where ¢(r) is monotone, then this
can be improved:

o] 9 (oo}
Zailog— <00 = fa(0,0) >0 = Zai<oo.
1 Ak 1

A version of the first implication also holds for certain non-monotone ¢(r) which
do not have too large and quick oscillations, see Theorem 2.39. Suppose next that
on each interval e % < r < e **! the function ¢(r) is monotone and satisfies
|¢'(r)| < |¢'(e~*)|. That is, there are positive constants such that A|¢'(e~*)| <
6/(r)] < Bl¢/(e=)|. Then

Ba(0,b) >0 <= Y o} < .
1

Proving these results boils down to estimating extremal distance in strip domains.
The same problem arises when one seeks geometric conditions on @ = f(D) for
the angular derivative
f'(¢) = anglim f’(z)
z—(¢
to exist, see [RoWaT7]. The kind of strip domains arising in the angular deriv-
ative problem are however more “flabby”, which probably makes that problem
harder. Some of our extremal distance estimates give new insights for the angular
derivative problem. For example, consider the strip domain in Figure 2 made up
of n + 1 unit squares.

N
g

FIGURE 2. A strip domain

Let w1, ..., un be the sizes of the “steps” (which are assumed to be small). Let d
be the extremal distance between the two vertical sides (of length 1). We prove

- 1
d—nxz,uilog—. (2.4)
1 Hk

(Actually, we will do it for a slightly different domain.) A related statement was
proved in [War71] and [Eke71] using the Poisson integral. We have thus solved
Problem 2 of [RoWa77]: To prove (2.4) with extremal length methods.

2. Definition of S-numbers

The purpose of this section is to define B-numbers in terms of reduced extremal
distance. First recall the definition of extremal length:
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Definition 2.2. Let I' be a family of rectifiable curves in a Borel set 2 C C. By
a metric we mean a non-negative Borel measureable function p in 2. The p-length
of I' and the p-area of  are

L,(T) = ’trg“[yp(z) |dz| and A,(Q) = //Q p* dA,

where dA = dzdy is the usual area measure. The extremal length of the family T’
is
L,(T)?
o L0
p Ap()
where the supremum is taken over all metrics with 0 < A,(2) < +o00. Note that
A(T") does not depend on Q.

A(T)

We will use the following properties of extremal length. See [Ah173] for proofs.

Conformal invariance: If f: Q — C is conformal, then

A(f(T) = AI)
for every curve family T in Q. Here, f(T') is the family of curves f(v) where vy € T.

The comparison principle: Let I' and I'" be two curve families such that every
~ €T contains a v € I, Then

A(D) > A(I).

The serial rule: Let I’y and I'; be curve families in the disjoint domains €, and
Q5. Let I be a curve family such that every v € I" contains both a y; € I'; and a
~v2 € I's. Then

ML) > A1) + A(T2).

Definition 2.3. Let Q be a domain, and F; and E> subsets of C. The extremal
distance between F; and E5 in  is

do(E1, Es) = A\(T),
where I' is the family of curves in 2 connecting E; and FEs.

Example 2.4. If Q is a sector of angle 6 of the annulus r < |z — a|] < R, then
1 log i
0
where C(a,r) is the circle with centre a and radius r. In particular,
1
27

da(C(a,r),C(a,R)) =

)
r

R
d#(C(a,r),C(a,R)) = og if r < R.
Extremal distance is a conformally invariant way of measuring the distance be-
tween sets F; and Fy within 2. When F; and FE5 reduce to points, the extremal
distance becomes infinite. As a substitute for extremal distance for two points
a,b € Q we can use the finite limit
. 1 1
r,lérilo do(C(a,r),C(b,s)) + Py logr + Py log s.

Since this quantity can be negative, we prefer to use instead the reduced extremal
distance (cf. [Ahl73, Section 4-14])

da(a,b) = r,liIBO do(C(a,r),C(b,s)) — d((:(c(a’v r),C(b,s)) >0, (2.5)

which has the bonus of being invariant under Md&bius transformations, see Propo-
sition 2.12 below. Note that we define C'(c0,7) to be the circle C(0,r1). Consider
now the case when a,b € 9. If 99 is piecewise smooth, then (2.5) is finite only
when 92 has inward cusps at ¢ and b. There are however some exceptions like
2 = C\[0, +00), where (2.5) gives a finite dq(1,00). This is due to the fact that the
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point 1 corresponds to two prime ends of Q2. To remedy this we use the following
definition for general a and b.

Definition 2.5. Let 2 be a simply connected domain and let C; and C5 be disjoint
Jordan curves (or arcs). Define

dQ(Cl,C2) = inf dQ(Il,IQ),
I,I2

where the infimum is taken over all component arcs I1, I of the sets C; N and
Cs N respectively.
The excess of extremal distance in Q between C; and C5 is

Xq(C1,C) = do(Cy,Cs) — de(Cy, Cs).
Let a,b € Q be distinct. The reduced extremal distance between a and b in € is
oq(a,b) = limoXQ(C’(a,r),C’(b,s)).
T,S—
The existence of the limit (which can be +0o00) follows from Lemma 2.8 and 2.9
below.

Lemma 2.6. Xq(Cy,Cy) > 0.
Proof.  This follows immediately from the comparison principle. O

Lemma 2.7. If C separates Cy from Cs in 2, then
do(Cy,Cs) > do(Cy,C) + do(C, Cs).

Proof. Let I; be components of C; N ). There exists a component I of C N
that separates I; and I3 in ©, see [Pom92, Proposition 2.13]. By the serial rule
do(I1,1I5) > do(I,I) + do(I, I2),
and the lemma follows. O

Lemma 2.8. ciQ(C’(a,r),C’(b,s)) + % logrs is a decreasing function of r (and of
s) for small r and s.

Proof. Let ry < ry. By Lemma 2.7

JQ(C(G, Tl)v C(b7 S)) > dNQ(C(av 7'1)7 C(a’v TQ)) + dQ(C(a’v TQ)v C(b7 8))
By Lemma 2.6 and Example 2.4

1
dqo(C(a,r1),C(a,rs)) > Py log —T2.
T

r1
Thus
~ 1 ~ 1
dao(C(a,r1),C(b,s)) + —logry > do(C(a,r2),C(b,s)) + — logrs.
2w 2w O
Lemma 2.9. If a € C then
1 1
ds(C(a,r),C(00,s)) = =—log — + O(s) as s — 0. (2.6)
2m ]
If a,b € C are distinct, then
1 la — bJ?
ds(C(a,r),C(b,s)) = Py log +O(r +5s) asr,s — 0. (2.7)
s
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Proof. a) Let f(z) = z — a. The circle f(C(c0,s)) = C(—a,1/s) separates two
circles C(0,1/s1) and C(0,1/s3), where s; = s + O(s?) and s; < s3. By the
comparison principle

dC(C(Ovr)v C(Ov 1/52)) < d@(f(C’(a,r)), f(C(OO, 5))) < dC(C(Ovr)v C(Ov 1/51))'

(2.6) now follows from the conformal invariance of extremal distance and Example
2.4.

b) Let f(z) = 1/(z — b). Since f is conformal, the circle f(C(a,r)) lies between
two circles C(f(a),r;)) with r; = |f'(a)|r+O(r?) and r; < ry. Similarly, the circle
f(C(b,s)) lies between two circles C (00, s;) with s; = s + O(s?) and s; < s3. By
comparison

d(f:(c(f(a’)v T2)7 C(OO, 52)) < d(fj(f(c(a’v T))v f(C(bv 5))) < d(f:(c(f(a’)v Tl)v C(OO, Sl))'
Now (2.7) follows from (2.6) and the conformal invariance of dg. O
We can now define S-numbers:

Definition 2.10. Let {2 be a simply connected domain and a, b distinct points in
Q. Define

Bala, b) = e=0u(e),

Proposition 2.11. dg(a,b) > 0 and 0 < Bq(a,b) < 1.
Proof. This follows immediately from Lemma 2.6. O

Proposition 2.12. 3 is a Mdbius invariant, that is,

Ba(e(a(a), (b)) = Bala,b)

when o is a Mobius transformation.

Proof. Let r;s > 0 be small. Then o(C(a,r)) is contained in a disc D(o(a),r’),
where 7’ = |o’(a)|r + O(r?). (In case a = oo or o(a) = co we have to interpret o’
in a special way.) Similarly, there is an s’ = |o’(b)|s + O(s?) so that a(C(b,s)) C
D(o(b),s"). From conformal invariance and Lemma 2.7 it follows that

Cza(Q) (O’(C(CL 7”))7 U(C(bv 8)))
JU(Q) (C(U(a)v rl)v C(U(b)v Sl))

da(C(a,r),C(b,s))

(2.8)

v

In a similar way we get
de(Cla,r),C(b,s)) < da(C(o(a),r"),C(a(b),s")), (2.9)

where 1" = |o'(a)|r + O(r?) and s” = |o’(b)|s + O(s?). By Lemma 2.9 the right-
hand side of (2.9) can be written

de(C(a(a),r"),C(o(b),s') + O(r + s).
Thus subtraction of (2.8) and (2.9) and letting r,s — 0 gives

50 (a,) > Gy (0 (a), (b)),

! we get the reverse inequality. Thus § and 3 are Mobius invariants.

O

Considering o~



2.3. Analytic formulas for 3-numbers 17

3. Analytic formulas for S-numbers

In this section we express 3-numbers in terms of the Riemann map. We start with
some preliminary results for the case b € (.

Proposition 2.13. Let Q be a simply connected domain. Let b € Q,a € 0. If
po > 0 is sufficiently small, the following are equivalent:

Pala,b) >0 (2.10)
Xa(C(a,p),C(a,po)) is bounded for p < po (2.11)
Xa(Cla,p),C(a,r)) =0 asp<r—0. (2.12)

Proof.  (2.10) => (2.11): By Lemma 2.7

dQ(C(a’v p)v C(a’v pO)) + dQ(C(a’v pO)v C(b7 S)) S Q(C(av p)v C(bv S))
By Lemma 2.9 and Example 2.4
d(f:(c(a’v p)v C(a’v PO)) + d(fj(c(av pO)v C(bv 5)) = d(f:(c(a’v p)v C(bv S)) + O(]-)
Subtraction of these gives
XQ(C(G, p)v C(a’v pO)) + XQ(C((I, Po), C(bv S)) < XQ(C(G, p)v C(bv 5)) - O(]')

If éq(a,b) < +00, the right-hand side is bounded as p,s — 0, and (2.11) follows.
(2.11) = (2.12): As above, Lemma 2.7 and Example 2.4 gives

Xa(C(a, p), C(a,r)) + Xa(Cla,r),Cla, po)) < Xa(Cla,p),Cla,po))  (2.13)

if p <r < po. Thus Xq(C(a,p),C(a,po)) is a decreasing function of p, and by
(2.11) it therefore has a finite limit as p — 0. (2.12) now follows from (2.13).

(2.12) = (2.10): Since both conditions are invariant under Mobius transforma-
tions, it suffices to consider finite ¢ and b. Then the implication follows from
Proposition 2.17 below. [l

To prove the implication (2.12) = (2.10) we need two lemmas and a definition.

Lemma 2.14. [f I <R <2 and I = {e? : 0 < 0 < 1} then

1
de(1,C(0,R) > — log R.

Proof. Let G be the rectangle (—A, A) x (—A,1+ A), where A = log R. By
comparison and taking the logarithm we have

d(C(Iv C(OvR)) > dC(loglvaG)

For the metric p = 1 and the family I' of curves connecting log I and G we have
L,T)=Aand A,(G) =2A(1+24) < 5A. Thus

de(log I,0G) = A(T') >
O

Definition 2.15. Let {Q,} be a family of curves. We say that @), is approximately
an arc of the circle C(a,r(p)) if

Qo C{z:r(p)(1 —e(p)) < lz] <r(p)(L +=(p))}, where e(p) = 0as p—0.

We abbreviate this as
Q, = C(a,r(p)).
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Lemma 2.16. Let Q be a simply connected domain. Assume that a € 0Q \ {oco}
satisfies (2.12). Define I, to be a longest arc of C(a,p) N Q. Then

|I,|/2mp =1 as p =0 (2.14)
and
da(C(a,p),Cla,r)) = do(I,,I,) when p < r are small. (2.15)
Let f : D — Q be a conformal bijection, and define
Qp = f_l(lp)~
Then there is a point (, € T and a number v, > 0 such that
a =anglim f(z) and Q, = C((a,Va/P)- (2.16)
z—=Ca
Moreover
|f(z)—a] 1 2=l _ e
anglim =———— = — and T'#({,) := anglim ==, 2.17
i PR s =g ey =2 G

Proof. By Theorem 2.24 in the next section it follows from (2.12) that  contains
a sector

Sp={z:p<|2]<2p,0(p) —m <argz < p(p) + 7 —alp)}

for every small p, where

lim a(p) = 0.
p—0

Thus

LA
P

and (2.14) follows. To prove (2.15) we consider two cases.

Case 1: p < r/2. Let I, be a component of C(a,p) N Q different from I,, and

let .J. be any component of C'(a,r) N Q. Since diam I, < pa(p), the comparison

principle gives (with z' € I7)

2 —a(p) < < 2m,

U ’ / 1
dQ([p7 ‘]7’) Z dC(C(Z 7[)0(([)))70(2 ' = p)) > —lOg

(2.18)

Together with (2.12) this shows that

do(I,, J.) > do(C(a,p),Cla,r)) +1 if r is small.
A similar argument shows that

do(J,, Il) > do(C(a,p),C(a,r)) + 1 if r is small.

Thus (2.15) holds.
Case 2: p <r < 2p. Let I, be a component of C(a,p) NQ different from I,, and
let J, be any component of C'(a,r) N Q. By Lemma 2.14

1 r
!
dQ(Ipv JT) Z g lOg ;7
if p is small, and similarly we get
1 r
do(Jp, 1;) > glOg;-
By comparison with the sector S, we have

1 r
do(I,,I,) < ——log _.
o) < 55 18 5

These inequalities show that (2.15) holds.
The crosscuts I, form a null-chain in Q, see [Pom92, p. 29]. Or rather: For

every strictly decreasing sequence p,, the sequence I, is a null-chain defining a
prime end P. This follows from the sector property above. Thus, by the prime
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end theorem [Pom92, Theorem 2.15] the crosscuts @), form a null-chain in D,
corresponding to a point (, € T. a is obviously the unique principal point of the
prime end P. By [Pom92, Corollary 2.17] this means that

a = anglim f(z).

z2—Ca

By (2.15) we can write (2.12) as
1
do(I,, I,,) — —log 22 50 aspi < ps — 0. (2.19)
) 2m P1
Hence, the extremal distances do(I,,I,) are approximately additive:
dQ([p,[R) < dQ([p7[r) +do(I,Ir) + c(R) for p <r < R,

where ¢(R) — 0 as R — 0. Using a module theorem of Teichmiiller (Corollary
2.34 on page 35) one can show that this implies

Qp ~ C(Ca,7(p)

for some function r(p) > 0, see [Pom92, Proposition 11.8]. By comparison this
gives

Lo r(p2)
d ; - -1 =0 < ps = 0.
D(Q@p1> @) T 0g (o1) as p1 < p2
Together with (2.19) and conformal invariance this gives
r(p2) r(p1)
log——— —log——= — 0 as p1 < p2 =0,
VP2 VP1
so that
Yo = lim re) € (0, +00) exists,

p—0 /p
and (2.16) follows.
Finally, we prove (2.17). We may assume a = 0 and {, = 1. Consider the mappings
e—te(p)
Fo(z) = P F(L+7av/p2).
By the sector property, F,” i defined in the sector
{w:1<|w| <2, -7 <argw <7 —a(p)}.

Let
- e—te(p)
I(t) = 5 I, C C(0,t)
and 1
Qp(t) = Fpil( p(1)) = %—\/E(Qtp -1).

By (2.16), Q,(t) ~ C(0,/t). Thus
|F7 ()] = Vw]  asp =0

for w in the sector S = {w : 1 < |w| < 2, =7 < argw < 7}. Choose A(p) € T so
that arg(A(p)F; ' (3/2)) = 0. Then
1
log )\(p)prl(w) =3 logw as p — 0 (2.20)
locally uniformly in S (since this holds for the real part and for the point 3/2). If
for some sequence p,, — 0 we have A(p,) = Ao # —1, then (2.20) yields
FHw) = Ay 'Ww as n — 0o

locally uniformly in S. This contradicts the fact that for every w € S we have

1
FY(w) e
o ( ) 'Ya\/p_n

(D—-1)C {z:Rez <0} for large n.
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Thus lim, 0 A(p) = —1 and

Fp_l(w) — —+v/w locally uniformly in S.

It follows that F,(z) — 22 locally uniformly in the sector {z:1 < |z] <2, Rez <
0}. Letting s = 1 4+ 74/pz € D we get
F, 1
FO _ B

ls =112 ~2plz]2 " A2

as s — 1 in a Stolz angle. Also,

/') _ 1F@IVe/ v, 2

ls—1  Yavpl] 2
as s — 1 in a Stolz angle. |

We can now compute S-numbers in terms of the Riemann map.

Proposition 2.17. Let f : D — Q be a conformal bijection, and let f(z,) = b #
00. Assume that a € O\ {oo} satisfies (2.12). Let (o € T and T'f((s) > 0 be as
in the preceding lemma. Then

2la —b]* 1—|z)?

ﬁﬂ(a’vb) = |1 _Z_bCa|4 |fI(Zb)| Ff(cﬂ)' (2'21)

Proof.  Using the notation of the preceding lemma, we first calculate
dQ(Ipv C(bvp)) = dD(va Cp)v where Cp = fﬁl(c(bv p))
Since f is conformal and by (2.16) we have
p

Cp, = C(zb, 7577 and @, = C(Ca,Ya/P)-
P ( |f,(zb)| ) P ( \/_
We now do some conformal mappings. First map ¢ : D — D using
Z— Zp
=
p(2) = Ar—

where A € T is chosen so that ¢({,) = 1. By the conformality of ¢,

C), = ¢(Cp) » C(0, I@'(Zb)lwpzb”) and Q) = (Q,) = C(1,[¢"(Ca)Vav/p)-

Next map ¢ : D — C\ (—o0, 0] using
v = (22)
S \z+1/)
We get,

G =9(C}) = C(1,41¢' (%) lplf' ()| 71) and Q) = ¥(@Q;,) = C(0, i|@'((a)|273ﬂ)~

Note that C}/ is a Jordan curve, while Q} is a crosscut of C\ (—00,0]. We can
now compare de\(—oo,0 (C}, @) With extremal distances

1
d(C\(—oo,O] (C(Ov 7‘0), C(lv Tl)) = dC(C(Ov 7‘0)7 C(]-v 7‘1)) = _% 10g(7‘07‘1)+0(7‘0 +’I‘1),

(The first equality follows from the symmetry in the real axis, while the second
follows from Lemma 2.9.) The comparison principle yields

1 _
Aoy (—o0,0] (€5 Q) = =5~ 108 (&' (G)I*1¢ (o) 1S (20)| " 72p") + 0(1) s p = 0.
By conformal invariance, this equals do(1,,C(b, p)). Using an estimate similar to
(2.18) it is now easy to see that

JQ (C(CL p)7 C(b7 p)) = dgo ([/N C(b7 p))
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Subtracting
1 a—b|?
(Cla.p). C1bp) = 5105 = o)

(see Lemma 2.9) we get

Xao(C(a,p),C(b,p)) = —% 1og (|¢' (Ca)IPl¢" (zu)II.f' (z6)| ™ v2la = BI?) + o(1)

and thus
Ba(a,b) = |¢'(Ca)I*1¢' ()£ (20)| 92 la — D
Calculating ¢' and inserting (2.17) we get (2.21). O

In particular Lemma 2.16 states:

Corollary 2.18. Let f : D — Q be a conformal bijection. If a € 9N\ {oco} satisfies

(2.12) then
1—
lim T > 0.

r—1 |f’(7“Ca)|

We now prove a converse of this.

Proposition 2.19. If f : D — Q is a conformal bijection, and { € T is a point
with )
—r
lim ———— > 0,
r=1 | f'(r¢)|
then
a = anglim f(z) exists (finite),

z—(¢

a satisfies (2.12) and {, = (. (. is as in Lemma 2.16.)

Proof.  Since there is a finite B so that |f'(r{)| < B(1 —r) we easily get that
a = lim,_; f(r¢) exists (finite). As is well-known then also a = anglim__,. f(2).
By integration

|f(rQ) —al < g(l - (2.22)

Let P be the prime end of 2 that corresponds to (. Since a = anglim__, - f(2),
the point a is the unique principal point of P, see [Pom92, Corollary 2.17]. Thus
P can be represented by a null-chain J,, C C(a,p,). Then W, = f~1(J,) is a
null-chain in D corresponding to (. We can find r,, € (0,1) so that r,{ € W,,. By
(2.22),
B

pn < 5(1 —rn)% (2.23)
Map D onto the strip S = {s: |Im s| < 7/2} by
(+=z
(-2
Then W) = ¢(W,,) form a null-chain in S corresponding to +00. Now W/ contains
the point

s = ¢(z) =log

147,
snch(rnC)zlogl_r .

Thus, by Ahlfors’ distortion theorem [Ahl73, p. 76-78]

1
ds(W{,W!) < =(sn — 51 + log 32).
T
Together with (2.23) this gives
1 1
do(Ji, Jn) = ds(W{,W}) < —log— + C.
2T Pn

Thus Xq(C(a, p1),C(a, p,)) is bounded, and (2.12) follows from Proposition 2.13.
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Let a(p),I,,Q,,(a be as in Lemma 2.16. If I is a component of C(a,p,) N Q2
different from I,,, then by (2.18)

1 1
do(I! ,J1) > —log ———.
Q( Pn? 1) = o 0og QPnOé(Pn)
Thus J, = I,, for large n. Hence the null-chains W,, and @,, are also equal, and
therefore the corresponding points ¢ and (, are equal. O

It follows that we have a 1-1 correspondance between

(i) Points a € 90 \ {0} satisfying Bq(a,b) > 0 (where b € Q).

(ii) Points ¢ € T with lim,_; —|f}(_7«rg)| > 0.

In this context it is comforting to know:

Lemma 2.20. For every conformal mapping f in D and every ¢ € T the radial
limat

. 1=r . .

lim ——— exists (finite).

r—1

[f'(r )l

Proof. 'We may assume that ( = 1. Suppose first that co ¢ f(D). By the
distortion theorem (1.4)

Lf'(r)] > 1f'(s)] for0<s<r<l1.

(1—52)3(1 —r?)
(I—rs+r—s)

Thus .
] )
11£n_>1{1f1_T 2|f(s)|8(1_s) for0<s<1
and ) )
lim inf —|f ()] > lim sup |/ (8)|
r—»1 1—17r sl — 5

Hence lim, 1 |f'(r)|/(1 — r) exists in (0, +00].
In case oo € f(DD), let R > 0 be small and let ¢ : DN D(1, R) — D be a conformal
bijection with (1) = 1. Then the preceding case applies to g = f o o~ 1. By the
distortion theorem

9'((r))

7O+ 70) 0 =1)) —lasr — 1.

Thus

O 1 G O 1€ o € G )] FY PR 174 €| FRPORT:
1% 1—r _};H% 1—7r |(p(r)|_l1gi 1—s|¢(1)| >0 ([

We can even prove that an angular limit exists:

Proposition 2.21. For every conformal mapping f in D and every ( € T the
angular limit

N (G d R :
Tf(¢) := anglim exists (finite).
! ¢ 177G
Proof. By the preceding lemma we have two cases:
Case 1: )
—-r
lim —— > 0.
r=1 | f'(r¢)|

Proposition 2.19 says that a = anglim__, - f(2) satisfies (2.12) and ¢, = (. Lemma
2.16 now shows that the angular limit exists.
Case 2:
. 1—r
lim ——— =
r—1

£ (r )l
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The distortion theorem (1.4) shows that

[F' @)= 11 (210
for z in a Stolz angle A at (. Since |z — (] < C1(1 — |z|) for z € A we get

‘ A TE AR O

Collecting what we have obtained this far, we see that Theorem 2.1 follows from
Propositions 2.21, 2.19, 2.17 and 2.13. Note also that formula (2.1) can be gener-
alized to

Ba(a,00) = 2|f"(00)[Ts(Ca)- (2.24)
Here, f : D* — Q is a conformal bijection with f(c0) = oo and a = f({,) € 9Q.
The proof is similar to that of Proposition 2.17. We now deal with the case of
[-numbers where both points are on the boundary.
Theorem 2.22. With the notation of Theorem 2.1, suppose that (1,(2 € T satisfy
['¢(¢;) > 0. Then

41£(G) = F(&)?

Ba(f(G), f(&)) = o =Gl LG5 (C2)- (2.25)

Conversely, if a; € OQ\ {0} satisfy Balar,a2) > 0, then a; = f((;) for some
uniquely determined (; € T with T'¢(¢;) > 0.

Proof.  The proof is similar to that of Proposition 2.17. By Proposition 2.19,
a; = f(¢;) satisty (2.12). Thus, by Lemma 2.16,

Qulaj) = fH(Lp(a5)) = C (¢ Va; V0)-
Map D onto the upper half plane H using

o) = 122
Then
Qp(a5) = 0(Q,(a5)) = Cp(()), %)'

By comparison with sectors of angle ,

2
du(Q),(a1),Q),(az)) = llo%%

By conformal invariance this is also equal to do(,(a1), I,(a2)). Using an estimate
similar to (2.18) it is easy to see that

da(Clay, p), Clas, p)) = do(I,(a1), I,(as)) for small p.
Subtracting

+o(1) as p — 0.

0-(Clay, p), Clan. ) = —log =22 1 q)
C 1,P), 2,P)) = 2 g pg
(see Lemma 2.9) we get
G = Gf?

1
Xa(Cla1,p),Claz,p)) = = log +o(1) as p — 0.

Va1 Yaz a1 — az|
Thus | B
V2 ’Yao a1y —az
Balar,az) = ——————,
G =Gl
which proves (2.25)

For the converse, suppose that 8q(ai,az) > 0, where a; € 90\ {c0}. The proof
of (2.10) = (2.11) in Proposition 2.13 applies almost unchanged. We get that
a; satisfy (2.12). By Lemma 2.16, a; = f((;) for some (; € T with I'y(¢;) > 0.
Proposition 2.19 shows that (; is uniquely determined by a;. O
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The formula (2.25) is valid also for a conformal map f from the upper half plane
H={zec C:Imz > 0} onto . Namely, if 21,22 € R have I's(x;) > 0 then

B (1), fla)) = BV ZI@I L op ), (2.26)

(1 —22)*

For the limit case z2 = f(x2) = 0o we get a neat formula:

Theorem 2.23. Let f : H — C be an univalent function. For every x € R the
angular limit

Ty(x) = arzlglixm ‘ Zf,z;)ﬁ ‘ exists (finite). (2.27)

Also
I'f(00) := anglim ‘ f,iz) ‘ exists (finite). (2.28)

IfTy(xz) > 0 and T'¢(00) > 0 then

a = anglim,_,  f(z) exists (finite), (2.29)
oo = anglim,_,  f(2) (2.30)

and
By (a,00) =T f(x)Tf(00). (2.31)

Conversely, if @ C C is a simply connected domain with boundary points a and
oo satisfying Pa(a,00) > 0, then there is a conformal bijection f : H — Q with
L't(0) >0, I'f(c0) >0 and a = anglim,_,, f(2).

Proof. (2.27) and (2.29) follow from Theorem 2.1 by a simple transformation. A
transformation of the distortion theorem (1.4) shows that

'@ o Uz=sl+lz=3D"
f'(s) 16 Im s(Im 2)3
It follows from this that
T
y—r+o0 Y
cf. Proposition 2.20. To prove (2.28), (2.30) and (2.31) we may suppose that

0¢ f(H), a =1 and & = 0. We consider two cases.
Case 1: C > 0. By the Koebe 1/4 theorem
1C
f(H) > D (f(iy), Z%y) for large y > 0.

This implies that |f(iy)| > Cy?/8 for large y > 0. Define g : D — C by g(z) =
1/f(p(z)), where p(z) = i(1 4+ 2)/(1 — z). We get for 0 < r < 1 that

L-r _ 1-r [fe)P (g) (L-ne]* €

lg' ()l 1f el 19" ()] 8/ 1f'(erDlle’(r)] 16
as 7 — 1. By Proposition 2.19 and Lemma 2.16 this gives I';(1) > 0,

anglimg(z) =0 (2.33)

z—1

for z,s € H. (2.32)

exists (finite),

and

anglim l9(2)| = 1
e —1F T A, ()

Letting ¥(2) = ¢ 1(2) = (2 — 1) /(2 + 1) we get
FE| 9@ || @E) =D ¢() 1 1
‘ 2T ‘wz) - 1‘ ‘ o) | | —1z| ~ T W =0

(2.34)
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as z — 00 in a Stolz angle, so that I'f(co0) =T'4(1). (2.30) follows from (2.33). To
prove (2.31), note that

z—l—l fle(2))? z+1)‘ 1
= 1'4(0)——5 2.35
‘f ‘ p(2)¢'(2) st )Icp’(—l)lz (23
as z — —1 in a Stolz angle, so that I';(—1) = 4I';(0). Theorem 2.22 now gives

B2 (1,50) = By (1,0) = 5Ty (~1)Ty(1) = T (O)T(o0).
Case 2: C = 0. By (2.32) we get
FC g | Tm)

|z — Im =

for z in a Stolz angle A at oco. It follows that

anglim —|f’(z)|

z—00 |Z|

=0.

To prove the converse, suppose that 2 C C is a simply connected domain with
a,00 € 9N satisfying g (a,00) > 0. We may assume that a = 1. Let g: D — Q!
be a conformal bijection. By the Md&bius invariance

Ba-1(1,0) = Ba(l,00) > 0.

By Theorem 2.22 there exists ¢; € T with I'y(¢;) > 0 and g(¢o) =0,9(¢1) = By
composing with a Mobius transformation we may arrange so that (o =1 C =-

Letting f(z) = 1/g(1(z)), where ¢ is as above, we see that (2.34) and (2.3 )
hold. O

4. Geometric criteria for 8 > 0: General domains.

We study the following problem: Given a simply connected domain 2 and points
a € 90, b € Q, find necessary or sufficient geometric conditions on 9 for Bq(a, b)
to be positive. By Proposition 2.13, our task is to estimate

%MWMWMF®MWWWMF%M%8M+0@W

It is enough to consider p = e~4", where n > 0 is integer and A > 0 is a constant.
We may as well assume that pg = 1 and a = 0. We will estimate (2.36) in terms
of the angles ay, as,...a, which are defined as follows: «y, is the minimal angle
(with apex 0) that contains Q¢ N {z : e * < |z| < e **1}. This notation will be
kept for the rest of this chapter.

Theorem 2.24. There is a constant C (dependmg on A) such that
X, —An T) = 7 —An
9(0(07 € )7 ) dQ(C(07 € )7 Z IOg g/ak

Corollary 2.25. If 3o(0,b) > 0 then

To understand Theorem 2.24 it is instructive to consider the special kind of do-
mains @ = C\ J, where J is a Jordan arc. Assume that J can be described by
an equation ¢ = ¢(r) in polar coordinates, where ¢(r) is increasing. Consider the
domain

G =—logQ={z+iy:e(x) <y <) +2r},
where p(z) = ¢(e”), see Figure 3 below. The case n = 1 of Theorem 2.24 states
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y=¢(z) +27

rz=A
G
FI1GURE 3
that
A a?
de({z:Rez=0},{z:Rez=A4}) - —>C—— (2.37)

2 = " log(9/a)’

where o = min{p(A) — ¢(0),27}. The following example shows that this estimate
is best possible (up to the constant).

Example 2.26. Let G ={z +iy: 0 <z < A, p(z) <y < ¢(x) + 27}, where
o} T+ o

= 1 0i 1).

o(x) og(l/a + 1) 0g — (o > 0 is small)

Then
de({z :Rez =0},{z: R —A})<i+c°‘72
g(1{z:Rez=0},{z: Rez = S 5 Tog(1/a)’

Theorem 2.24 has been in the air for some time. The easier estimate
Xa(C(0,e~4) > Cal

appears in [CaMa94, p. 38], see also (2.52) below. Theorem 2.24 implies a module
estimate of Teichmiiller, see Corollary 2.34 below. To prove Theorem 2.24 and
Example 2.26, we will use the connection between extremal distance and Dirichlet
integrals.

Definition 2.27. The Dirichlet integral of a function v : G — R is

D¢ (u) = //G |Vul|® dA.

Lemma 2.28. Let G be a Jordan domain. Let Iy, 11 by two disjoint arcs on 082,
and let Jo, J1 be the complementary arcs. Then

1
= min D¢ (u),

tollo 1) = Gty M

where the minimum is taken over all continuous u : G — R in the Sobolev space
W2(G) withu=0 on Jy and u =1 on Jy.

The minimizing function is w = Re f, where f is a conformal mapping of G onto
a rectangle (0,1) x (0,A) with f(J;) = {5} x [0, A].

Proof. By conformal invariance of d and D it suffices to consider G = (0,1)x (0, \)
and J; = {j} x [0, A]. Then

1
da(Io, 1) = A and da(Jo, J1) = 1
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If w=jon Jj, then

1= (u(l,y) —u(0, (/ |Vuxy|d:r> /|Vuxy|2dx

for almost every y. Integration yields A < Dg(u), with equality if u(z) = Rez. O

Proof of Example 2.26. Let u : G — R be any continuous function which is C"*
in G and satisfies u(0,-) = 0 and u(A,-) = 1. By Lemma 2.28 we only have to

prove that

2 a?

D > ——-Ci——.
oW = =~ AT
Writing u(x,y) = z/A + h(x,y), we have

2 2
T2 hdy+Deh).

Dg(u) = AT ),

Hence it suffices to prove

Define H : [0, A] x [0,27] — R by

H(z,y) = h(z,o(z) +y)-
Since ¢'(z) < 1/2 we get D(H) < Dg(h), so that (2.38) can be written

/OW(H(x,O)—H(x,Qﬂ))Id%‘ < ¢y logé-D(H) (2.39)

Here we have used also that H(0,-) = H(A,-) = 0. Let L¢ be the line segment
from (&,0) to (0,27¢/A). Then

1/2
|H(&,0)] = ‘H(@O) - H (0 %)‘ /L£ |VH|ds < <C4§/ |VH|2ds> ,

so that by Schwarz’ inequality

[l (enf [ wmws [ )

1\ /2
< Cs <D(H)log —) .
a

Together with the similar estimate

! d¢ 1\ /2
s < -
[ it oml S < s (Do 1)
this proves (2.39). O

To prove Theorem 2.24, we first prove the special case (2.37). Actually, we will

need the following more general case:

Lemma 2.29. Let G be a domain of the type
G={z+iy:plz)<y<iy(z),0<z <A}

where p and Y are increasing functions. Assume that areaG = 27w A, ¥(A)—p(0)
87 and ¥(0) — (A) = 2 — v, where o < min{35, &}. Let I, = {x +iy : ()
y <(x)}. Then

<
<

a?

dalloo 1) 55 2 Clog(oga)’
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y = ¢(z)

(A =mn,%(0) +n)
J+

(0,4(0))

Ia

2T — o

J_

y = o(z) (A, 0(A))

(& ¢(A) - &)

FIGURE 4

Proof. Let J. and J_ denote the arcs of OG that are complementary to Iy
and I, chosen so that J; is the upper part (corresponding to ), see Figure 4.
Let £ > 0 and n > 0 be the unique numbers satisfying (&, p(A4) — &) € J_ and
(A —n,¢¥(0)+n) € J+. Using that the height of G is at most 87 we get

27A = areaG < (E+ 21 —a +n)A + 8w + 8mn.

Hence £ > ca or > ca, where ¢ = A/(2A + 167). It suffices to consider the case
& > ca. By comparing areas we have

27 A = areaG > &% + 0’ + (21 — ) A,
and it follows that £ < v Aa < min{1/4, A/4}.

Below we construct a continuous function h : G — R satisfying

h=0on IpUJyUIls, (2.40)
/ hdy > %, (2.41)
1
D¢(h) < C’logg. (2.42)
Using this, let
x §
=— —c¢ch h =
Then
areaG  2e oh
D = = — —dA+e2Dg(h
o ="5"-% [ Fraa+epam
2r  2e 9
—I—Z Jﬁhdy+5 DG(h)
27 Ef 2 1 2 52
<———=+4Ceclog==— — —————.
S A oAt 8T T T 6 Clog(1/6)
Since u =0on Iy and u =1 on I4, Lemma 2.28 gives
1 A 2
do(To, L) > >2 0 ¢

which proves the lemma.

To construct the function h, we consider two cases:
Case 1: (A—=E) > ¢(A)—&/2. We may assume that ¢(A—¢) = 0. Let Ry,..., Ry
be the closed polygonal regions in Figure 5.
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Yy
Ll (3, 3)
2
R4 Rs
Rg RG
0 T
xT
A
Ro> R7
—£
Ry
72 —
¢ (6, -20)
FIGURE 5. The domains Ry, ..., Ry
We define
((z+y)/6+1 inRy
x/§ in R2
(x — Ay) /¢ in Rs
1-A in R
h(z,y) = u/= .

1—-Ay/(l—=z) in Rj
(1—o—Ay)/¢ in Re
1 in Ry
0 otherwise.

\

It is easy to check that (2.40) and (2.42) are satisfied. (2.41) follows from

DO |

/hdyz/ dy > o(A—€) — o(€) = p(A— ) — (p(4) — &) >
J_ J_NR7

Case 2: p(A—&) < p(A)—E£/2. Let z; € J_ be a point with Im z; = ¢(A—&)+£/4.
Let Ry, Re and Rj3 be the polygonal regions in Figure 6.

Define
o= (4-%)) in R

4 .
hz,y) = 1+ 2(Imz —y) in Ry
1 in R3
0 otherwise.
It is easy to see that (2.40)—(2.42) are satisfied. O

We will use rearrangement inequalities to reduce the proof of Theorem 2.24 to
Lemma 2.29. First a one-dimensional version.
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* (4, 9(4))
Ro £/4
z1
T (A-&p(A—-9)
Ry
R3 13
£/4 3

FIGURE 6. The domains Ry, Ro, R3

Definition 2.30. Let w : [a,b] — [0, 1] be a measurable function. Then the func-
tion

m(y) = [{z : u(z) <y}
is increasing and right-continuous. (| | denotes Lebesgue measure on R.) The
“inverse” of m defined by

u'(z) =sup{y :m(y) <z},  a<z<b
is called the increasing (right-continuous) rearrangement of u.
Lemma 2.31. Rearrangement has the following properties:

a) u* and u are equimeasurable, that is

/:«pw*)dx:/absa(u)dx

for any Borel measurable function ¢ : [0,1] = [0, 1].
b f; uyug dr < fab wiug dw.

c) f;(ul —up)?dx > f;(uf —u3)?da.

d) |ur —us| <e = |uj —uj| <c (¢ constant).

e) If u is Lipschitz, then u* is also Lipschitz with the same (or smaller) con-
stant, and

b

/abu'(x)deZ/ (W) (2)? da.

a

Proof. a) See [HaLiP659, Section 10.12].

b) See [HaLiP659, Theorem 378].

c) Follows from a) and b).

d) Follows from the implication v < v = u* < v*.

e) Assume that u is Lipschitz with constant &, and ¢ < 21 < z3 < b. Choose
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&, & € [a,b] such that u(&;) = u*(z;) and u(l) = (u*(21),u*(2)), where I is the
open interval between & and &. We have

S =&l = [ < Koo' (21) <ulz) <u'(2)}

=z u(z) <u'(z) <u'(z2)} < 22 — 1. (2.43)

Thus we see that u* is Lipschitz:
u(z2) —ut(z1) = u(é2) —ulé) < kl& — &| < k(a2 —a1).
By Schwarz’ inequality
')~ @) = e ~wi@)) < ( [1ae) <1 [ o

so that by (2.43)

(u*(xg) —u*(xl)) S/I|u/|2 de.

To — X1
Hence, for a partition a = x¢g < 1 < ... <z, = b we get

zn: <u*(5€£) - u*(xk_1)>2 (25 — 2p1) < /ab WP d.

- Tp_
= k— Th—1

Now e) follows from the bounded convergence theorem. |

The following proposition is a consequence of an inequality for the Dirichlet integral
under Steiner symmetrization, see [P6Sz51, p. 185-186]. For the corresponding
result for circular symmetrization, see [Hay94, Section 4.7.1].

Proposition 2.32. Letu : [a,b] x [c,d] — [0,1] be Lipschitz. Define the increasing
rearrangement of u in the x-variable by
U’*(xv y) = (U(, y))*(l')

Then u* is Lipschitz and

//|Vu|2dA2/ |Vu*|? dA. (2.44)

Proof.  Since |u(-,y) — u(-,y")| < kly — y'|, Lemma 2.31d) gives
[u* (2", y) —u" (2, y")| < kly =y
By Lemma 2.31e)
[u*(z,y) —u'(z',y)| < klz — 2.
These add to
[u*(z,y) —u (2", y")| < k(lz = 2"+ |y — '),
and it follows that u* is Lipschitz.
For a partition ¢ = yg < y1 < ... <y, = d, Lemma 2.31c) gives

2
/ ( T yk) - U(%Zikl)) (yk _ yk71)dl“
F— Ye — Yk—1

iryk) w (@, yr-1) \
At —yr_1)dz.
>[5 (M) s

By the bounded convergence theorem

b d ou 2 b d ou* 2
— > .
/a/ <3y> dydx_/tl/c <3y> dydr

Together with Lemma 2.31e) this gives (2.44). O

Before the proof of Theorem 2.24, just one more lemma.
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Lemma 2.33. If J C T is an arc and A > 0, then
A
d(C(Jvc(OveA)) > 2_ + C(27T - |J|)2
™

for some constant C depending on A.

Proof. Let J={e?:c<f<2r—c}. Let Q = HN D(0,e4)\ J. By symmetry
1
de(J,C(0,e1)) = 5alQ(J,C(o,eA)). (2.45)

(To see this, let ¢ : Q@ = {z:1 < |z|] < R, Imz > 0} be a conformal bijection with
o((—e4,—1)) = (=R, —1) and ¢((—1,e%)) = (1,R). By reflection ¢ extends to
a conformal mapping of D(0,e?)\ J onto {z : 1 < |2|] < R}. Now (2.45) follows
from Example 2.4.)

Consider G =logN ={z+iy: 0 <y <m, x < A}\[ie, im]. We have to prove that

dg([ig,in], [A, A + i]) > é + Cye.
Define ¢ = min{A/27,1}, h(z) = (cg — |2|)+/2A and u(z,y) = (x/A) 1+ + h(z,y).

Then
D Da((z A // —dA+D h
a(u) = Dg((z/A) 1 0. x(0m) O a(h)

e wele?

T A 24 Tsar
Since u = 0 on [ig,in] and u =1 on [A, A + iw], Lemma 2.28 gives

1 A
> = 4 Che?.

dg([ie, i), [A, A + i7]) > Dota) = = .

Proof of Theorem 2.24. By Lemma 2.7 we only have to consider the case n = 1.
Let 7o and y4 be components of TN Q and C(0,e~*) N Q, respectively. We have
to prove that

af
log(9/1)’
where Q' is the component of Q\ vo\ 74 that has both v and 4 on its boundary.
By the comparison principle, we may assume that vy and y4 are not separated in
Q' by any other components of TN or C(0,e~4)NQ. Let f: Q' — (0,)) x (0,1)
be a conformal bijection such that f(vo) = {0} x (0,1) and f(ya) = {\} x (0,1)
Consider the Jordan domain

"= f(0,\) x (s,1 —¢)) C O,
which is bounded by the analytic curves
ol = f((0,A) x {e}) and o = f((0,A) x {1 —-¢})

and the circular arcs
o = f{0} x (5,1 —¢)) and ) = f({\} x (5,1 ~¢)).

dor (70,74) —

Since
dor (70, 74) = 77 and  dor(70,74) = A,
we need only prove that
af
der (75, 74) — Tog(9/a1) (2.46)

We divide the proof into three cases:
Case 1: 21 — e?|y{| > a1 /4. By Lemma 2.33

A a1\ 2
. " " > 1 > 2 a1 )
dQ (7077A)_dC(T77A)_ 27{+C(4)



2.4. Geometric criteria for B > 0: General domains. 33

Case 2: 21 — || > a1 /4.
This case is reduced to Case 1 using the transformation w = e=4/z.

Case 3: 21 — ey} < a1 /4 and 27 — || < a1 /4.
Consider G = —1logQ", Iy = —log~y Ia = —log~!t and Jr = —logo!/. Assume
that J, is located above J_, as in Figure 7.

I+

FIGURE 7. The domain G

Let u: G — [0,1] be the minimizing function given by Lemma 2.28. v is harmonic
in a neighbourhood of G, u =0o0n J;,u=1on J_, and

dor (Vg »va) = da(lo, Ia) = Dg(u) > Dy (u),

where V' is the component of (GU Iy UI4)N ([0, A] x R) that has contains I and
Iy.

Let R = [0, A] X [a, b] be a rectangle containing V. The set R\ V has two com-
ponents K D Jy and K_ D J_. Extend u|y to R by letting v = 0 on K and
u=1on K_. Now u: R — [0,1] is a Lipschitz function. Let u* : R — [0,1] be
the increasing rearrangement of v in the z-variable. By Proposition 2.32

Dy (u) = Dr(u) > Dr(u”).
Let now u** be the decreasing rearrangement of u* in the y-variable. If follows
from Proposition 2.32 that
Dg(u®) > Dp(u™).
The set V** = {z € R:0 < u**(z) < 1} can be written
V™ ={(z,y) € R:a+ Li(z) <y <b— Lo(z)},

where L;(z) = |{y : u*(z,y) = j}|. Since u*(x,y) is increasing in z it follows that
L, is increasing and Ly is decreasing.

Let IJ* =V* N ({0} xR) and I}* = V** N ({A} x R). By Lemma 2.28
Dr(u™) = Dy« (u*™) > dy (I5*, I5).
Consider the set
W ={(z,y) : o(x) <y <(x), 0 <z <A} DV,
where

o(x) =a+ Li(z) and ¢(x) =b— Lo(z) + 2(2rA — area V™™ )x /A.
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Since area V** = area V' < 27 A the functions ¢ and v are increasing, and area W =
2w A. By comparison

dV** (Ig*v Iz*) Z dW(QOv QA)v
where Qo =W N ({0} x R) and Q4 = W nN ({4} x R).
Let B = (¢(0) — ¢(A))+ and a = 2m — B. We claim that
a>ay/2. (2.47)

and

a2

A
dw (Qo,Qa) > o + Cm (2.48)

Together with the inequalities above, these prove (2.46).
Proof of (2.47): Consider
y— = max{y : u(x,y) = 1 for some z € [0, A]}
and
y+ = min{y : u(x,y) = 0 for some z € [0, A]}.
If y_ <yy then [0,A] x (y—,y+) CV C G. Thus, by the definition of ay,
Yy —y- <21 —ay.
To prove (2.47) it thus suffices to prove

¥(0) <y+ + % (2.49)
and
p(4) 2y - (2.50)

We prove (2.49). The proof of (2.50) is similar. Let I§ = {(0,y) : 0 < u*(0,y) <
1}. It easy to see that
$(0) =y + {(0,9) € I5 :y > y4 }. (2.51)

Further, there is a curve v C {z : u(z) = 0} that connects some point (x,y4) with
a point (0,4") or with a point (1,"). Assume the first case (the other case is dealt
with similarly). Since v*(0,y) = min{u(z,y) : 0 < x < A} it follows that the
segment [(0,y+), (0,y")] is disjoint from Ij. Since u(0,y’) = 0, the segment Iy is
located in y < 3'. Thus
{0,9) € I5 :y >y+} ={(0,y) € I : y > y'} is disjoint from I.
Since u*(0,y) = min{u(z,y) : 0 <z < A} we have u > 0 on [. Since u(0,y) < 1
for y > inf{y : (0,y) € Iy} we get
{(Oy)elsy>y}={0y)el5:y>y}tCV
By the second of the inequalities defining Case 3, we have
{y: (0.9 € V\ To}| < 27 — [Jo] < s /4.
Hence (2.49) follows from (2.51).
Proof of (2.48): We first prove that

dw (Qo,Qa) > % +Ca®. (2.52)

Define a metric p in W by

2 M o o

o )1+ fed)-F<y<eAd)+B+7

p(r,y)” = .
1 otherwise.

Then
2 2

o' Q 2w o' o'
AW)<2mA+ 2 (B+ ) a="T(a24+2 ) 2
o(W) < 27 +16A2( +2) A< +16> 324

3
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\/AQ —2
L,(T") >
p( )_ + 16

for the family I of curves in W connecting Q¢ and Q4. Thus

L) _ A
> P > 3.
AT) > 4,00 = 27 +Ca

and some calculus shows that

When proving (2.48) we can thus assume that o < min{;;, &4}, By (2.47) we
get a; < 2w, which means that Q contains some sector of {z : e=4 < |2] < 1}.
Hence the height of V' is at most 4, that is, we can take b — a < 4m. It follows
that the height of W is at most 8, that is, ¥(A) — ¢(0) < 87. Now (2.48) follows
from Lemma 2.29. U

As a consequence of Theorem 2.24 we get the following module theorem due to
Teichmiiller [Tei82, p. 233-244], see also [Pom92, Proposition 9.5].

Corollary 2.34. Let J be a Jordan curve separating T and C(0, R), where R > 1.
Ife <1/2 and

1
de(T, J) 4+ dec(J,C(0,R)) > Py logR — ¢,
T

1
in|z| <1+ Cy/elog =, 2.53
max |2|/min |2| <1+ C4/elog - (2.53)

where the constant C may depend on R.

then

The proof in [Pom92] shows that C' can be taken independent of R.

Proof. By the serial rule, conformal invariance and the assumption we get

dc(J,RJ) > dc(7,C(0, R)) + dc(C(0, R), RJ)
=de(J,C(0,R)) + de(T, J) > % log R — <. (2.54)

Consider the domain G bounded by log J, log(RJ) and line segments Iy C {z :
Imz=0},; C{z:Imz=2r}. By Lemma 2.28 and comparison

da(Ip, 1) = dg(log J,log(RJ)) > dc(J, RJ),

which together with (2.54) gives
27
dg(Ip, ) < —— + C4e.
(Lo, 1) < logR+ 1€
After a scaling, Theorem 2.24 yields

2

2T o
Iy, 1) >
dg(Io, It) > g B +0210g(9/a)’

where
2T

max Relog J — minRelog J)}.
R

/ 1
a<Cs slogg,

which is (2.53). O

a = min{27
"log

It follows that

We also would like to mention the following rather trivial upper estimate of the
excess of extremal distance.
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Theorem 2.35. If oy, <e(k=1,...,n), where ¢ is small (depending on A), then

Xa(C(0,e ™), T) = do(C(0,e ™), T) — % <CAY o, (2.55)
™
1

where C' is an absolute constant.

Corollary 2.36. If Y |° a, < 00 then Bq(0,b) >0

Proof of Theorem 2.35. Let U = —log(Q, and let Iy and I,, be components of
UN{z:Rez=0} and UN{z: Rez = An}, respectively. Let G be the component
of U that has both Iy and I; on its boundary. As in the proof of Theorem 2.24,
we may assume that G is a Jordan domain. Let J; and J_ be the complementary
arcs of I and I,,. Define a metric p in G by

1
p(z,y) =pr = fork—1<xz<k
2 — a1 — O — Qg1
for k=1,2,...,n and p = 0 otherwise. (We let a_; = a,, 11 = 0.) Let T be the
family of curves in G connecting Jy and J_. If ¢ is sufficiently small (depending
on A), then L,(I") > 1, so that

L,(T)? 1
da(Jy, J_) = AT L >
e N (e
and by Lemma 2.28
1
dg(Ip,I,)) = —————< A <—+CA !
o 1) = o7y < A6 < 204 Yo
This proves (2.55). O

This estimate is also in a sense best possible. Namely, consider the domain
—logQ = U = {(2,y) : p(x) <y < ¢(z) + 2r}, where ¢p(z) = §sin Nz. As
N — +00 we have

An An

> — + CAna.

dy({z:Rez=0},{z:Rez = An}) — 5r—0 29
T — I

5. Geometric criteria for $ > 0: Slit domains

We now turn attention to the special kind of domains Q@ = C\ J, where J is
a Jordan arc with one endpoint at 0. We assume that J can be described by
an equation ¢ = ¢(r) in polar polar coordinates. We allow ¢(r) to have jump
discontinuities — in that case we include the corresponding circular arc in J.
(That is, the arc {re?’ : ¢(r—) < 8 < ¢(r+)} if ¢(r—) < é(r+), and the arc
{re? : ¢p(r—) > 6 > ¢(r+)} if ¢(r—) > é(r+).) In case ¢(r) is increasing, we can
improve Theorems 2.24 and 2.35:

Theorem 2.37. With Q as above and ¢(r) increasing we have

n—1

_dn - 9
¢y o} < Xo(C(0,e7 m)gcgjailoga—k,

2

where for the second inequality we assume that ay are smaller than some small
constant ey (depending on A). The constants ¢ and C may depend on A.

Corollary 2.38. For such Q and for b € Q we have the following implications.

(o) 9 (o]
X:ailogoé—l€ <00 = (a(0,b) >0 = Zai<oo.
1 1
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Proof of Theorem 2.37. Consider the set G = (—logQ) N {(z,y) : 0 <z < An}.
We have

G ={(z,y) : ¢(z) <y <(x),0 <z < An},
where ¢ and ¢ are increasing functions with ¢ = ¢ + 27 except for at most
countably many discontinuity points. We have to prove

n—1

A - 9
cZa% Sdg(lo,ln)—Z—: SC’Za%loga—k, (2.56)
2 1

where I; = GN{(A4j,y) : v € R}. Note that ay = min{27, p(Ak) —p(A(k—1)-)}.
To prove the lower estimate, we first prove the case n = 3:

3A
da(lo, I3) — 5 2 cas. (2.57)

By Theorem 2.24, we need only consider the case a; + as + ag < 1. Let J; and
J_ be the arcs that together with Iy and I3 form the boundary of G. Choose J;
to be the upper arc (corresponding to ). We construct a continuous function
h: G — R such that

h=0on IpUJy U I3, hdy > as and Dg(h)SCh
J_

where the constant Cy only depends on A. We can assume ¢(2A) = 0 and define

x/A for0<z<A y<l-—z/A
11—y for0<y<1, A-Ay <z <24+ Ay
hMz,y) =¢3—x/A for2A <z <34, 0<y<z/A-2
1 for A<z <24, y<0
0 otherwise.
It is easy to see that h has the properties above. Define u = x/3A — eh, where
€ = ay/2AC,. As in the proof of Lemma 2.29 we get
2
Do) < 27 - TR
and then (2.57) follows from Lemma 2.28.
By the serial rule (2.57) implies
An 2 2 2 2
da(lo, In) — o >clay + a5+ ag+...+azg),

where 2 + 3k < n — 1. Similarly
dg(Io, In) — % > c(af +ag+ ... +ady)
and
da(Ip, I,) — ;1—:: >claf+ai+...+af g0)
Taking the mean of these gives the lower estimate in (2.56).
We prove the upper estimate in (2.56) in a more general situation, see the next

theorem (take a = 27/A). O

We prove a version of the upper estimate in Theorem 2.37 in a more general
situation. We consider graphs y = p(x) which, when thought of as a road, does
not have too large and narrow holes or bumps.

Theorem 2.39. Let a > 0 and let n be a positive integer. Let J be a Jordan arc
which is the graph of a function ¢ : [0,n] = R of bounded variation. We allow ¢ to
have jump discontinuities of size < a — in that case we include the corresponding
vertical segment in J. Let G be the set in [0,n] x R between J and K = J + ai.
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Let A < 1. Assume that for every z € JU K there is a sector of angle A of the
disc D(z,a/2) that is contained in the domain

6" =G U ((=26,0) x (4(0).9(0) + @) ) U ((n+20) (ol o) + 0) ).

Let py. be the total variation of ¢ on [k — 1,k]. Assume that p, < eo for k =
1,...,n, where g is small (depending on a and A). Let I; = G N {z: Rez = j}.
Then

n - 1
da(lo,I,) — — < C 2log —,
(o, In) = — < zljuk o8
where the constant C only depends on a and A.

The proof of Theorem 2.39 uses the technique of Example 2.26. The key inequality
(2.58) below is proved by using the estimate

Ih(ae) — h(be)| < / V] ds.

[afrbf]

One then integrates over ¢ and uses Schwarz’ inequality.

Lemma 2.40. Under the assumptions of the theorem, let h : G — R be a con-
tinuous function which is C' on G and satisfies h = 0 on Iy U I,. Let J; be the
subarc of J with endpoints k —1+ip(k —1) and k +ip(k). Let K = Ji +1ia and
Gr=Gn{z:k—2<z<k+1}. Then

1
/ hdy—/ hdy‘ < Cugy/log — - Dg, (h), k=1,...,n. (2.58)
Ji Ky, Mk

Proof of Lemma. Let ¢ = min{§ sin(A/2),1}. For every z € J either

R) the segment (z, 2z + ¢ + 2a/2) is contained in G’, or
(R) g (2,2 +q+ia/2) ,
(L) the segment (z,z — q +ia/2) is contained in G'.

Fix k. Let Jgr be the set of z € J,, that satisfy (R). Let yo = max{Imz : z €
Ji}. Let Lo be the horizontal line segment [k — 2 + yoi, k + 1 + yot]. Define a
projection pr : Jg — Lo by letting pr(z) be the intersection point of the segments
(2,2 + ¢+ ai) and Lo. For each z € Jg, the segment (z,pr(2)) is contained in G'.
Define a (signed) measure vg on Ly by

vr(E) = / dy.
P (E)

It is easy to see that dvg = dgr(z)dz, where |0g(z)] < C1 = Ci(a,q). Extend
h(z,y) to be 0 for z < 0 and z > n. Now

/hdy—/ hdvg
JRr Lo

g/ / |[Vh|ds |0r(2)] dz
pr(Jr) 7 (2,051 (2))
5 1/2 1o
< / (/ |Vh| ds) dz (/ |6R(2)]? dz)
pr(Jr) \/ (2,05 (2)) Lo
1/2 1/2

< (/ / |Vh|? ds |p1_{1(z) —z| dz) <C’1 / |0R(2)] dz)

pr(Jr) /(205" (2)) Lo

S CQuk V DGk (h)

/ (h(p!(2)) — h(2)) dva(z)
pr(JR)
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In the last step we used that

PR (2) — 2| < Capuy and / 165(2)| dz = [vr|(Lo) = / 1y < e

Lo Jr

Let J = J\ Jg. Defining pr,, vz, and 6, similarly we have

hdy—/ hdvy, SCQMk\/DGk(h),
Jr Lo
and thus
hdy—/ hdv| < 2Cur+/Dg, (h), (2.59)
Jr Lo

where v = vy + vr. The signed measure v has density § = dr + 1 satisfying
|0] < 2C;.

Let yo = min{lmz : z € Ky} and y; = (yo + y2)/2. Let Ly be the horizontal line
segment [k — 1+ y14, k + y14]. We now claim that

/ hdl/—l/(Lo)/ hdz
Lo L

Together with (2.59) this gives

/thdy_(@(k)_¢<k_1))/ hds

Ly

1
< Cypgy /log ™ - Dg, (h). (2.60)

1
< Csppy [log o D¢, (h). (2.61)

(since v(Lp) = ka dy = ¢(k) — p(k —1)). The same argument with K in place of
J gives

hdy — (p(k) — o(k - 1))/ hdz

Ly

1
S CBHk lOg _— DGk (h) (2.62)
K, Mk

(2.61) and (2.62) prove the lemma.
To prove (2.60) it suffices to prove

/ hd1/+—1/+(Lo)/ hdz
Lo L

and the corresponding inequality for the negative part v_. Define a mapping
F:Ly— L; by

1
< Cougy [log e D¢, (h). (2.63)

+([k =2 +iyo, & + iyo))

F(x +iyo) = f(x) + iy, where f(z) =k — 1+ 2
v4(Lo)

We have

/hdy+—y+(L0)/ hdz
L

0 Ly
< / / |[Vh|dsdy(z)dz < 07/ / |[Vh|dy o4 (2) dz
Lo J(z,F(2)) Lo J(z,F(2))

2 1/2 1/9
< Cy (/Lo (/(LF(Z)) |Vh|dy> 04+(2) dz) ( L 0+(2) dz) / . (2.64)

Write z = € 4+ iyg. We can parametrize the segment (z, F/(z)) as

r=E+t(f(€) -9
Y =1%o +t(y1 — Yo)

/L (h(z) = B(F ()64 (2) dz

0<t<1.

By Schwarz’ inequality

2 1 1
dt
Vh|d —0)? Vh|? "¢ —t)d _—.
</@,F(z>)' |y> <l —wl? [ VWP 7O -0t [ e
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The last factor can be estimated as follows.

! dt log f'(¢) vy (Lo) 20, Lk
= 2 1 C .

/0 O -1 FO-1°"0:() Pl = 5@ P
(To see the first inequality, let kK = f'(§) = §+(€)/v4+(Lo). In case k < 2 one uses

lo 2 2C
8f 2 and vy (Lo) < pg <o < L
k—1 K e

In case k > 2 one uses 1/(k — 1) < 2/k and §4(z) < 2C4.) Hence

2
/ (/ |Vh| dy) 04(z)dz
L() (Z,F(Z))

1 1
_ 2 X 2 ’ _
< (y1 — yo)"Cgu log m /LO/O [VA[Z(1 +tf'(§) —t)dtdg

1
S CQ/Jfk lOg . DGk (h)v
Mk

where the last inequality follows from the change of variables formula. Substituting
this in (2.64) and using

01 (2)dz = vy (Lo) < [v[(Lo) < |vr|(Lo) + [vLl(Lo) = [ |dy| =
Lo Jr
we get (2.63). The inequality (2.63) with v_ in place of vy is proved in the same
way. Hence (2.60) holds, and the lemma is proved. O

Proof of Thereom 2.89. Let u : G — [0, 1] be the minimizing function given by
Lemma 2.28 that satisfies

1
=1 d dqg(lp,I,) = ——.
I, an G( 0, ) DG(U)
Write u = x/n + h. Summation of (2.58) and using Cauchy-Schwarz’ inequality
gives

ulr, =0, w

. 1/2
[ nay- [ hdy‘ <c(Siog~]  @Dam)2.
J K 1 Mk

Thus

areaG 2 oh
Da(u) = 5 +E//G%dA+DG(h)

v
S|e
|
S
/N
w
(]
=
Eall V)
5}

— 09
‘:|,_\
N——

-

~

[ V)
-]
Q
=
=
V)
+
-]
Q
=

e 3 i 2”: 1o
= n n2 - Uk g ,U/k °
Choosing g sufficiently small we get

dG([Ov In) =

1
+— ? log —
Dg(u) a? 21: 108 M n

Another class of domains Q = C \ J is obtained when .J is piecewise C1. Consider
the corresponding strip domain

G=—logQ = {(z,y) : o(z) <y < ¥(z)},
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where ¥ (z) = ¢(z) + 27 is piecewise C!. For strip domains G with 6(z) =
¥(x)—p(z) not necessarily equal to 27, one has the following estimate, see [Beu89,
p. 379-380] or [Pom92, Proposition 11.15].
e 1 / (@) +v'(@)?
v )

da{mn} xRlen) B < [ kg e

(This follows from Lemma 2.28 with u(z,y) = (y — ¢(x))/6(x).) This gives imme-
diately the upper estimate in the following theorem.

x.  (265)

1

Theorem 2.41. Let ¢ : R — R be piecewise C1. Assume that on each interval
[k — 1,k] (k integer), ¢ is monotone and

1 1 1
¢'<k—§>‘§|¢'(aﬁ)|§0¢'<k—§>‘ fork—1<axz<k.

Let G = {(z,y) : p(z) <y < o(x) +a}. Then

C

da ({0} x R {n} x B) — = < >~ [io(k) — (k= 1), (2.66)

Corollary 2.42. Let J be the curve ¢ = Acp(% logr) in polar coordinates, where
¢ is as in the theorem, and A =27 /a. Let b€ Q = C \ J. Then

Ba(0,b) >0 < Y o} < cc.
1

Proof of Theorem 2.41. It follows from Theorem 2.37 that

2 1
7\3) 773
if |o(2) —(3)] < 2(a+1), say. To see that (2.67) holds also when [¢(2) —p(3)] >

2(a + 1), consider the metric p = 1 and the family T of curves in G connecting
{z:Rez =0} and {z: Rez =1}. Then

)=+ 0) )

A,(GNn{z:0<Rez < 1}) =ua.

2 1
“\3)7%\3
From the assumptions it follows that

¢(3)-¢(3)| =@ -0

Thus (2.67) and the serial rule gives the lower estimate in (2.66). O

2

dG({z:Rez:0}7{z:Rez:1})—% > ¢ (2.67)

L) >

and

Hence

L,(T)? 1 ’
>—-+C

(Gﬂ{z:0<Rez<1})_a+ 2

MDY > o

6. The angular derivative problem

We have seen that giving geometric criteria for 3q(0,b) > 0 boils down to esti-
mating when

T2 —T1

da({z:Rez=x1},{z:Rez =x2}) — =0 asxp >1x; = +00. (2.68)

Here we suppose for simplicity that G = —log Q2 is a strip domain
G={z+iy: () <y <)}
with 0(x) = ¢ (z) — ¢(x) < 27.
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A similar problem appears in the angular derivative problem. Let f : D — Q be
a conformal bijection with f(1) =0 € 99. It is known [Pom92, Theorem 11.9]
that the angular derivative f'(1) = anglim, ,; f'(2) exists and is # 0, 00) if and
and only if

T2 — I

de({z :Rez=u=x1},{z:Rez =u5}) — =0 asx >x1 — +00 (2.69)

™
and

Yoo = liminf ¥ (z) and ¢ = limsup p(z) are finite, and Yoo — poo = m. (2.70)

T—+o0 T ——+00

Characterizing (2.68) should be easier than characterizing (2.69). Namely, we
have seen that the quantity in (2.68) is non-negative, while the quantity in (2.69)
can be negative. On the other hand, the condition (2.70) means that the known
geometric criteria in the angular derivative problem are of little interest for the
B-number problem, at least when rotation of spirals is considered. These criteria
deal mostly with the cases G C S or G D S, where S = (0, +00) x (0, 7).

Our estimates apply to the angular derivative problem for domains with 8(z) < 7
(Theorems 2.24 and 2.35) or #(x) = m (Theorems 2.39 and 2.41). This might be
interesting, since these types of domains are generally not of the types G C S
or G D S. The following 6(z) = 7 type domains have however been dealt with
before.

Example 2.43. Consider the union of the rectangles [k — 1,k + ] X [yx, yx + 7]
(k integer), where the “jumps” ur = |yx — yx—1| are small. Let G be the interior
domain. In [War71] and [Eke71] it was proved that if limy_, yx = O then the
following equivalence holds.

— 1
(2.69) <= E i log'u— < 0.
k
1

(Actually they consider a more general class of domains.) The proof is very com-
plicated and is based on estimates for the conformal map of a strip onto G using
the Poisson integral. We now give a simpler proof. We prove that (if ux < o)

n “ 1
da({z:Rez=0},{z:Rez=n}) — — < 2 log —.
ol 1A DT = Puios

The upper estimate follows immediately from Theorem 2.39. The lower estimate
follows from a modification of the proof of Lemma 2.29. By the serial rule it
suffices to consider n = 1. Let h : R2 — R be the continuous function

1 for r < py /2
h(z,y) =h(z) = ¢ (1 —2r)/(1 — 1) for /2 <r <1/2
0 for r >1/2,

where r = |z — (1 + 2884)| Tt is easily checked that

2T
h07~ :h ]_7~ :0, / hd = — and D h Siv
(0.) = h(1.) Ay == ) S Tog(1/m)

where G1 = GN{z: 0 < Rez < 1}. As in the proof of Lemma 2.29, with u = x—¢ch
this yields

da({z:Rez=0},{z:Rez=1}) >

1 9 1
> — +cpjlog —.
G1 (u) ™ M1



CHAPTER 3

Brennan’s conjecture

1. Equivalent formulations

Let 2 C C be a simply connected domain, and let ¢ : @ — I be a conformal
bijection. In [Bre78] J. E. Brennan posed the following problem.

Brennan’s problem: For which ¢ € R is

//Q l¢']9dA < oo for every ¢? (3.1)

1

In terms of the inverse map ¢~ = f : D — Q we may write this

// If'|"dA < o0 for every f, (3.2)
D

where t = 2 — ¢. This is also related to integral means over circles |z| = 7.

Definition 3.1. Let f : D — C be univalent and ¢ € R. Define §;(t) to be the
infimum of all 3 such that

27 i 1 B
/ |f,(7"619)|td020<<1 7") > asr — 1.
. _

By is called the integral means spectrum of f'. The universal integral means spec-
trum is

B(t) = sup{fBs(t) : f : D — C is univalent }.
Example 3.2. For the Koebe function k(z) = z(1 + 2)~2 we have
B (t) = max{—t —1,0,3t — 1}.
Thus (3.2) implies —2 < ¢ < 2/3.

Proposition 3.3. 3y : R — [0, 4+00) is convez, and

Br(t+s) < Bp(t)+3s ifs>0, (3.3)
6f(t—8)§6f(t)+8 if5>0, (34)
B(t) =3t —1 ift>2/5. (3.5)

Proof.  This follows from Holder’s inequality and the distortion theorem. See
[Pom92, Proposition 8.3 and Theorem 8.4]. O

Proposition 3.4.

Br(t) <1 = //D|f’|tdA<oo = B(t) < 1.

Proof. The first implication is obvious. Since |f’|* is subharmonic, the integral
J27 | (re?®)|* 46 is an increasing function of r. Hence

J[ sz a-nn TP e as,

and the second implication follows. O

43



3.1. Equivalent formulations 44

It follows from Example 3.2 and Proposition 3.3 that the equation B(t) = 1 has
two roots t = 2/3 and tp, € [—2, —1]. Proposition 3.4 shows that (3.2) is equivalent
to either

tpr <t<2/3 or tg <t<2/3.
Brennan proved that tg, < —1, and he conjectured that tg, = —2.
Brennan’s conjecture: (3.1) holds for 4/3 < ¢ < 4.
By Proposition 3.3 and Example 3.2 an equivalent formulation is
B(t)y=-t—1 fort<-2.

In [CaMa94] Carleson and Makarov indicated that the condition B(t) = —t — 1
can be reformulated as an estimate of S-numbers, or as an estimate of the number
of discs of large harmonic measure. In the following theorem, we prove that these
formulations are equivalent.

Definition 3.5. ¥ is the set of all conformal maps g : D* — C with the normal-
ization g(o0) = 00, ¢'(00) = 1.

Definition 3.6. Let 2 3 oo be a simply connected domain. Let p, h > 0. Define
Na(p, h) to be the maximal number of disjoint discs A; of radius p such that

w(A; NON,Q,00) > h.
Theorem 3.7. Let p > 0. The following are equivalent:

a) B(—p)=p—1.
b) For any polygonal tree T’ with leaves ay, ... ,am, 00,

> Bowr (a;,00)7 < 1.
1
c) For any simply connected domain Q and distinct points ay, ... ,am,b € 01,
> Bala;,b)P < 1.
1

d) There exists a constant C' such that for any simply connected domain
and distinct points ay,... ,a, € 02, b € Q we have

> Bala;,b)? < C.
1

e) There exists a constant C' such that for all g € T

27 0 C
li 10\ |—p
/0 lg'(re*”)|7P df < o r> 1.
f) There exists a constant C' such that for all f € S
C

21
/ 1 (re®)| P df < 0<r<l.

0 (1 —r)p=t”
g) For anye > 0 there exists a C(c) such that for any simply connected domain
2 3 oo with diam o2 =1

pP—E

No(p, h) < C(e)2

TR p,h > 0.

The heart of the theorem lies in the implication a) = b). This is proved with an
iterative construction. Starting with a tree I' with

> Bor(aj,00)7 = K > 1
1
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one may build “dandelions” T',,, which are trees with

m
Z B(C\Fn (a;, OO)p ~ K"
1

In the limit » — oo one gets a domain C \ I', for which the Riemann map
f:D — C\T'w satisfies

2m 9 1 p—146
! K1 —p >
/0 1/ (rei®)] d0_0<—1 r)

for some § > 0.

Brennan’s conjecture states that for every univalent f : D — C and every € > 0
there is a C(f, ) such that

2 ) 1 1+e
[Tireenzasora (1)

0

The equivalence a) <= f) shows that an equivalent formulation is

2
/ |f'(re?)| 72 df < ¢ for every f € S,

0 —1-r
where C is an absolute constant.

The main theorem of [CaMa94] is that g) holds with e = 0 for some p = py > 0.
Thus B(—p) = p— 1 for p > po. Moreover they showed that for the domain
N =C\[-1,+00) \ [—ie,ic] one has for p < 2

Ba(—=1,00)? + Bqlie, 00)? + Bo(—ic,00)? > 1 (3.6)

if ¢ is small. By the implication a) = b) this gives B(—p) > p—1for p < 2. In
conclusion, there exists a tom € (—o00, —2] such that

B(t) = -t — 1 for t < towm,
B(t) > —t — 1 for t > tom.
Brennan’s conjecture states that toy = —2.

The rest of the chapter is devoted to the proof of Theorem 3.7. We prove the
implications a) = b) = ¢) = d) = ¢) = f) = a) and e) = g) = a).

2. The dandelion construction

In this section we prove the implication a) => b) of Theorem 3.7. The idea
is taken from [CaMa94, Section 4.3]. Let I'y be a polygonal tree with leaves

a1, ... ,Qm,00. Assume that [—o00,0] C I'y.
w1
ay
Cwe
-1 0
Fl a2 * w2 Fg
FIGURE 8

By induction we construct polygonal trees T',, (n = 2,3, ...) with leaves co and ax,
where X = X ... X,, ranges over all sequences of length n with X; € {1,2,... ,m}.
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[,41 is constructed from I, as follows. Fix a small ¢ > 0. For each leaf ax, let
sx be the line segment of I';, with length ¢™ that ends at ax. Construct I') 41
by glueing to each sx a scaled down and rotated copy of I'j = T’y \ [—00, —1)
so that [—1,0] corresponds to sx. The leaves of I',,; are coded in the natural
way, namely, the leaves of the tree glued on at ax are denoted axi,-..,axm. We
choose ¢ so small that no intersections occur in this process. The set

e =ug2 Ty

is called the dandelion constructed from I’y with scale ¢. The implication a) => b)
follows from the following lemma.

Lemma 3.8. Let goo : D — Qo = C\T's be a conformal bijection. Let Q@ = C\I'y,
Bj = Balaj,o0) and p > 0. Assume that

> o> 1.
7j=1

Then, if q is sufficiently small, we have

27 ] 1 p—1+e
g (re?)|7Pdo > C | —— , 0<r<i, 3.7
o 1—7r
0

where e = e(q) >0 and C = C(g) > 0.

Proof. Fix b > 0 such that b € Q. We first study the conformal bijection
foo t H = Qo with fo(i) = b, foo(00) = 00. Let wee = 1/\/g € Q. For each
leaf ax, let wx € Q4 be the point corresponding to we in the glueing operation.
That is, the segment (ax,wx) is parallel to sx and |wx — ax| = |sx|we. Let
zx = fZ'(wx) € H and 2o, = f7'(ws) € H. The proof rests on the following
estimates:

Folexi)| _ [d

| =3 o) (3.8)
WX~ JaB 1+ o)), (39)
mzx

where o(1) — 0 as ¢ — 0 uniformly in X and j. Moreover
|Rezx — Rezy| > Cq*/*Im zx (3.10)

if X #Y have the same length. Before proving these estimates, let us see how the
proof is finished. Define

s:Zﬁf and ap = B /s.
1

Given n, select integers ny ~ ain so that ET n, = n. Let S, be the set of
all sequences X = X; ... X, that contain nj, symbols k£ (k = 1,2,...,m). The

number of such X is
45, = n! = vn(n/e)" _ <1 +0(1)>"
"l g I k(e /e)m T \TIarr )
where o(1) — 0 as n — oo. By (3.8) and (3.9) we have for X € S,
a(l + o<1>>>“/2
I B

(0] = [Fa (2o0)] ( (3.11)

and

m n/2
Imzx =Imz (q(l +0(1)) Hﬁg‘k> , (3.12)

where o(1) — 0 as ¢ — 0 and n — oo (uniformly in X).
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Let

m n/2
yn =Imzo (qHﬁ?’") .
1

By (3.12) and the distortion theorem we have for X € S,
[flRezx + & +iyn)| = | fi(zx)|(1 +0(1))" (3.13)

for real £ with |£|] < Imzx. There is a bounded interval I containing all Re zx.
By (3.10) and (3.13) we get

/Wﬁ;cr+wynnfpdx;z S 12 () P (1 + 0(1))"Cq Tm 2.
I XeS,

By (3.11) and (3.12) this is greater than

m oy np/2
#50 | foo (200)| 7P (Hlik> Cq1/4yn

q(1+0(1))
_ AT o) T o s o
= Ca(q) (1:[ o (1+ (1))> RERRE C3(q)(s(1 +0(1)))"y, "

Fix ¢ and ng so that s(1 4+ o(1)) > sg > 1 for n > ng. Let £ > 0 solve

m e/2
(qnﬂ?’”> =1/s0.
1

We have

/ |1 (@ +iyn)| P dx > Cs(q)siy, " = Calq)yn P°, n > ng.
I

Now consider any conformal bijection g, : D — Q4. Using the distortion theorem
it is straightforward to see that

/ MMM”MZQ/%m+%WH%
|z|=1—yn I

and (3.7) follows.

It remains to prove the estimates (3.8)—(3.10). To do this, introduce scaled variants
of foo:

ei9X

fx(z) =

fx € R is chosen so that the domain Qx = fx(H) has '} =T \ [-o0,—1) on its
boundary. {x € H is chosen so that fx (i) = b. The domains Qx and Q differ only
within the discs D(o00,C1¢q) and D(a;,C1q), j = 1,2,... ,m. We need a lemma
which estimates how much fy'(w) and f~!(w) differ for w not close to these discs.

(foo(Relx +2Im(x) —ax) for X = X;...X,,.

n

Lemma 3.9. There are constants C, Ay, Ay, Az depending on the positive integer
N such that the following holds. Let 11 D Qo be simply connected domains such
that

01 N0Q = Q = U Qk,
where Qi are crosscuts of Q1. Let wg € Qo and assume for the harmonic measure
that

w(Q, N, wp) =e < 1/C.
Let Q5 be another simply connected domain such that Q2 D Qy and 2NNy = Q.
Let g; : Q; — D be conformal bijections with g;(wo) =0. Let 1 > § > Ce and

F = {w € o : dist(g1 (w), 01 (Q)) > }.
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We consider different normalizations:
a) Suppose that g’;(wo) > 0. Then

M—1‘§A152/5 forw € F,
g1(w)

ga(w)
g1 (w)
b) Suppose for j = 1,2 that P; is a prime end of Q; that is separated from wy in
Q; by the crosscut Qr. Assume that g;(P;) = 1. Then

1‘SA162/(52 forw € F.

g>(w) —1| < Ase for w € F,
g1(w)
g?(w) —1| < Axe/d for w € F.
g1 (w)

c) Let P; be as in b). Let h; : Q; — H be conformal bijections with h;(wg) = i
and h;(P;) = co. Then

—1| < Ase/é forw € F.

We use part c¢) of the lemma with Q) = Q, Qy = Qx, by = f 1 hy = f)}l,
Q = C(00,C1q) UUT'C(a;, Chq), € < /g and § = C5¢'/3. We get

(fx") (w) = (f ) (w)(1 + O(¢"/%)) (3.14)
for w outside the discs D(c0,¢*/?), D(aj,¢*?), j =1,... ,m. In particular

(fx") (wee)  (f1) (weo) 1/6
Gy~ )y o@D
The left-hand side here is

P (Fxt(w))) _ fho(zx))

Fi(fxt(ws))  Fflol2x)
Since f is analytic at z; = f~!(a;) and meromorphic at oo we get by Theorem
2.23

f"(x;)
T F7(o0)

‘(f‘l)’(woo) ‘ _
(f71)"(w;)
and (3.8) follows.

To prove (3.9), integrate (3.14) around one of the semicircles o C C(a;,/q) with
endpoints w; and w; € I'1. We get

Fxtwy) = ft (@) = fH (wy) = £ @) + 1f 7 (0)]0(¢ ).
Since fy'(w;) and f~'(w;) are real, and | f~(o)| < Im f~*(w;) this gives

Im f* (w;) = Tm 7" (w;)(1 + O(¢"/°)).

(1+0(g"*) = \/ﬁzju L 0(g'")).

Similarly we get
Im f5" (woo) = Im fH (wao) (14 O(¢"%)).
Since

zx; —Re(x
Im (x

zZX —Re(x

and Iy (weo) = Im (x

fxt(wy) =

we get
Imzyx;  Imf *(w))

1/6
Imzx _Imf_l(woo)(1+0(q )
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Since f is analytic at x; and meromorphic at co we get by Theorem 2.23
Im f~H(w;) _ | |f"(c0)
I [~ (we) 777
and (3.9) follows.

\(1 1 0(M) = a1+ 0(¢")),

Finally, integrating (3.14) from any point w; € C(a;,/q) to any point w €
Clar,+/q) we get
fxtw)) = fxxt(wy) = fHw)) = 7 (wh) + O0(¢'°),
so that
Re(f)}l(w;) — fxt(wy)) > C if j # k and ¢ is small.
It follows that

Re(fyx'(wjy) — fx'(wz)) > C  if j #Fk.

Now Re
—1e oy o X5y T Re0X
so we have
ImZX
Re(zx;v — z2x;7z) > ClIm =C————
(zx,v — 2xjz7) > Cx o o (1)
- Imzx o 1/4 1/4

and (3.10) follows. O

Proof of Lemma 3.9. a) ¢; = gj o ggl maps D conformally onto the Jordan
domain g;(22;) C D, and ¢;(0) =0, ¢(0) > 0. The set Q = g0(Q) consists of the
arcs Qp = 9o(Qr) C T. Let

F=go(F) = {z € D : dist(¢1(2), 91 (Q)) > 6}.

It suffices to prove

4 2 .
‘%—(2)—1‘5015— for z € FF (3.15)
z )
and
l 62 n
|<,0j(z)—1| §026—2 for z € F. (3.16)
We have
] (@.3,0) = (@, 2,u0) = =, (3.17)
™
sl =1on T\ Q (3.18)
and with an absolute constant C3 > 0,
lp;| > 1 — Cse on Q. (3.19)

To see (3.19), let I be the circular projection of ¢;(Q):

I={lz]:z€¢;( @} =1[n1.
By Beurling’s projection theorem [Ahl73, Theorem 3-6]

w(I,D\ 1,0) < w(p;(Q), D\ ¢;(Q),0) =w(Q,D,0) =«

and hence r > 1 — C3e and (3.19) follows. The Poisson-Schwarz formula

. 27 40 )
log%—(z) = / = +Zlog|<pj(elo)| d0 (3.20)
0

z et — 2r
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together with (3.17)—(3.19) gives

; 4C5e?
log 1) | o _4Cs" (3.21)
z dist(z, Q)
if £ is small.
We now show that
- ~ )
2 € F = dist(z,Q) > ol (3.22)

if our constant C' is chosen large enough. Let L be the union of the arcs of T\ Q
that have length > 2§/C. Let o be a component arc of T\ L. Thus
(2N —2)6 < 2r + 2N — 2

c < c J.

~ 20
o] <101+ (N = 1) < 2me +
Let G be the domain

G={zeD:dist(z,QNo) < %}

The arc vy = 0G N'D has

0 _2m+2N

- < —F—7F0. .

S5 (3.23)

For z € v we have dist(z,Q) = 0/C, so (3.21) gives

803062 803
)

diam~y < |o| + 2

< —=9. .
<= (3.24)

Thus diam ¢;(y) < (27+2N+16C3)d/C, so that diam ¢;(G) < 0 is C is sufficiently
large. Hence

l0j(2) = 2| <

2 € G = dist(1(2),1(Q)) <6,
which proves (3.22).
The estimate (3.15) follows from (3.21) and (3.22). By (3.20),

i(z) 1 /27T 2 0y, 46

i 71 (e -
QOJ (Z) > 0 (67'0 _ 2)2 og |Q‘QJ (6 )| 217
so that (3.17)—(3.19) and (3.22) gives for z € F

3 2.2
c 2 o0l a0
dist(z, Q)? ™ )

Together with (3.15) this proves (3.16).

¢;(2) — £i(2)

b) Keep the normalization in a). We need only prove that
lg2(P2) — g1(P1)| < Cue. (3.25)

Let L, o, G and « be as before, with o D Q. Let 2/, z” € T be the endpoints of
v. By (3.23) and (3.24) with 6 = Ce we have

|2" = 2", lp; (") = 2|, |0 (") = 2"| < Cse.
It follows that
|9 (P;) — 2| < 2Cse,
which proves (3.25).

c) With ¢;(P;) =1 and ¢(z) = i(1 + 2)/(1 — z) we have h; = ¢ o g;, so that
My(w) _ (1= gi(w)* ga(w)
it = (i) sy 520

For w € F, g1 (Q) separates g1 (w) and ¢, (P1) =1 in D, so
g1 (w) — 1] > dist(g1(w), 91(Q)) > 6.
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Together with b) this gives

‘1—92(10) _1‘ o A2e
1—g1(w) - 5
By b)
g3(w) 1‘ < Ase
g1 (w) -0
s0 (3.26) gives
hi (w) Ase
o Ee 0

3. Polygonal approximation

We prove the implication b) = ¢) of Theorem 3.7. Let Q@ > oo be a simply

connected domain, and a; € 9N with So(aj,ap) > 0 for j = 1,2,... ,m. Let
e > 0. We will approximate 99 with a polygonal tree I with leaves a// such that
Bovr (af,ag) > Balaj, ag) —& forj=1,...,m. (3.27)

Using a Mobius transformation we may arrange so that aj = co. This will prove
the implication b) = c¢).

The first problem is that 02 may look like a spiral around a;. To get rid of this we
consider the modified domain ; = f(H \ [0,40]), where f: H — § is a conformal
bijection such that f(0) = a; and I'f(0) = anglim, o |2/f'(2)| > 0. The point a;
is replaced by a; = f(id), and 9 is an analytic arc in a neighbourhood of a; .
We will prove that

|Ba, (a1, a0) — Ba(ar,a0)| < e (3.28)
and
|BQ1 (a’jvao) - BQ(ajva0)| <e (] 7é 1) (329)
if § is sufficiently small. We then do the same modification for the other points
a2,03, ... ,Am,ag. We end up with a domain ' 5 co and points af), ... ,al, € Q'
such that

|Bar (@}, ag) — Balaj,a0)] < (m+1)e,  j=1,...,m.
9fY' is an analytic arc in a neighbourhood of each point a’.

To get closer to a polygonal domain, we consider the modified domain Qf =
'\ [a}, @], where the segment [a],d}] is chosen so that 9] has a tangent at a}.
We will prove that

|Bey (@1, ag) — Ber (a1, ap)| < e (3.30)
and
|Bay (a,a0) — Bar(af,a0)] < (j#1) (3.31)
if [ay,a;] is sufficiently short. We then add line segments at the other points a
and end up with a domain Q" and points ag, ... ,a € Q" such that

|Bar (af,ag) — Bar (ay, ag)| < (m + 1)e, j=1,...,m.
9" is a line segment in a neighbourhood of each af.
We now approximate " with a domain Q! C Q" such that
o = JUUJLy[bs,af]

where [b;,a’/] are parts of the line segments [a},a] and J is an analytic Jordan
curve. Let g : D — Q" and h : D — Q" be conformal bijections with g(0) = h(0),
g'(0) > 0 and A'(0) > 0. Then ¢) = g~' o h maps D onto G =D\ v \ ...\ Vm,

where 7; are analytic arcs ending orthogonally on T. We let G, = GND(0,r) and
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02" = g(G,). Note that J = g(C(0,r)) is an analytic Jordan curve. We will prove
that

|Bar (a,aq) — Bar (af,ag)| < e, j=1,...,m (3.32)
if r is sufficiently close to 1.
Finally, let T" be a polygonal tree in the interior domain of J with leaves b;. Let
[ be the tree T U UT,[bj,a’]. Since C\ T D Q] the comparison principle gives
Bevr (af,aq) > Par(af,ag) > Balaj,ao) — (2m + 3)e for j =1,2,...,m
and (3.27) is proved.

To see that we may take aj = 00, let o be a Mobius transformation with o(aj) =
oco. Had we instead of the line segments [a’;, a//] taken appropriate circular arcs C
we would get that o(€2)) has boundary o(J) UUT,[0(b)), o(a})]. Let T be a tree
inside o(J) as before. Now I' = T'U U7L,[0(b;),0(a})] is a polygonal tree with

root at oo, and ’
Bevr (0(af),00) > Byary(o(a}),00) = Bar(af, ag) > Ba(a;,ao) — (2m + 3)e.

It remains to prove the estimates (3.28)—(3.32). The estimates (3.28)—(3.31) follow
from the following lemma.

Lemma 3.10. Let ag, a1, as be distinct points on 9Q such that Ba(a1,a0) > 0 and
Balaz,ap) > 0. Let f: H — Q be a conformal bijection, and let x; € R be the point
satisfying f(r;) = a; and Uy(2;) = anglim,_,, |(z —z;)/f'(2)| > 0 (see Theorem
2.22). Let v : [0,to] — H be an analytic arc with v(0) = 1 and 7'(0) = i. Let
Q- = fHN\([0,2])) and a1 = f(v()). Then

Ba.(a1,a0) = Balar,a0) and Po.(az,a0) = Palaz,a0) ase—0.

Proof. 'We may assume that 1 = 0. Let ¢. : H — H \ ([0, ¢]) be the conformal
bijection with ¢ (i) =i and ¢.(0) = y(g). We claim that

¢ (x0) = o, (3.33)
(0= (x0) = 1, (3.34)
lZ (0)]e — 1 ase — 0. (3.35)

(3.33) and (3.34) follow from Lemma 3.9a) with ; = H, Qs = H \ 7([0,<]) and
Q = C(0,2¢) N H. When proving (3.35), we may change the normalisation to
0:(0) = v(g), we(0) = 00, ¢.(o0) =1 (because of (3.33) and (3.34)). Consider
the map f.(2) = —¢-(2)?, which maps H onto G. = C\ (—o0,0] \ T'., where I'. is
a curve

y = azz®? + agr® + asa®? + .. 0< o <o =e%+o(s?) (3.36)
with endpoints 0 and a. = f(v(g)). By Theorem 2.23
”(OO) 2
Ba.(as,0) = |= = .
@2 =20 | e 0020

Thus it suffices to prove that Bq_(a., 00) — 1 as € — 0. By the estimate (2.65)

1. R 1 [®
dGs (C(a67 p)7 C(aE7 R)) S IOg —+ ¢ (’I") T'dT',
27 p 2T/,

where ¢ = ¢(r) is the equation of the curve (—oo,0]UT. in polar coordinates with
centre a.. From (3.36) it follows that |¢'(r)| < C/e, while for the ray (—oo, 0] we
have |¢'(r)| < Ce2/r?. This gives

Go.(00) < 3= [ 0 0Prar=0(),

and lim._, fB¢. (a-,00) = 1 follows.
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Now let g = fop. : H— Q.. By (2.26) and (3.33)—(3.35)

4y — aol? .
B (i1 0) = A0 | | i [P 0)
e (@)t =m0 19D ]t 9'(2)
_ Aa — aol’ 1 1 anglim w -1
o o)t OO0 oo o) e | Fw)
el | A [, o]
A e | Ty |~ Pelan o) ase =0
Similarly
BQE (0’270’0) =
4las — apl? _ 1 e
= o o] ; anglim 2o @)l gy |28 (@)
oz (22) — = (20)| 2o (z0) g'(z) o (2n) q(2)
- A2 — ao" - anglim W=To),
o= T (2) — ¢ " (wo)[* [k (0e (20)) 2wy | F(w)
1 . w — T2
T Aanglim | —= | = fo(az, a as ¢ — 0.
oLl )P S ) | 7 el )

O

To prove (3.32), let ¢, : D — G, be the conformal bijection with ,(0) = 0 and
¥7.(0) > 0. Then h, = g o, maps D onto Q. Let ¢; = h,*(a}). By Theorem
2.22

4la’ — ag 2 1

G = Gol* [A"(G)A" (Co)I
where R)/((;) = ¢'(97 " (af))¥; (). Tt thus suffices to prove

Baw (af,ag) =

¢ — b (a)) and ) (¢) = ¥"(h™"(d])) asr — 1. (3.37)

The sets C\ G, are uniformly locally connected, and G, — G in the sense of kernel
convergence. By [Pom92, Corollary 2.4] this means that 1, — ¢ uniformly on D.
Since ¢, extends to neighbourhoods of ¢; by reflection, we get ¢~ (¢,.(z)) — 2z and
! — 1" uniformly on these neighbourhoods. Hence also v, (1(z)) — 2 on these
neighbourhoods, and (3.37) follows. This completes the proof of the implication
b) = ¢) of Theorem 3.7.

4. Proofs of the implications ¢) = d) = e) = f) = a)

Proof of ¢c) => d). This is taken from [CaMa94, Corollary 4]. Let Q be a simply
connected domain, and aq, ... ,a, € 902, b € Q. We may suppose that b = co and
Balaj,00) > 0. Let f: D* — Q be a conformal bijection with f(c0) = o0, and
let ¢; € T be the points such that f((;) = a; and I's(;) > 0 (see Theorem 2.1).
Let ¢ : D* — D* \ [1,2] be the conformal bijection with p(c0) = 0o and (1) = 2.
g = f o maps D* onto a domain Q with a new tip point b = g(1) = f(2). We
claim that

ﬁQ(Gﬁb) = ﬂQ(aj,OO) if Re(; <0. (3.38)

Together with the corresonding estimate for the points with Re (; > 0, this proves
the implication ¢) = d).
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Let CNj = ¢ 1(¢). By Theorem 2.22 and equation (2.24)

4la; — b|? 2= 1
5(a;,b) = —22 " angl
ﬁQ(aI]7 ) IC; — 14 a?ﬁ(}jm g |1g"M)]
_ 4a; — b . ‘¢(2)—Cj 1 2= 1
G 1 B ) | PG o6 -G | IF@e O
_ 4la; — b]? Bala;, ) 1

G =1t 2P0 @ (G (2)e" ()]

Since Re¢; < 0 we have |(; — 1] < 1 < |¢((;)|. By the distortion theorem
[7'(2)] < |f'(00)]. Together with

la; — b < [ f'(c0)] (3.39)

this proves (3.38). The estimate (3.39) follows from [Pom92, Corollary 1.3 and
Theorem 1.4] and the Koebe 1/4 theorem. O

Proof of d) =>¢). Let g € £. Let N > 1 be an integer and let ¢, = e>™**/N,
Let

o D" = D"\ UGk 2V )

be the conformal bijection with pn(00) = oo and ¢’y (c0) > 0. Consider the
domain Qy = g(@x (D)), which has tip points aj, = g(2'/~ (). We claim that

lg' (2N )| T < NBay (ax, ). (3.40)
Together with the distortion theorem this gives

o N-1
/ g (21/N 19 )P do < Z lg'( 21/NQC -« NP1 Z Bay (ar, 00)?
0

so that e) follows from d).
By (2.24)

Bay (ar,00) = 2l(g o) ()] _ 2|y (00)]

[(gowen)"(Ce)l 19" (2YNG)k (Gl

A calculation using ¢y (2) = (2N gives

(o)l <1 and (G| =<
o0 (3.40) follows. O

Proof of ¢) = f). Let f € S. Then g(z) = f(z~!)"! € ¥ and

£ 1P
FEE S 16

lg'(2)] =

, z € D",

where the last inequality is the Koebe 1/4 theorem. Thus

27 ] 27 1 .
/ | (re'?)| 7P df < 16_”/ g (—610>
0 0 r

so that f) follows from e). O

-Pp

de, r<l1 (3.41)

The implication f) = a) is trivial.
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5. Concentration of harmonic measure

In this section we prove the implications e) => g) = a) of Theorem 3.7, which
show that Brennan’s conjecture can be formulated as an estimate of the number of
disjoint discs of large harmonic measure. To prove e) = g) we use the following
lemma.

Lemma 3.11. There are absolute constants py,C > 0 such that the following
holds. Assume that f € ¥ and Q = f(D*). If p < po and

W(D(va) n an Qv OO) >p
then there exists a disc D(z,r) C f~Y(D(w,Cp)) such that
L1 w(DOw p)n99,92, )
2 = C'log(1/p)

Proof. By [Mak85, Lemma 2.3] there exists a crosscut o of Q such that ¢ C
D(w,2p) and
(D(w, p) N 9N, Q, 0)

4mlog(1/p) ’
where j is the part of 9 that o separates from oco. (In [Mak85] this is stated
for Jordan domains, but the proof also works for simply connected domains if 3
is considered as a set of prime ends.) Let S be the hyperbolic geodesic in D* that
has the same endpoints as f!(¢). With 2 as the midpoint of S we have

|z] — 1 < w(B,Q, 00).
With r = (]z| — 1)/2 we have by the distortion theorem
diam f(D(z,r)) < dist(f(2),9Q) < diam f(S) < K diam o,

w(0,8,9) > <

where the last inequality is the Gehring-Hayman theorem [Pom92, Theorem 4.20].
Thus

f(D(z,r)) C D(w,2p + diam f(S) + diam f(D(z,r))) C D(w,Cp). 0

Proof of ¢) => g). Assume that e) holds. Thus p > 2. Since g) holds trivially
for h < p, we may assume h > p. If No(p,h) > 0 then h < Co,/p (this follows
from Beurling’s projection theorem). Thus we may also assume that p < py. Let
f€eXand Q= f(D*). Assume that D(wj,p), j =1,..., N are disjoint discs with

w(D(wj, p) NN, Q, 00) > h.
Let D(z;j,r;) be the corresponding discs given by Lemma 3.11, so that

i>nN= =
=T Clog(1/p)
By the distortion theorem

2 2+p 2+p
J[ o rrraas o< D >
D(z5,75) [f"(z)lP  dist(f(z;),0Q)7 — (C +1)PpP

Since each point is covered by a most Cy sets f(D(z;,r;)) and since r5 = (|z;] —
1)2/4 < Co dist(f(2;),00Q) < Co(C + 1)p by the distortion theorem, we get

2+p
FE

N
o ff frraazy [ gprraaz ve,!
147<|2|<14+C3/p 1 D(zj,rj) P

By e)
14+C3/p 05
// lf|7PdA < / ———rdr
14+n<|2|<14C31/p 147 (r—1)
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and thus 5
P C'log(1 P
N < Gl = gpr <M> itp>2
n°r h
and
? log(1/p)\* C/plog(1
N§C7p—logﬁzc7p2 Clog(1/p) log Cvplog1/p) if p=2.
nt o h h
In both cases g) is satisfied. O

Proof of g) => a). Thisis taken from [CaMa94, Section 3.5]. Let g € £ and Q =
g(D*). Let n be positive integer, let r = 1 +2/n and ¢, = e>™*/". Consider the
disjoint discs Dy, = D(r(x,1/n), k =1,2,... ,n. By the Koebe 1/4 theorem, g(Dy},)
contains a disc By with centre g(r(;) and radius py = |¢'(r(x)|/4n. Similarly,
g Y(Bx) D D(rlx,1/16n). Hence, for the domain Q,, = g({z : |z| > r}) we have
w(Br N Oy, Ny, ) > C/n, k=1,2,...,n.
Let € > 0. By the distortion theorem
27 n n
. 1 1
10\ | —p+2e - —p+2e __ —p+2e
/0 lg' (re’”)| P dﬂmgg]g'(r@ﬂ P = T arpiie: 1 PR
By g), the number of k:s with 27% < pp < 27¥*! is at most

(2—V—‘,—1)p—€
Co(e)—=——.
SN EnE
Thus
n 2 oo _
Zp;pﬂs < C5 4+ Cy(e) (%) P Z (2*u+1)p £ gv(p—2¢) < 04(5)”2p7
1 v=1
so that
27 ) 1 p—1+2¢
[T w s e —ae () e
0

By (3.41) this gives
B(—-p+2)<p—1+2¢
and B(—p) < p — 1 follows by continuity. O
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Extremals for )_ 37

1. Overview

By Theorem 3.7, Brennan’s conjecture can be stated: For any simply connected
domain 2 and distinct points ai, ... ,Gm,b € 01,

> Bala;,b)* < 1. (4.1)

In an attempt to prove this formulation of Brennan’s conjecture, we examine
configurations (2, ay, ... ,am,b) that maximize the sum in (4.1) (for fixed m). (We
say that (Q,a1,...,am,b) is a configuration if Q is a simply connected domain,
and ai,...,am,b are distinct points on 99Q.) We will consider the more general
case with an exponent p > 0.

Theorem 4.1. Assume that there exists a configuration with Y_|" Ba(a;,b)? > 1.
Let mqg > 2 be the smallest m for which such a configuration exists. Then there is
a configuration (Q, a1, ... ,am,y,b) that mazimizes

mo

> Bala;,b)".

Remark. For m > my it is conceiveable that no maximizing configuration exists.
For example, let (2,d1,... ,am,,00) be a maximizing configuration. We will see
that I' = C\ Q is a tree of analytic arcs. Let I's be the first iterate in a dandelion
construction similar to Section 3.2. One can prove that
Bevrs, (g, 00) = Balag, 00)faldr, 00) (1 <4,k <mg)
as the scale ¢ — 0. It is conceivable that
Ber, (ajx, 00) < Balay, 00)Be(ar, 00)

and
my mo
sup Z ﬂQ (ajv Oo)p = l}l_r{(l) Z ﬂ(C\FZ (ajkv oo)p.
1 j k=1

To get information about a maximizing configuration we use Schiffer’s method of
interior variation [Ahl73, Chapter 7]. We will use the version given by Chang,
Schiffer and Schober in [ChScSc81], which gives a simple derivation of both first
and second variations. The first variation gives the following theorem.

Theorem 4.2. Fiz m > 1. Assume that (Q,ay,... ,am,0) is a mazrimizing con-
figuration for 31" Ba(aj, 00)P. Assume that 3; = Pa(a;,00) >0 forj=1,... ,m.
Then T = C\ Q is a tree of trajectories of the quadratic differential

Q(w) dw? = i L dw?
(a; —w)>
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Let f : H — Q be a conformal bijection with f(o0o) = co. Let ; = f~*(a;j). Then

m 43P
QN =P =Y.

i=1

for z € H. (4.2)

Equation (4.2) should almost determine the configuration completely, as can be
seen from the following heuristic argument. Given aj, z; and 3;, the equation
(4.2) determines f up to an integration constant ¢ (and a choice of branch). The
condition that f should be univalent gives the constraints f((x) = zx, where
(1y... ,(m_1 are the zeros of Q in Q, and z1,...,2zy,_1 are the zeros of P in
H. Moreover, the zeros (m, ... ,Com—2 of @ on I' should be mapped by f~' to
points on R. Together with the constraints | f"(c0)|/|f" (z;)| = B; we have 4m — 3
real constraints on the 4m + 2 parameters Rea;, Ima;, z;, 5;, Rec, Imc. This
means that, modulo the freedom of rotating, scaling and translating Q, as well as
the freedom of translating x;, there should only be a finite number of solutions
(f,a1, - s Qm, 1, T, B1,y -+, Bm) to (4.2) (with f univalent).

This approach was used in [CaMa94] to prove (4.1) for m = 2. In this case,
equation (4.2) is integrable in terms of elementary functions. It turns out that the
above-mentioned constraints imply that 3; = $2 < 1/v/2 (when p = 2). Hence the
configuration is uniquely determined (up to Euclidean motions), and it is not a
maximum. By Theorem 4.1 this means that (4.2) holds for m = 2. When m > 3,
the difficulty of integrating (4.2) makes this method troublesome.

Another source of information comes from the second variation. The resulting
inequality is quite complicated, see (4.26) and the special cases (4.28), (4.31)
and (4.32). From this it is however possible to extract the following piece of
information.

Theorem 4.3. Under the assumptions of Theorem 4.2, the function Q has no
multiple zeros on T.

This means that at each branch point of the tree I', exactly three arcs join. Un-
fortunately, the author has not been able to rule out simple zeros on I'.

2. Existence of extremals
We prove Theorem 4.1. We will use the following form of the distortion theorem,

which follows from (1.4) by a M&bius transformation.

Lemma 4.4. If f : H — C is univalent, then

(e =sl+ ]z =3

f'(z)
H.
‘f’(s) ~—  16Ims(Im z)? Jorz,s €
Recall that by Theorem 2.23 the angular limits
o Jz-w () ‘
I'¢(z) = anglim | ——| and TI'f(co) = anglim
5@ e ‘f’(Z) s(o0) e ‘ z

exist (finite) for every univalent f : H — C and every x € R. By Lemma 4.4,

£ (s)]

Ims

|z —=f*
(Im 2)3[ " (2)]
To get an idea of the proof, let fr : H — C be univalent functions converging

locally uniformly to f : H — C. The inequalities (4.3) enable us to get a relation
between the S-numbers of fi(H) and f(H). Namely, we get using Theorem 2.23,

If(s) |z — |t
Ims (Im=z)3|f;(2)]

Fi(x) < and I'f(o0) < (4.3)

B (f (zk), 00) <
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Letting first £ — oo and then s = iy — 00, z = & = limg_, o, T We get

lim sup By, s (f(2x), 00) < Ty (00)T's(2) = Byqan (f(2), 00).

Now we have mg points a; ; € dfy(H), and the corresponding x; 1 = f,, '(a;x) € R
may converge to the same x as k — 0o. Hence a rescaling argument is called for.

Lemma 4.5. Let 2 < m < mg, where mq is as in Theorem 4.1. Let fi : H — C
(k=1,2,...) be univalent functions, converging locally uniformly to f as k — oo.
Let 0 =21 < %o < ... < T = 1 be sequences converging to 0 = x1 < x5 <
..<xpm =1 as k = co. Then there are sequences z1 i, %2 ks --- 2m,kx € H and a
sequence I of positive integers such that

m p
- 256 — x5 ]* >
lim su J J < T:(2)7.
msup ) ((Imzj,k>3|f,g<zj,k>| < 2 i@
kek JI=1 z€{z1,...,Tm}

Proof. We use induction over m. Fix m so that 2 < m < mg. Assume that the
lemma is true for m :=2,3,... ,m — 1. Consider a set of equal z;: z;, = xj,41 =
... = xj,. It suffices to show the existence of sequences zj, r,...,2j,x € H and a
sequence K of positive integers such that

|2jk — 2kl
Im z;.)3| i (25,5

lim sup i <( )|>,, < Ty(aj,)P. (4.4)

k—oo .
keK J=
Case I: j1 = ja. Take zj, , = x;j, 1 +4/k and let I be the set of positive integers.
Fix € > 0. By Lemma 4.4,
k1 5
’ S ’ .
|fk(zj1,/€)| |fk(xj17k+l6)|
It follows that the left-hand side of (4.4) is < (¢/|f'(xj, + ic)|)P. Letting ¢ — 0
we get (4.4).

ifk!<e.

Case 2: j1 < ja. (This case does not occur for m = 2.) Let d; = xj, p — T, 5 and
&k = (xjk —xj, 1))k for j1 < j < ja. Let gi be the univalent functions

9k (C) = A fr(zj, 1 + (Or) + B,

where Aj, and By are chosen so that ¢(i) = 0 and g, (¢) = 1. By compactness
there exists a sequence K' of positive integers, a univalent function g : H — C
and numbers 0 = §;, < &j,41 < ... <&, = 1 such that g — ¢ locally uniformly
and & — & as k € K’ tends to oo. By the induction hypothesis, there exist
sequences (jx € H (j1 < j < j2) and a sequence K C K’ such that

. Z Gk — &inl ! P
lim sup Z EYIRErAGEN] < Z Ly (&)P. (4.5)
e =i Do) TR E{Ej, Ein)

Now let zj 1, = 4, .1 + (x0k for j1 < j < jo. (4.5) implies

J2 » ,
' |25 — 25 |* ) ( 2)
lim su : : < | limsup |Ax|d T, (6.
03 (mgipt) < (mawiis) 3 6o

SRR

(4.6)
It thus suffices to consider the case limsup,_, ., |Ax|67 > 0. Let y > 0 and £ > 0.
By Lemma 4.4

Yy y5k 5
Ap|6? — = - < -
ARG = e+ iwo0)] = Teaye +59)]
Letting k — oo we get

if yo <e.

v €
(@) = 1f' (w5 +ie)l

lim sup |Ax 52
k—oco | | k|g’
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Hence I'j(00) > 0 and we get
lim sup |Ax|07 < Ty(00)T (25, ).
k—oo
Thus the right-hand side of (4.6) is
< Ty )7 Y (Do (%) = Ts(w) D Byt (9(6). 00",
3

3
where the sums are taken over those £ € {¢;,,...,&,} with [';(¢) > 0. Since
Jo — j1 < m < myg, those sums are < 1, and so (4.4) follows. O

Proof of Theorem 4.1.  Let S > 1 be the supremum of > 1" Bq(a;,b)?. Let
(Qey @1 ks - Ay, ks 00) be a sequence of configurations with

mo
lim Zﬁm(aa‘,k,oo)p = 5.
=1

k—o0 £

We can arrange so that Sq(ajx,00) > 0. By Theorem 2.23 there are conformal
bijections fi : H — Q) and points 21 k, ... , Tm,k € R such that fi(z, %) = a;x,
fr(00) = 00 and

By, (ajykvoo) =Tp (xj7k)rfk (00). (4.7)
By rescaling and renumbering we may assume that
O=o16 <T2k < ... < T,k =1, fr(i) =0, fé(z):l

By compactness we may, by taking a subsequence, assume that f; — f locally
uniformly and =, — z; as k = co. Now (4.7) and (4.3) imply

& b (N[ Lz — el N
leﬂm(aj,kaoo) < (I];n—s> Z((Imzj,k)3|fk(zj,k)|>

i=1

for s,z;, € H Applying Lemma 4.5 we get

S < <%)p > TP

TE€E{T1,0 \Ting }

Thus I'f(c0) > 0. By Theorem 2.23 we get
S <> B (f(x), )7,

where the sum is taken over those € {z1,...,%m,} for which I's(z) > 0. By
the definition of myg, these x:s must be mg in number. Hence the configuration
(f(H), f(x1),..., f(Tm,),0) is a maximizing configuration. O

3. Calculus of variations

Let f: H — Q C C be a conformal bijection. For k = 1,2,... ,n, let w, € 9,
Dk, qk, Tk € C and define

n

- Pk dk Tk
Ul(w) - Z W — Wi and U2(w) - Z (’w — 'lUk;)2 * w — Wi . (48)
k=1 k=1

For small £ € R the mapping
v (w) = w + vy (w) + 2vz(w) (4.9)

is univalent in a neighbourhood of I' = C \ Q. Thus the domain Q. = C \ v.(T)
is simply connected. We say that Q. is gotten by interior variation of Q. We
will calculate the conformal mappings f. : H — Q. to second order in €. The
function g. = f=! ov. o f is univalent in N N H, where N is a neighbourhood of
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R=RU {o0}. Since g.(z) — R as 2 — R, we can extend g. by reflection to a
neighbourhood of R. We normalize f. and g. so that

g-(2) =24+ 01 as z — 00.
We can write

fe(2) = f(2) + e f1(2) + % f2(2) + O(€?), (4.10)
9:(2) = 2+ eq1(2) + 2g2(2) + O(3), (4.11)

where f; are analytic in H, g; are analytic in a neighbourhood of ]R, and O(g?) is
uniform on compact subsets. This follows from the following lemma.

Lemma 4.6. f.(z) and g-(z) can be extended to complex e so that f-(z) is analytic
in (g,z) € D(0,g0) x H, and g-(z) — z is analytic in (¢,z) € D(0,e9) X N, where
N is a neighbourhood of R.

Proof. Let ¢ : D — Q be the conformal bijection ¢ = f oo~ !, where o(z) =
(z —1)/(z +1). It follows from the proof of Satz 1 in [Gol57, p. 96-102] that
there exist functions ¢.(z) analytic in (e, z) € D(0,g0) x D and ¢.(z) analytic in
(e,2) € D(0,e0) x {z : 19 < |2| < 1/ro}, such that for real  the following holds:
e : D — . is a conformal bijection, ¥, : {z : 179 < |z| < 1/ro} = C is a univalent
function with ¢.(T) = T, and

99501/]5:“5080 OD{Z:T0<|Z|<1/7‘0},

Using a rotation we may arrange so that ¢.(1) = 1 for real . Now let f.(z) =
¢-(0(2)) and §.(z) = o~ (¥-(0(2))). For real ¢ we have that f. : H — Q. is
conformal bijection, §. is univalent in a neighbourhood of R, j.(R) = R, j.(c0) =
00 and f. 0 §. = v. o f. It follows that for real =,

fo(2) = J- (3L(00) (= + A)) (4.12)
and

9(2) = §=(2) /g2 (00) — Ac, (4.13)
where A. = lim, o0 §=(2)/g.(00) — z. The right-hand sides of (4.12) and (4.13)
have the required analyticity in ¢ and z. [l

Inserting (4.9), (4.10) and (4.11) in the relation f(g:(2)) = v-(f(z)) and compar-
ing coefficients gives

fi(2) + f1(2)g1(z) = vi(f(2)) (4.14)

fo(2) + fi(2)g1(2) + 3£"(2)91(2)% + f'(2)g2(2) = v2(f(2))- (4.15)

By analytic continuation this holds for all z € H. To determine g;, note that

v1(f(2)) is analytic in H, except for simple poles at z, = f!(w;) with residues

pi/f'(zk). By (4.14), g1 is therefore analytic in H except for simple poles at z

with residues ay, = pi/f'(zx)?. Since g;(R) C R and g;(c0) = 0 it follows that g;
is rational:

91(2)226 LI (4.16)

z—z z—Z5
= k &

To calculate g2, we use the trick in [ChScSc81] to choose ¢ and 7 so that the
principal parts of f{(z)g1(z) + % f"(2)g1(z)? and v2(f(z)) coincide at the poles
Z1,..+,2n. By (4.15) this implies that g is analytic in H, and since g2(R) C R
and g2(00) = 0 we get go = 0. Let
or(z) =g(e) - —t— = Y A
AR A N zZ — ZE l;ékz—zl z— Z
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The principal part of f{(z)g1(2) + & f"(2)g1(2)? at z is

aZf"(z) . owok(z) f" (k) + 50 [ (21) + o fi(21)

2(z — zx)? z— 2

The principal part of v2(f(z)) at z is

qk re aef"(2k) 1
Ptz —a? (f'm) [IENE ) .

Thus we choose
1
ar = §Oéif"(zk)f'(2k)2 (4.17)

and

e = %Oéi(f"(zk)z + " (zk) f(z)) 4 anf (z0) (f1(z0) + o (z0) F (20)).-

A calculation with (4.14) and (4.16) gives

’ _ O 1 " 2 2 m ’
fi(zx) —m <1f (z) —gf (z1) f (Zk)>

— ok (z) [ (2) = ol (z) £ (k) = ['(20) Y 2

_ 2
= (wr — wy)
so we get

oot (37 = 410 )

(4.18)
— akf’(zk)2 (O';C(Zk) + Z (wkfilw[)z) .

Ik

The first and second variations f; and f can now be computed from (4.14) and
(4.15).

We now compute the first and second variations of the S-numbers. Assume that
a,00 € 9 have Bqo(a,c0) > 0. By Theorem 2.23 we can choose f so that I'f(c0) >
0, f(00) = 00, and then we can find z € R such that I'y(z) > 0 and f(z) = a. For
the varied domain . the corresponding points are a. = v.(a) and z. = g.(x). By
Theorem 2.23

Ba.(a:,00) =Ty (2)Ty. (00)  and  Pa(a,00) =Tf(z)f(0).

Now

which implies

= anglim 7‘%(2)_%
Fy.(we) = anglim |75 0755
= anelinn | 02() —2)g ()| |2 = x| _ lot@)?
= angli ‘ C-ou (o) |[FE| = T
and
= anetion |2 CD | @) [ FR)| b
I's.(c0) = anglim | = 77 ‘ anglim ||| = | o)
Thus

FACI

Ba. (a,00) = fala, w)m.
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Substituting (4.9) and (4.11) gives
B (02,0)" = (e 0)7 (14 pRe(2a} () — ol @) + & 2k o) ~ oh @

T (p—2)(Re (24} () — v} (@)))* +2Re (4} () — v} (@))? — vh(a) ] +0<s3>).

Thus, if (Q,a1,... ,am,o0) is a maximizing configuration for >_}" Ba(a;,b)?, we
must have
> 87 Re(2g} (z;) — vi(a;)) =0 (4.19)
j=1
and

>4 [mg;(xj) =i (@)]° + (= 2)(Re (29](z;) — vl ()
et (4.20)

+2Re ((gi(xn—vi(a»)?—v;(a»ﬂ <o,

where 3; = fa(aj,00). Equation (4.19) withn =1 and z; = z is

m

] = f’(Z)Q = Tz
;ﬁj ((xj —2)? - (a; — f(z))2> =0 for z € H, (4.21)

which is (4.2) of Theorem 4.2. It follows that the boundary of Q consists of
trajectories of the quadratic differential

=1

dw?.
aj —w)

09 must be a tree, since otherwise we could enlarge the domain 2 by removing a
part of the boundary, and so get all §; increased. Thus 92 = C\ 2, and Theorem
4.2 is proved.

From the local structure of trajectories of a quadratic differential (see [Pom?75,
Section 8.2]) it follows that f(z) continues analytically across R, except for branch
points where Q(f(z)) = 0. Substituting the Taylor expansion of f at zj in (4.21)
we get the following relations:

f"(xx) =0 (4.22)
pf(4) (z1) _ Bf
W 0% G (423
pf(5) () _ ﬁgl
ﬂk f//(xk) - 40;; (xj _ xk)3 (424)

267 fO)(x),)  BY W) (24)2 By p B3
4—; f”(ﬁck) - 3_8 f”(xk)Q + 122 (x )4 - f (Ik)2z (a

4. The second variational inequality

We now try to extract information from (4.20). Noting that

Zﬂf“&(aa‘) =Y — Q' (wi) — reQ(wy)
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we can write (4.20) as

58 120 05) = v a)P + (= 2) (Re 291 05) = v a)))* +

2 Re(g) (x;) — v} (aj>>2] £ORe Y Q) + reQuwg) <0 (4.26)
k=1

The special case n = 1 is, with a = ay, z = 21, f(2) = w = wy,

Zﬂp{ 2a N af'(z)?

(z; — 2)2 (@ -2? " (4 —w)?

+-2) <Re <_ (xj2—az)2 - (xj2—az)2 - (Zéj’—(z??)f
+2Re (‘ @ C—kz)2 T @ ?2)2 - (jjf_(zu)))2> }
+Rea?f"(2)2f'(2)?Q' (w)
+2Re (07 (376 = 517 () +lof (ffl)) Q) < 0.

6

Expanding the squares and optimizing over « gives

S plp (4 e Y4 F(2)
Sl (et o) w e

FPOFEPQW) + (51768 - 3@ Q)

(4.27)

- p | P 4 _ f(z)? 2_ 4
"2 [2 @ =P (@-uwp |xj—z|4]
1 ! 2
- s e (PQw) < o

Using the relation Q(f(2))f'(z)? = P(z) and its derivative we can write (4.27) as

s Hi==8 <f(—zu>> SoEE T

RO N S 7O N SV OB |
) =2~ PP (-2 36 (o - 2

4,28
[P 4 THOE 4 (42%)
+Jz:;6j [5 2 (aj —w)?|  Jrj -zt
2 1
~ e (%—z)z} =0

Proof of Theorem 4.3. Assume that wo € ' is a zero of Q(w) of order d — 2.

Thus
Q(w) :C(w—wo)d_2 +O((w—wo)d_1) as w — wg.

It follows from (4.2) that
fz)=wo+ A(z — xo)z/d +o((z — 500)2/d)7

where CA? = d?P(x0)/4. Let o € R satisfy f(zo) = wo. Let z = 29 +i6, § > 0
in (4.27), and let 6 — 0. We get that (4.28) can be written

4
|+ Zﬁpp ‘ a_ oy ol 10672 <o,
— wo
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If d > 4 this is a contradiction.

To rule out the case d = 4 we use the general inequality (4.26). Let z;, = zo +icgd,
where ¢, > 0 and 6 > 0. We fix ay, and ¢, but let § — 0. We have g} (z;) = O(1)
and

_a! A
vl(a’J) Cl _wO 26chz

k=1
Thus the first sum in (4.26) is

> [§htal + (5+1) Recio? + 0657

2

m ¥4 n
_ P B; ag
3262| | Z la; — wol* Z Ck (4.29)
7j=1 k=1
P+ 4 J k -2
_ A =k
3202 R ]2:: (a; —wp)* (I; ck> (0™
Since
m P "
A4 ﬂ] L = A4Q (’on) — A4€ — _P(xo)
=1 (a]— — ’LU()) 6
we get that
P(z0) - : 2 - ’
Zo p Qg p+ Qy 9
4.29) > — = - =—= -
(429) > =5~ | 31 ch 24 Re<zck> +o(07)
k=1 k=1
We have
I P(l’o) L -2
31 Q" (wy) o To(677)
4 24
and
_ P(xo) 1 ai 1 |041c|2 1 Qg _a
reQ(wy) = 5 62 1 + 4§ (o= Ja) +0(677).

Putting all this into (4.26) we get from the leading term
2 ) n 2 5 0
p+ o2 ag
_£Tp —k °R “k
e (28) 3

n
>
T Ck 1

1 = |ax]? gy
SRS S e o

k=1 I£k

a
24

Choosing ap = ¢, we get

n
n2

n 1
Z4 - ~ <.
128 4k:1l¢k(vc —Va)

Choosing ¢, = M* and letting M — oo, we get that each term in the double sum
tends to 1. Hence

Cr + ¢

n®>  3n
6 8
which is a contradiction for n > 3. O

<0,

Remark. In the case d = 3 (simple zero of Q) we can proceed as follows. Let
2 = & +icgd, where f(&x) = wo, ¢ > 0 and § > 0. We have

F(z) = wo + Ai(z — &)*° + ol(z — &)*/?).
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Let uy = Ay (icy)?/® and v, = /P (& )ar/cy. We have

/ 1 3/2u1/2 _2 _2
Q' (wi) +1eQ(wr) = | 752% ——|7k| +3 ;%% —u)? 67"+ 0(677).

The first sum in (4.26) is O(6=*/?) so we get the inequality

n

11 U3/2U1/2
Re | — — —|7k| + = Z%% <0. (4.30)

2
=\ 108 l;ék —w)

If p < 2 there do exist extremals with )" ﬁ;’ > 1, see (3.6). By Theorem 4.3, the
corresponding @ must have a simple zero on I'. Hence (4.30) holds for all complex
v and ug with (ug/u1)® > 0. To get information from (4.26) we can consider
n=3, =1, ug = 2™/Buy, uz = e*™*/3u;, which gives equality in (4.30). For
this choice it turns out that the left-hand side of (4.26) is O(1). The leading term
is quite complicated, and the author is unable to derive any contradiction from its
non-positivity.
Another way to use the second variational inequality (4.26) is to let n = m and
zk = xk + tcd, where ¢, > 0 and 6 > 0. It turns out that the leading term of the
left-hand side of (4.26) is
nap
;4 B =& (Im ay,)?.

k=1 &

We thus restrict to the case aj, € R. Now the leading term of (4.26) is

) C fO@) 2 /0@ o2 + 200,
Xﬁ[< ﬂ()+3ﬂ%V>J+MZ:%—MV
2 (4.31)

a fW(y) —  a }
6 frz;) o (wg —a)?

(We have used (4.22)—(4.25).) For the special case a; = 0 for j # I, a; = 1 this
gives

fO@) _ 5p+1) (D)) B
Re oy 27 3 (f”(m)) +60(p + 1)§7(Ij_xl)4. (4.32)

+ (16p — 8)

Remark. A similar inequality holds for any univalent function f : H — C that
satisfies f'(z) = 0, f""(x) =0, f*(z)/f"(x) € R and f® (x)/f"(z) € R for some
x € R (cf. (4.22)-(4.24)). Namely, the well-known estimate
3
S < —
ISFC) < g
for the Schwarzian derivative gives

zeH




CHAPTER 5

Integral means

1. A stronger conjecture

By Theorem 3.7 Brennan’s conjecture can be stated: For every f € S and ¢t < —2

T enyan < — S 0 1
o |f(’l"€ )| _m7 <r<l.

This makes the following stronger conjecture irresistible.

Conjecture 5.1. For every f € S and t < —2

2 2m
/ I (rei®)| 48 < / (et ds,  0<r<l, (5.1)
0 0
where k(z) = z(1 + 2)72 is the Koebe function.

This is akin to Baernstein’s theorem [Bae74] that

27 27
/ £ (rei®)|" 40 < / k(re®)[fdg,  0<r <1,
0 0

for f € S and ¢ € R. Leung used Baernstein’s theory to prove that (5.1) holds for
every t € R if f is close-to-convex, see [Leu79] or [Dur83, Section 7.5]. In favor
of Conjecture 5.1 we give the following result, which almost proves that the Koebe
function is a local maximum of the functional

2m
£ [ A e s
0
on S (r is fixed).

Theorem 5.2. Let v.(w) be defined for w in a complex neighbourhood of [1/4, +0]
and for small complex €. Assume that vo(w) = w and that v. (w)/w is analytic in
w and . For small real ¢, let f. be the conformal map of D onto C\ v. ([1/4, +0])
normalized by f-(0) =0, f1(0) > 0. Let 0.91 <r < 1. Then

O
/|z|=7“ fsl(z) B /|z|=7“
where Vo < 0. If Vo =0 then

v (w) = Ce(w + e7(w) + O(£?)),

2
df + Vie? + O(£%),

K'(2)

where C: € C and 7(w) is real for real w.

The statement about equality means that V5, = 0 only when the varied domain
f=(D) modulo O(s?) is the Koebe domain C\ [1/4, 400) scaled and rotated around
0. The restriction to radii r > 0.91 is an artifact of the proof that probably could
be overcome by modifying the proof.

We note that if —2 < t < 0, the Koebe function is not a local maximum to the
functional

2m
S / |/ (rei®) ! df

67
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on S (for r large enough). This follows from a consideration of functions mapping
onto C\ [1/4,+00) minus a slit.

The proof of Theorem 5.2 will be given in the next section. In Section 5.3 we
examine the relation between integral means and coefficients of functions (f')?,
where f € S.

2. The proof of Theorem 5.2

The proof is based on formulas for the Golusin variation up to second order around
the Koebe function k(z) = z(1+2)72, see Lemma 5.6 below. The second variation
Va of the integral mean of |f/|=2 is thus written as a sum of integrals. In one
of these integrals we do some ad hoc estimates, while the others are evaluated
by residues. All this turns out to yield V5 < 0. Since the algebra becomes very
laborious we use the computer program Mathematica, see the Appendix. As a
check we have redone the computations with the program Maple on a different
computer.

To simplify the proof we need some definitions and lemmas.
Definition 5.3. If ¢ is meromorphic on T we define

9(2) = g(z71),

9" (2) = 9(2),
symmg = (§ +g)/2.
If g(2) = Y00 __epz™for rg < |2| < 1, we let

n=—oo

[9()] =Reco+ »_(cn +70)2"
n=1
Definition 5.4. Let R denote the set of all functions analytic in a neighbourhood
of D having real MacLaurin coefficients. Let Z be the set all functions analytic in
D having imaginary MacLaurin coefficients. Let A be the set of functions

z+1+bz—1
z—1 2417

a where a,b € R.

Lemma 5.5. If g is analytic in D, except possibly for simple poles at 1 and —1,
then

[9—g7] € A

Proof. We have g(z) = h(z) +a/(z — 1) + 3/(z + 1), where h is analytic in D. It
is easily checked that

(] = [hl,
[ a @ ]:Rea~z+1,
z—1 z71-1 z—1
153 B _ 1—=z
[z—kl zl+1]_Reﬁ 1+2 O

We now give representations of the first and second variations around the Koebe
function in terms of a function u € R. (The second variation, though, is given
modulo Z.)

Lemma 5.6. With the notation in Theorem 5.2 we have
fe=k4cfi +2f+0(3)

and
ve(w) = w + v (w) + O(£?),
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where
fi = ark + 2izk'u, (5.2)
fo=ask — 22K (Imay - u + uv + q) + 2, (5.3)
vy ok = ark + zk' (U = U). (5.4)

Here ay,as € C, u € R, v = ¢u + zu/,
2k 1 — 4z 4 22
=14 = -
¢ + k' 1—22 7

g=[azv], v €L and U —iu € R.

Proof. Tt follows from the proof of Satz 1 in [Gol57, p. 96-102] that
fe(2) = ve (k(ze“’f(z))) , ry < |z] <1,

where ¢ (2) is analytic in (g,z) € D(0,21) x {z : r; < |z] < 1/r1} and p.(2) is
imaginary for z € T and real €. Hence

ve(w) = w + evy (w) + 20, (w) + 0(63),

e (2) = e1(2) + e%pa(2) + O(?),

fo(2) = k(2) + 2 f1(2) + 22 f2(2) + O(?),
where

fi =12k + Fy, (5.5)
1
fo = @azk’ + 5@%(2# + 22K+ 1 2F] + Fy (5.6)

and F; = v; ok. We can write F;(z) = k(z)(o; + Sj(2)), where a; = 4F;(1), S, is
analytic on T and S;(1) = 0. Since k = k we have S; = S;. Hence S; = T + T},
where T} is analytic in . Since Tj(1) = 0 we can write Tj(z) = 1=2U;(z), where

- 1+2z 77
U; is analytic in ID. This gives
F; —ajk k 142 (1—-=2 1—271t, ~
k! 2k 1—z<1+z ]+1+z*1 J J J (5.7)

Together with equation (5.5) this gives

—ak N

flill =y + U1 — U1~
zk

Since the left-hand side is analytic in I, and since ¢ is imaginary on T, this
implies that

o1 =Up — U +im, where 71 € R
Writing U = U; + i1 /2 we get
o1 =U—-U* and fi =ok+ 2K U —U").
Introducing u = (U — U*)/2i € R we get (5.2) and (5.4).
Equations (5.6) and (5.7) give

fo —ask 1 F A
% =2+ §¢¢% +991k—} + Uz — Uy, (5.8)
where
¢_1+zk” _ 1—4z+ 22

Ko 1=z

We now apply the operation [ ] on both sides of equation (5.8). Since the left-
hand side is analytic in I, it is only shifted by an imaginary constant under this
operation. We examine the terms on the right-hand side one by one. The first
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term 9 is imaginary on T, so we have [¢3] = 0. Since ngﬁ = —¢* and 91 = —p] we
have for the second term
2[p¢i] = 91 — (991)"] € A
by Lemma 5.5. To compute the third term we differentiate (5.4). We get
i
2
where V = ¢U + zU’. Thus

=1+ o(U—-U)+2(U +2U)=ay +V +V,

Fy A -
[991?}] = [CHU —aU" + o1V +olV
Using Lemma 5.5 this can be written
[iU" —ar U™ + o1V — o1 VI + Ag,,

where A\; € A. Introducing v = (V —V*)/2i = ¢pu+zu' and ¢, € T we can simplify
this further:

—2Tmay - u+ ¢y + |(U = U*)2iv| + M
=—2Imay - u+ 1 + [-2(a + uw)v] + P2 + N\
=—2Imay - u —2uv — 2[iv] + 3 + A;.

Since (Gpu)” = —(tou)*, Lemma 5.5 gives [G¢u] € A. Thus we can simplify [Gv]
and get
B .
{aplﬁ] = 2Imagu — 2uv — 2 [azu'] + 3 + A,

where Xy € A. For the fourth term we have [Uy — Uy] = [Uy — U;] € Z. Thus
equation (5.8) implies that
— ank

“1022% = 2Imaju — 2uv — 2q + Y4 + A3,

where ¢ = [Gzu'], 14 € T and A3 € A. To get (5.3) it remains to show that A3 = 0.
From (5.8) it follows that the residue of (fo — ask)/zk" at z =1 is
1

2 __ 1 TT(1)\2 — 2
Se1(1)? = S U =T = 2u(1?,

which is the same as the residue of —2uv at z = 1. Similarly, the residues at
z = —1 coincide. This implies that A3 = 0. [l

We now begin the proof of Theorem 5.2. By a scaling of v.(w) we may assume
that f/(0) = 1. By Lemma 5.6 we get

/ |f1=2d6 :/ |K'|72d8 + Vie + Vae® + O(®),
|z|=r |z|=r
where

and
!

fl
Vi = —2Re/ |K'|72<L 6
|z|=r k
J1

_ ‘- fiN* ’
Vz—/|2|zr|k| 2<2Re<<p> _F>+ = >d0.

Equations (5.2) and (5.3) together with f](0) = f}(0) = 0 give
i

I = 240 — u(0)),
!

% = 4u(0)v — 2u(0)? — 2puv — 22(uv)’ — 2pq — 22q' + 2¢(0) + 1,
where 1; € 7. Let R = r2. We evaluate the integrals above by residues using
1 1 3 R)3

k()] 2 = N ) G N S S

)k (Rjz)  (1—2)(z—R)22
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Since f{/k' € T we get Vi = 0. Similarly ¢; does not contribute to V2. We get
Vo = /| _ Ql{ Re ( — 8(v — u(0))? — 8u(0)v + 4u(0)?
o+ =(u0)) + 4000 + 3¢ = 4(0) + 4o = (O} a8 5.9
- /| _Qu {80 (0wt () + 460+ 20— a(0) + 40P} a8

where we have used that u, v and ¢ have real coefficients. Since Q1 has a pole at
R it will be useful to decompose u = u, + up, where

U (2) = ap + a1z + asz®,  un(z) = Py(2)h( th ER

and Py (z) = (z—R)?. Thus v = v, +vy,, where v, = ¢ug +2ul, and v, = duy +2uj,.
We partition Vo = I} + I> + I3 + I, according to the last integral in (5.9). The
first integral is

Il = —8 Q1U2 df = —167 <Res Ql 2 + R FSC Ql 2) y
|z|=r z

where we have used that v, (R) = 0. The residues are evaluated with Mathematica,
see (A.1) in the Appendix. Note that when calculating the first residue we can
replace v (or u or h) by its MacLaurin polynomial of degree 2.

The second integral is

I,=4 Q1 (ouv + z(uv)") db

|2|=r

=8r <1}e§ %(qﬁuv + z(uv)") + Bzelg %(¢uava + Z(%%)')) ,

where we have used that us(R) = u (R) = vp(R) = v} (R) = 0. The residues are
again evaluated with Mathematica, see (A.2). When calculating the first residue
we may replace h by its MacLaurin polynomial of degree 2.

To compute I3 we first derive an integral formula for ¢. Writing v = 377 1, 2"
we have

q(z) = [dzu'] Z Upipnz ™ |z] < 1.
m,n=0
Since

L[, .-

— [ a(s)su'(s)s? |ds| = Z UmUn T

2T T
m,n=0
n—m=—j

this yields

1 . , 2 X
q(z) o a(s)su'(s) Z;zjs J+Z;zjsj |ds]
j= j=

T
1 ~ ! -
= — [ a(s)su'(s)K(z,s)|ds|,
27T T
where
1 zs
K = .
(2,5) 1—zs~! +1—28
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Thus the third integral is

d
=4 Qe o)
o ) (5.10)
. 1 . 0K |dz|
—4 '(s)— K+:22 K 1921
/Tu(s)su (s)27r /|Z|T Q1 <¢ K+ 25 (0,s)> . |ds]
Let oK
£
= K —-1).
Q2(z,5) = @1 <¢ N Ay )
A computation gives (see (A.3))
(s —1)2(1+2)3(z + R)3(2s2%2 — (s — 1)%z + 25)
Q2(z,8) = 5 5 .
(1 -2)(z—R)z(z — s)%(sz — 1)
Evaluating the inner integral in (5.10) by residues we get
I; = /ﬁ(s)su'(s)Qg(s) |ds], (5.11)
T
where 0 0
— w2 x2
@sls) =4 (5‘33 z +.5:61§ z > ’

With Mathematica it is verified that Qs = Qs, see (A.4). We partition (5.11) as
[3 = [3a + [31,, where

I3, = / Qs(z)uzul, d9+/Q3(z)ﬁa2u'h de
and ) )
Iy, = / Q3(2)upzuj, d6.
Since the first integral in I3, is real 1irt can be written
/’[[‘QB—(Z)UZ—% de = /TQg(z)uz/u\; de.
Since Q3(z) has double poles at z = R, 2 =0 and z = R™! (see (A.3)), this gives

I3, =27 <Res %uaz/@ + Res %(UZ/IZ + ﬁazu'h)> )
=R Z 2=0 2z

where we have used that uy(R) = u} (R) = uj (R) = 0. These residues are again
evaluated with Mathematica, see (A.5). Note that when calculating the second
residue we may replace h by its MacLaurin polynomial of degree 4. We have

Iy = / QsPyhz(Plh + Pih') d6.
T
Since I3, is real we can rewrite this as
Iy, = /(Q4|h|2 + Qshzh') db,
T

where R R
Q4 =symm Q3P 2P, Qs = Q3P Py.

Finally, the fourth integral I is

I, =4 Q1|v|* A0 = Iy, + I,
|z|=r
where
Iy, =4 Q1(Vava + 20,01),d6
|z|=r
and
Iy =4 Q1|vn|? db.

|z[=r
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Evaluating I, by residues we get

I, =8« <1}:e§ QlT(Z)va(R/z)(va(z) +2u(2)) + B:eg

le(z) va(R/z)va(z)> ,

where we have used that v, (R) = 0. Note that when evaluating the first residue
we may replace v, (or h) by its MacLaurin polynomial of degree 4. Again the
residues are evaluated with Mathematica, see (A.6). To simplify I;, we use that

-1
r ZZ—R‘ =1 forlz|=r
This gives
2
Iy :4/ 1];—]: d0:/|| |Q6(¢uh+zu2)|2 dé,
where

Lt :/ Pyl + =(Psh) | 6,
jo|=r

We can write this

where
Py = (0Qs — 2Q) P = 2R(z — 1)(z + 1)*(32® — 5Rz — 32 + R)
and
Ps=QsP, =2R(z — 1)(2 +1)3(R - 2),

see (A.6). (The factor R((z —1)/(z — R))? was introduced in Qs to make P, and
P; polynomials.)

To prove that Vo < 0 we would like to estimate Iy, with an integral over T of the
same type as I3,. To do this we introduce the MacLaurin series

Pyh = ipnz” and P3h = i qn2".
n=0

n=0
We have
I4b =27 Z(pn + ’I’an)ZRn
n=0
For n > 4 we use the estimates
1
(pn +14n)* < 2p2 + 20,  and  nR" < (IR
This gives
4 [es] 2
2 pn 2 2
Iy, <27 Z(pn + ng,)°R™ + 27 Z(an + mnqn)
n=0 n=>5 (5.12)
2
= Iy, 2|Ph|* + ———Ps;hz(Psh)" ) d6,
ot [ (2Rl + s PP
where

4

2

Le=2m) <(pn +ng)*R" = 2p7, — m”93> :
n=0

The last integral in (5.12) is real and can thus be written

~ 2 o 2 ~ _
2P Py + ——— Py2P) 2y —~- PP !
/1r< 2 2+e(1—R) symm(Psz 3)> |h] +e(1—R) 3 Pshzh' d6,

which is of the same type as I3y.
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Summing the four integrals I, I5, I3, Iy we get the estimate
Va < Iium +/ (Q7|h|* + Qshzh') db, (5.13)
T

where
[sum = [1 + [2 + I3a + [4L1 + [467

Qr = Qs+ 2PPs + - symm(PszP}),

2
(1-R)
2 ~
Qs =Qs + ———= PP

e(l1—R)
are computed with Mathematica, see (A.7). We note that I, is a quadratic form
in the variables a1, as, ho, . - . , hq, and that Q7 and Qg are Laurent polynomials in
z.

To see that the right member of (5.13) is < 0, we use the decomposition

~(1- RQs(:) = Y3, )B, (o), (5:149)
where
Bi(z) =(z=1)(Rz—1)
By(2) = (z = 1)*(Rz — 1)
B3(z) = (z4+1)(z = 1)*(Rz — 1)
By(2) = (z+1)*(z — 1)*(Rz — 1)
and

by = 32R + (288 — 512/e)R? + 256 R* — 64R* + 672R® — 224R® + 64R"
by = (128/e — 20)R? + 68R> + 184R* — 56 R° + 92R® — 12R"

bs = (32/e)R? + 8R® + 8R* — 40R® + 24RS

by = (8/e)R* + 12R* — 12R5.

The proof of (5.14) is a computation in Mathematica, see (A.8). Since 0 < R < 1,
the b; are positive. For by, by and b4 this follows by comparing each negative term
with its preceding positive term. For b3 we have

bs > 11R?* + 8R® — 16R® + 8R*(1 — 3R+ 3R?) > 0.

Using the decomposition (5.14), the inequality (5.13) can be written (p is the radial
coordinate)

4
1 )
—(1=R)Vy>—(1 = R)Lum +/ —(1 = R)Q7|h)* + = § b|Bj°=—|nh|* | d8
T 2 = ap

4
1 o
=—(1=R)oum +/ Qolh|* + 5 ija—mjm2 ae,
T = P
(5.15)

where

4
Qo = —(1— R)Qr — Y _b;symm(B;zB)).

j=1
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To see that the right member of (5.15) is > 0 we do the following decomposition,
which again is verified with Mathematica, see (A.9).

5
Qo) =D eiC5(:7)C5(2), (5.16)

where

Ci(z)=2z-1

Co(2) = (2 = 1)°

Cy(2) = (2 — 1)

Ca(z)=(z+1)(z—1)3

Cs(2) = (z+1)(z—1)*
and

c1 =16(1 — R)R(5 + (48 — 80/e)R + (67 + 16/e) R*
— 114R3® + 99R* 4+ 28R®> — 11R® + 6R")
co =8R%*(72/e — 147 + (89 — 144/e) R + (245 — 24/e) R?
—95R3 — 113R* + 131R® — 49R°® + 3R")
c3 =4R*(72 — 20/e + (40/e — 2T)R + (12/e — 5T)R?
—2R?® + 66R* — 67TR° + 15R)
cs =8R*(9 —1/e+ (2/e — 15)R+ (9 + 1/e)R? — 13R* + 16R* — 6R”)
cs =12(1 — R)R?*(2 + R?)
By plotting with Mathematica (see (A.10)) it is verified that ¢;, c3, ¢4 and c;
are positive for 0 < R < 1, and that cs > 0 for 0.827 < R < 1. This is where

the assumption r > 0.91 comes in. (By doing smarter decompositions one could
probably get positive ¢; and b; in the entire interval 0 < r < 1.)

Using the decomposition (5.16) in (5.15) we get

1-R RS )
e P sum+2cj/|0h| Zb/28|J|

I—R
> — o Toum + zjlcj 2:0 (Coefficient of 2™ in C;h)?
7 n

4 4

+ Z b; Z n(Coefficient of z™ in B;h)?. (5.17)

Let @ be the last expression times e/R. @ is a quadratic form in the variables
ai,az, ho, ... ,hs. Using Mathematica (see (A.11)) it is verified the the corre-
sponding symmetric 7x7 matrix M has characteristic polynomial

Aiz+---+Az”,  where A #0for 0< R < 1.

Thus M has an eigenvalue 0 of multiplicity 1 for 0 < R < 1. For R = 0 it is verified
(see (A.12)) that the A;s have alternating signs, and hence M has no negative
eigenvalues. By continuity it follows that M has no negative eigenvalues when
0 < R < 1. With Mathematica it is checked that the vector (1 —3R,1,1,1,1,1,1)
is a null-vector of M, see (A.13). Hence @ > 0, with equality if and only if

(a1, as,ho, ..., hs) =c(1 —3R,1,1,1,1,1,1). (5.18)
Thus V2 <0.
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If V2 = 0 we must have equality in the second inequality of (5.17). Hence Cph
must be a polynomial of degree at most 4, and so h has degree at most 3. This
means that ¢ = 0 in (5.18). Thus a; = a; = h = 0 and we get u = ag. By (5.4)
this means that vy (w) = ayw + 7(w), where 7(w) is real for real w.

3. Integral means and coefficients

In this section we give some relations between integral means and coefficients of
functions (f')?, where f € S and p € R We will denote the nth MacLaurin
coefficient of a function g by ¢, (g), that is

oo

9(2) = calg)2™

n=0
The first relation of the above-mentioned type is given by Parseval’s formula:

/ lg)> do = 27rz len ()P, 0<r<1. (5.19)
|z|=r

This leads to the following simple proposition.

Proposition 5.7. Let g be analytic in D, and let v > 0. The following are equiv-

alent:
/zr ol d6 =0 ((1 :ﬂ)”) (5.20)

Z len (g O(N7). (5.21)

Proof.  Assume that (5.20) holds, and let N be a positive integer. Define r =
e~'/N_ Then (5.19) gives

N
1
-2 n < w(9)Pr2" < —/ 246 = O(N7).
e n§:0|0( E lealg)Pr™ < 5 ‘Z‘:rlgl (N7)

Conversely, suppose that (5.21) holds. Define

N
sv= lealg))
n=0

Summation by part gives

Z|cn )22 = (1 —r?) i syr?N < A(1—r?) i NN =0 ((1:)7) :

N=0 N=0
and (5.20) follows from (5.19). O

It follows that Brennan’s conjecture can be stated

N
Z len ((f)7)[F < A, NP2 for f € Sand p < —1.
n=0

Another relation comes from Cauchy’s formula

! 9(2)
(@) 2 Jiz=1—1m 2"
This gives the estimate
lea(f)P) < B |#'[7 d8. (5.22)
|z|=1-1/n
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The following theorem gives a kind of reversed estimate. The case p = 1 of this
theorem was proved in [CaJo092, Theorem 1]. Our proof is a modification of the
proof in [CaJo92].

Theorem 5.8. Let fo : D — C be univalent, let p € R\ {0} and n be a positive
integer. Then there is a function h, univalent in D such that

e (R)7)] > A / 517 a6 (5.23)
|z|=1-1/n

1 (0) = fo(0) (5.24)

ha(D) C fo(D) (5.25)

I1,(0)] > Al3(0)]. (5.26)

A is a constant which may depend on p.

Proof. Let A; and 6 denote various positive constants which may depend on p.
Let r, =1 — Ap/n and n > Ag, where Ay will be chosen later. Let
! 0\ |p
fo(rne®®)p

The distortion estimate

EES! (5.27)

implies that
(5.28)

Let V,, be the nth Fejer mean of V', that is,

V,.(0) 1 7Tkn(oz)V(G-{—oz)ch

o o

where
n

kn(a) = j;n (1 — %) e,
Since ky (@) >0 and ["_ky (@) do = 27 we get
[Va(0)] < 1.
It is well-known that

kn(a)da <
Ar/n<]a|<r
if A is large enough. Together with (5.28) this implies

Va(6) ~ V(6)| < 5 (5.29)

IS

provided Ay is large enough. There is a polynomial ¢)(z) such that
P(rpe'?) = eIV, (6).
Obviously the degree of 4 is at most 2n + 1, ¢(0) = 0 and
[W(z)| <1 for |z| < 7y (5.30)
For z = r,e" the estimate (5.29) gives
T'n

n+tl ' ' 1,
Re () $()f3(2)" = ReVa(O)f5 ()" = 5155 ()1 (5.31)

Let
FE) = hE) + 0EAE, <1, (532)
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where ¢ will be chosen later. Thus

o ( 0

= Y+

fo o
By (5.30) and Bernstein’s theorem [Dur83, p. 195] we get

2n+1
[¥'(2)] <

Together with (5.30) and (5.27) this gives

for |z| <.
n

' +1/1f0 <5n for |z] <1y,
0
provided Ag > 6 and n > 4A,. Hence
1\ 2
=] = +— > +0°R
() =+ (et

where |R(z)| < A for |z| < r, provided ¢ is chosen small enough. We can write
this as

7y - (e =2 (w(fo)) (1 ppl®

n

; 0 (1) ) FER(YY. (533)

By (5.31) we have
Recn ((1(f5)")') = (n+ 1) Recnpa (v(f5)")

_ ()P do _ n+1 ;1 df
=(n+ 1)Re/ ntl o > oy tl /|Z|Tn, | fol? %

|z|:r,,, 27T
Thus
PO ervpy |p|5/ ' 49
n | — > — P—. .34
e (B )| e [ e (5.34)
For the remainder term
po 2p > '
T = 1—pyps +6 )P
(Ba-ml +or) (1)
we have s ols |6
p 6n p
i< (- v ea ) 1 < 2o
for |z| < r, provided Ay is sufficiently large and ¢ is sufﬁmently small. Thus
|p|5/ 1o 40
—. 5.35
a0 < g [ Ml g (5.35)

Now (5.33), (5.34) and (5.35) give

) et 2 08 [ gyl igpas 60

4rn
where the last estimate follows from the distortion theorem.

We now prove that f is univalent in |z| < r, — 8§/n. It follows from (5.32) and
(5.30) that

£ (2) = fo(2)] < Ifé(Z)I%, 2] < 7. (5.37)

Let |20| < r, —85/n. By (5.37) and the Koebe I theorem there is a z; such that
|21 — z0| < 46/n and fo(z1) = f(20). Hence

f(D(0,1 = (Ag +80)/n)) C fo(ID).

Let ¢ be any complex number on the circle |(| = r,,. By the Koebe % theorem

o) — FoOl = SR — .
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Together with (5.37) this gives
|fo(21) = fo(O)] > [£(C) = fo(O)]-

Thus, by Rouché’s theorem the equations
f(z)=fo(z) and  fo(z) = fo(z1)
have the same number of solutions in |z| < r,. Hence the equation f(z) = f(zo)

has exactly one solution for |z| < r,. This means that f is univalent in |z| <
Ty, — 83/n. The function

9(z) = f((rn — 83/n)z)
satisfies (5.24), (5.25), (5.26) and
len((9)P)] > Adlea((£)7)].
Thus, by (5.36) either h, = g or h, = fo satisfies (5.23), provided n is large

enough. For small n we can take h,(z) = fo(0)+]|f;(0)|¢(z)/4, where ¢ : D — D is
a univalent function with nonzero coefficients with the exception that ¢(0) = 0. O

It follows from (5.22) and Theorem 5.8 that Brennan’s conjecture can be stated
len ((F1)P)] < CnlPI—t forn>1, feS, p< -2 (5.38)

where C' is a constant that may depend on p. One might even conjecture that
len((f)D)] < len((K)P)] - forn>0f€S, p<—2. (5.39)



CHAPTER 6

De Branges’ method

De Branges’ miraculous proof of Milin’s conjecture [deB85, FiPo85] gives the
uninitiated reader the impression that everything is so fine-tuned that it is hard
to see how it could be applied to other problems. There have also been very few ap-
plications of the ideas used in de Branges’ proof; the most noteworthy is [deB86a],
which estimates the coefficients of powers of functions in S. The ideas put forward
by de Branges have a potential of wider applicability, however. This was shown
in [deB87, deB86b| and in more detail in [VaNi91, VaNi92]. These papers
describe the underlying concepts in de Branges’ proof in an operator-theoretic
language. For an exposition more directed to system theorists, see [HeWe96]. In
Section 6.1 we aim at a less sophisticated presentation of the principles underlying
de Branges’ proof of Milin’s conjecture. In the following sections we apply this
general framework to three problems: Milin’s conjecture, Conjecture 5.1 and the
conjecture (5.39).

1. The general framework

What we call de Branges’ method is a method for solving certain problems of the
following type: Let f € S and form a function G(f) analytic in D by

G(f)(2) = (2, f(2), f'(2), ' (2), ... f(2)),

where @ is some fixed analytic function. Let Hy, Hs,... be real constants. Show
that the functional

fr Y Halea GNP (6.1)

has maximum when f is the Koebe function k(z) = z(1 + z)~2. As before, c,(g)
denotes the nth MacLaurin coefficient of g.

Of course, we need some condition on H,, for the sum in (6.1) to converge. Let us
suppose that |H,| < Ap™ for some constants A > 0, p < 1. This implies that the
functional (6.1) is continuous. (We use the topology of locally uniform convergence
on S.) Hence it suffices to consider functions f in the following dense subclass of
S. Let T": [0, +00) — C be a parametrization of a Jordan arc such that, for some
T > 0, the arc I'([T, +00)) is an interval [['(T"), +00) on the positive real axis. Let
fo be a conformal map of D onto C\ T'([0, +20)). The set of such mappings fy is
dense in S [Dur83, p. 81]. Hence it suffices to prove

> Holen(G(fo)P < Halea(G(R))

for such fo € S. For t > 0, let f; be the Riemann mapping of the unit disc onto
the complement of the arc I'([t, +00)), normalized so that f;(0) = 0 and f;(0) > 0.
We can choose the parametrization I' so that f;(0) = e'. Lowner’s differential
equation [Ah173, Chapter 6] then relates the mappings fi:

fi(z) = %zﬂ(z) for t > 0, (6.2)

80
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where w is a complex-valued continuous function with |w(¢)] = 1, and the dot
denotes differentiation with respect to t. We have the initial condition
fr(z) = elk(2). (6.3)

Note that the choice w = 1 corresponds to f; = e'k. Lowner’s theory has thus
transformed our problem to the following optimal control problem:

Let w: [0,7] — T be a continuous function, and let f; be the solution of the initial
value problem (6.2), (6.3). Show that

Y Halea(G(fo))? (6.4)

is maximal when w = 1.

In more geometric terms, we start with the slit domain fr(D) = C\ [e? /4, +0),
and then prolong the slit and get a new domain fo(ID). We have to show that the
resulting quantity (6.4) is greatest if the slit is prolonged along the real axis. It is
natural to study the functions G(e~!f;), or more generally g; = G;(f;), where G
are differential operators such that Go = G. A common way to estimate (6.4) is

to study how the quantity
S Hulea(g:))
n=0

evolves in ¢. This seldom works for our problem, though. The brilliant idea of de
Branges was to study such a quantity

Zh |Cn gt

where the real-valued weights h,(t) depend on ¢ in a cunningly chosen way (but
they do not depend on w). We will see that there is nothing mysterious about
the choice of h,, since they can be computed as the solution of a system of lin-
ear differential equations. The idea is to choose h, such that the following two
conditions are satisfied. Let Q(t) be the value of Q(t) obtained in the case w = 1.

Q(t) > Q(t) for all choices of w, for ¢t > 0. (6.6)

The problem is solved as soon as these conditions are established, since we get

oo T
> ol GUE = Q0) = (D) = [ G(o)ar
<Zh Ven(Gr(eTk)) / O(t)

with equality if w = 1.
Let us examine the quantity Q(t)

= 3" hulea(g)? + hu2 Re e (giea (de). (6.7)

To justify this we assume that |h,| < Ap”™ and |h,| < Ap™ for some constants
A>0and p < 1. To get a compact notation, let us introduce the scalar product

(u.0) = 3 ca(w)en(v)

n=0

whenever u,v € A(D) and the sum is absolutely convergent. Here, A(Q2) denotes
the set of analytic functions in Q. Let D; : A(D) — A(D(0,p~")) be the linear
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operator which is diagonal in the basis 1, z, 22, ..., with diagonal elements h,(t),
that is,
(Dyu)(z) = Z B (t)cn (u)2".
n=0

Now (6.7) can be written

Q(t) = (Dig, 9:) + 2Re(Digs, t). (6.8)

From (6.2) follows that ¢:(z) can be expressed in terms of ¢,w, z, fi(2), f{(2),- ...
(From now on we write w instead of w(t).) In order to prove (6.6) it is desirable
that Q(t) is quadratic g;. Let us therefore assume that ¢;(z) can be expressed in
terms of t,w, z, g:(2), g;(2), . . . ,gt(m)(z), and that the dependence on the gt(j) (2) is
linear:

gt(Z) = ij(tvwvz)gt(])(z) + ga(t,w,z).

It is easy to see that we must have m =1 and ¢; = ifiiz, so that
9t = Liwgt + Otw, (6.9)
where L, is the linear differential operator
14wz d
L, = z z—
tw = Yrw(2) + 1-wz dz

and ¢y ., (2) and 1., (z) are analytic for z € D.

Remark. One can show that the operators G; for which g, = G(f;) satisfies (6.9)
can be written G;(f) = A H (f) + ut, where A¢(z) and p¢(z) are analytic functions
and H(f) is one of the following differential operators:

(mo £)(f)?,  logf' +nof, (6.10)
l ° ! ﬂ _ § f_” : o "2

where p € C and 7 is an analytic function. Thus our assumption is quite restrictive,
but not too restrictive. The proof of this is based on the observation that (6.9)
implies that the operator G satisfies a certain “chain rule”. To see that this implies
that G has to be one of the mentioned operators, one uses the fact that a finite-
dimensional connected complex Lie group of conformal maps must be conjugate
to the Mobius group, the affine group or the translation group.

Let L}, : A(D) — A(D) be the adjoint operator, which satisfies
(Lt*’wu,v) = (u,Ly,v)  forue A(ﬁ), v € A(D).

Now (6.8) can be written

Q(t) = (P:wge, 9¢) + 2Re(ge, Dir ), (6.11)

where P, , = D, + L{ D¢+ DLy, To “complete the square” we assume that
there exists a ¢¢,, € A(D) such that

Piwotw = Diprw. (6.12)
Together with P/, = P, this gives

Q(t) = (Prwgi, gt) + (Prwgt, dt.0) + (Prw®rt s gt)
= (Pt,w (gt + ¢t,w)7gt + ¢t,w) - (Pt,w¢t,w7 ¢t,w)~

Since the function g¢ + ¢, is difficult to keep track of, the only reasonable way
to get condition (6.6) is to require that

(Prwu,u) >0 for all u € A(D), (6.13)
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(Pt,w(gt + ¢t,w)vgt + ¢t,w) =0 lf w=1 (614)
and
—(Prwdtw, Otw) > —(Piade, Oe1) forw e T. (6.15)

We will now show that these conditions determine the weight functions h,(t). In
case w = 1 we have g; = G¢(e'k) = §;. Thus condition (6.14) is

(Pe1(ge + 01,1), G + de1) = 0.
By (6.13) this means that
Pi1(ge + ¢e1) =0,

that is,
Dyge + Lj 1 Dige + DiLe1§e + Dygea = 0. (6.16)
By (6.9) we have ﬁt = Li1Gt + p1.1, 80 (6.16) can be written
Ye = —Li 191, (6.17)

where y; = D;g;. Finally, condition (6.5) gives
n=0

Hence y; is uniquely determined, and so are the weights h,,, provided ¢, (g;) # 0.

In conclusion, for a particular problem the procedure is as follows. Choose the
differential operators G; so that Go = G and g = G.(f:) satisfies (6.9). (We
will always take G¢(f) = G(e™tf), since this makes §; independent of ¢.) Solve
the differential equation (6.17) with initial condition (6.18). Then compute the
weights hp(t) = ¢, (y¢)/cn(gr) and the operator P . Finally, try to show that
(6.12), (6.13) and (6.15) hold. If we succeed, the problem is solved. To simplify
the last step, we can often use that ¢, and ¢;. depend on w in the following
special way:

wt,w (Z) = '(,;t(u)Z), Sot,u.) = wdgbt(wz). (619)
This implies that
Lt,w = Uth,lUw*U

where U, is the operator that takes a function u(z) to the function u(wz). This
gives

P, =U,P,U,-, (6.20)

so that (6.13) can be written
(Piiu,u) >0 for all u € A(D). (6.21)

Moreover, by (6.16) we have
Pi1g: + D1 =0, (6.22)

so that (6.12) is satisfied with ¢, = —w?U,g;. This also shows that (6.15) is
satisfied with equality.
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2. Milin’s conjecture

In this section we show how de Branges’ proof of Milin’s conjecture fits into the
framework of the preceding section. Some of the material is taken from [VaNi92,
Chapter E].

Let
G(f)(z):log@ for f € S.
Let N be a positive integer and
H,=n(N+1-n) forn=1,...,N,
H,=0 for n > N.

Milin’s conjecture states that
Z Hylen(G())
n=1

is maximized when f is the Koebe function k(z) = z(1 + 2) 2.

Let G¢(f) = G(e7'f). (This corresponds to the first operator in (6.10) with
n=1log, p=0, \(2) =1, u(z) = —logz — t.) The differential equation (6.2)
implies that g; = G¢(f;) satisfies

. T+wz 2wz

ge = l—szgt+ 1—wz’
so that (6.9) and (6.19) are satisfied with

14z d 2z
Lt,lzl%zzav @1(2): 1—2’, d=0.

Since ¢:(0) = 0 it suffices to consider L;; as defined for functions u € A(D) with
u(0) = 0. The matrix of L, in the basis z,22,23,... is

1 0 00 0 O

2 2 0 0 0 O

2 4 3 0 0 O

2 4 6 4 0 O

2 4 6 8 5 0

2 4 6 8 10 6

Thus the transposed matrix defines an adjoint operator Ly on the space of func-
tions u € A(D) with u(0) = 0. The equation (6.17) therefore reads

(oo}

Un(t) = —nyn(t) =20 Y yi(), n>1, (6.23)
j=n-+1
where y,,(t) = ¢, (y:). Since
3(2) = Gule'h)(z) = ~2log(1 4 2 = 3 2

the initial condition (6.18) is
yn(0) =2(-1)"(N+1—n) forn=1,2,...,N,

6.24
yn(0) =0 for n > N. (6:24)
The solution of the initial value problem (6.23), (6.24) is of the form
N -
yn(t) = ane™,  n=1,2,... N, (6.25)
j=n

yn(t) =0, n> N. (6.26)
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Note also that (6.23) implies that

yn_(t) _ yn+1 (t)

= () = Y (D), > 1.
DI — ) = i n2

Thus the weight functions h,,(t) = yn(t)/cn(gr) = (—=1)"ny,(t)/2 satisfy

b)) | hagr () ha(t) | haga(t)
n? n+12"  n Tt n2>1 (6.27)

This means that the functions h,(t)/n coincide with the weight functions o, (e')
in [deB85, p.141].

To prove Milin’s conjecture it remains to show that the operator P ; = D, +
DLy + Li Dy satisfies (6.21), or rather

(Piau,u) >0 for all uw € A(D) with u(0) = 0.

Equivalently, choosing a basis e;,es,... we have to prove that the symmetric
matrix M with elements

Mnj = (Pt,lemej) = (Dtemej) + (DtLt,lenaej) + (Dten,Lt,lej)

is positive semidefinite. The most convenient choice of basis is
on ZnJrl

e, = — —

n n——|—17 n:1,2,...,

since this gives L; 1e, = 2" + 2711 a simple form. This immediately gives M,; =0
if |n — j| > 1, so that M is tridiagonal:

)\1 U2 0 0 0
g2 Az puz 0 0
0

We compute

Hn = Mn,nfl =~ 5"

Hence (by (6.26)) we can consider M as a N x N matrix. Equation (6.27) shows
that we have the relation A\, = p, + pp—1. Thus the corresponding Hermitian
form can be written

N N
(Paw,u) = Y Myjunly = palun >+ pin|tn + |,
n,j=1 n=2
where u = 22[:1 Upen. It remains to prove that
tn >0 fort>0,n=1,2,...,N. (6.28)

A computation of the a,; in (6.25) shows that p, can be expressed in terms of
a generalized hypergeometric function (polynomial). A known inequality for such
polynomials [AsGaT76, Theorem 3 and equation (3.1)] now proves (6.28). For a
more enlightening proof of (6.28), see [VaNi92, pp. 1232-1236].
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3. Integral means

In this section we apply the method described in Section 6.1 to Conjecture 5.1.
That is, we let G(f) = (f')?, H, = r*>", where p < —1 and 0 < r < 1. We want
to show that

S Hleal GO < S Halen GR)P,  for feS. (6.29)
n=0 n=0

Let G¢(f) = G(e™'f). (This corresponds to the first operator in (6.10) with n = 1,
At = e Pty = 0.) Differentiation of (6.2) shows that g; = G(f;) satisfies

. 5 1 1 +1+wz ,
= _ — 24
ge==p (1 —wz)? WL

Thus (6.9) and (6.19) hold with

1 2 d
Lt’1—2p (m—].) + <?Z_1> Z&, cpt,w_O.

To compute the adjoint L; ;, we first compute the adjoint of 1/(1—z). For u € A(D)
and v € A(D) we have by partial summation

ml%zw=icn<u><co<v>+~~+cn<u))ii ig(u) o),
so that
<1iz>*u:n§2 ioncj(u) o icj(u)ll—_zjzﬂ _ u(i)_—zzu'
This gives o "
(=) = () () v (e -1
_ 1—2zu(1) u’(1)+ 22 "
1= 2)2 1z (-2

Together with (2%)* = z% this yields

Liu=2p (é — i;u(l) + ;‘g + (?Z__Z; u) + z% <27“(1) L u>

. 1—2zu u'(1) 2z—lu 2z u 1+Zzu'— 2z u
_2p<(1—z)2 A el o >+(1—z)2 () '

The next step is to solve the differential equation

=9t = L1y, (6.30)
with the initial condition
yo(z) = Z CpoHpz" = Z Cor®"2™ = g(r?z), (6.31)
n=0 n=0

where C,, = ¢,(9) and § = G4(e*k) = G(k) = (k')?. To do this we first solve (6.30)
with the initial condition

oo

~ n_n 1
yO(Z):ZC < :l_sz

n=0

where |(| = r. This makes it natural to try a solution of the type

Gulz) = 1— sz

Qg
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where a; € C and s; € D. Putting this into (6.30) gives

asz a a 1-—2z n as 1 n 2z —1 a
(1—-s2)2 1—sz 1—-s(1—-22 (1-9)21—-z (1-—-2)21-sz
a 2z 1+2z as 2z a

+1—s(1—z)2_1—22(1—82)2_(1—2')21—82'

Since Lj,; : A(D) — A(DD), both sides are analytic for z € I, and therefore we need
only ensure that the principal parts at z = 1/s agree. This gives the equations

s+1
§ = §—— 6.32
=5t (6:32)
a (2—3s)s
- =-2p—=. 6.33
The solution of these equations with initial conditions sp = ¢ and ag = 1 is
St ¢ —t
= e, 6.34
TrsP @407 (034
1-¢ (1 2\ "
a, = ( ¢ (A+s) > . (6.35)
(1+¢)3° 1—s

Now note that

2rr

" _ e |dC
o0t = [ 0B
By linearity this means that the solution of (6.30) with initial condition (6.31) is

_ e ] ar = M
we) = [ a0y = [ 0

and the weight functions are

_ Cn(Yt) _ atsy —— |d(]
ha(t) = 248 /Cr TRl

(We have C,, > 0, see Lemma 6.6 below.) By (6.34) and (6.35), the Taylor
polynomial of degree n — 1 of a;s} around { = 0 vanishes. Hence we may replace
g9(¢) with T,,(¢) = 3272, C;¢7 in the last integral:

ho () = /|<|r ST (6.36)

We compute the derivative using (6.32) and (6.33):

. _ aisy (2 — st)st 1+ s¢ |dC|
() = /|<|r . <—2p e n> T 4. (6.37)

It remains to examine whether the operator
Py =D+ DiLiy + LDy
satisfies (6.21), that is
(Piau,u) >0, for all u € A(D). (6.38)
As a first test, let us compute
(Pp1z",2") = (D2, 2™) + (D¢Le 2", 2") + (Dyz2™, Ly 1 2™)

for t = 0. Since

1 1+=2
t,1% p<(1_z)2 >Z +1_an
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we get
(Popz",2") = hn(O) + 2nh,(0)

_ ", 2-0¢ 14¢ |d¢|
_/mzrcn( Pa¢p 1—<"+2">T"() "

Using the series for (1 —z)P one can show that lim,,_, C’n/n|p|71 € (0,+00). Thus
the dominated convergence theorem gives

T(Q) o O L
LN iU Dy il sarc
This gives
P n n
lim (12", 2") 0’12272):/ (——1+C+2>—1_M
n— oo nr<n |C|7T ]_ — C 1— C 27!'7'
. 1-3C 1 d¢ _1- 3r?
Cler 1=C¢=12 210 1—1r2"
Thus, if r > \[7 the operator Py 1 does not satisfy (6.38), and therefore the method

does not work.

However, for small r we get a positive result:

Theorem 6.1. Let p € R be such that C,, # 0 for all n > 0, where
11—z
C
(a5) =z
If r is sufficiently small (depending on p) then

/ If'(2)|Fdo < / |E'(2)|P 46 forall f €8S.
|z|:r

|z[=r

Note that we no longer require that p < —1. The condition C,, # 0 is fulfilled
if p > —%, see Lemma 6.6. To prove Theorem 6.1, we first note that by (6.36),
(6.34) and (6.35) we have

Vb d —n |d
ha(t) = /C sy ¢ (1+0(r)) % = /C spC % + o2t

=r¥e ™ L O>r* e, (6.39)

where the constants in the O( ) only depend on p. Here we have used that
|Cti/Chn| < Aj® for some constants A and b. Similarly, (6.37) gives

hn(t) = —nr?me™™ 4+ O(nr?" e, (6.40)

This implies that the operator P ; maps A(D) continuously into A(D(0,77?)) (in
the topologies of locally uniform convergence). Hence (P, u,u) is continuous for
u € A(D). Thus it suffices to prove (6.38) for

N
u = agg + E Qn€n,
n=1
where e, es,e3,... is a basis for the polynomials with zero constant term. Since

P, 1§ = 0 by (6.22), this amounts to proving that the N x N symmetric matrix
M with elements

M,; = (Pyien,e;) = (Dien,e;) + (DiLyien, €5) + (Dien, Liy€;)
is positive semidefinite. The obvious choice of basis is

en(2) = 2"(1 = 2)% = 2™ — 22" 4 2 n=1,2,3,...,
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since this makes
Lijen, =nz" + (4p — 2)2" 4 (=2p —n — 2)z"F?
a polynomial. This implies that M is five-diagonal:

(5% (%) ws 0 0 0 0
(%] (15} V3 Wy 0 0 0
w3 V3 us V4 Ws 0 0
M= 0 W4 V4 Uq (%% Weg 0
0 0 Ws Vs Us Vs 0
0 0 0 wg vg Us ... WN
................................. UN

A computation gives
Up = My = hp, + 4hpy1 + hnyo + 20k,
4 (=16p + 8)hst + (=21 — 4p — D)o,
Un = My 1 = —2hn = 2hniy + (=204 4p — 2)hp + (204 8p)hnyy,  (6.42)
Wp =My o = h, — 2ph,. (6.43)
By (6.39) and (6.40) we get
u, =nr’"e (14 0(r)),

2n  —nt

v = O(nrte™""),

w, = O(nr’"e™"),
where the constants in O( ) only depend on p. Consider the matrix M gotten by
multiplying M with the diagonal matrix diag(e/2r—1, etr=2,e3t/2p=3 _ _ eN/2p=N)
from both sides:

u U2 w3 0 O 0 0
Uy Uz V3 wa O 0 0
w3 U3 Uz U4 ws O 0
TR L
0 0 Ws (%% Uus Vs 0
0 0 0 ’LBG Vs ﬂﬁ UNJN
................................. UN

where
i =n(1+0(r), ,=0(mr), w,=O0(nr).

If r is sufficiently small (depending on p), the matrix M is diagonally dominant in
the sense that

N
Z|Mnj|<Mnn forn=1,2,...,N.
Jj=1
J#n
By Gerschgorin’s theorem [Lan69, p. 226], this implies that all eigenvalues of M
are positive, and so M is positive definite. This completes the proof of Theorem
6.1.

4. Coefficients of (f')?

In this section we apply de Branges’ method to the conjecture (5.39). That is,
we let G(f) = (f')F, where p < —2, and we want to show that |ex(G(f))| <
len (G(k))| for f € S. We will see that the method works if and only if N < 2|p|+1.
We get the following theorem.
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Theorem 6.2. Let p <0 and 1 < N <2|p|+ 1. If f € S then
len ((F)P)] < len ((B)7)].

Moroever, except for the case N =2, p = —%,

a Koebe function z(1+ \z)~2, where |\| = 1.

we have equality only when f(z) is

Before giving the proof, let us note the special cases N = 1,2, 3 are known before.
Namely, writing a,, = ¢, (f) we have

cr((f)7) = 2paz,

(1) = ~3p(a3 — as) + 20(p + )

es((f)7) = ~4p(as — Bazas +2a8) + 6p(p+ Daz(a — a) = 3p(p-+ 3)(p -+ 1

Thus the case N =1 is Bieberbach’s inequality |as| < 2. The case N =2,p = —%
is the elementary estimate |a2 — az| < 1 which follows from the area theorem, see
[PomT75, Theorem 1.5]. Here the extremal functions are
z
= , here |A| = |pu| = 1.

Concerning this, the author apologizes for the incorrect statement in [Ber98].
The case N = 3, p = —1 is Ozawa’s inequality |as — 3aza3 + 2a3| < 2, which was
proved in [Oza64] using Schiffer’s variational method.

As in the previous section, let § = G(k) = (k')F and C,, = ¢,,(§). We may assume
that p < —%. (Otherwise N =1, and in that case the value of p does not matter.)
By Lemma 6.6 below, this ensures that C,, > 0 for all n > 0. By continuity, we
may for the first part of the theorem assume that N < 2|p|+ 1. We have the same
situation as in the previous section, except that H, are changed. Now

H,=1 forn =N,
H,=0 forn # N.
The functions g; = G(e™tf;) still satisfy

. 1 1+ wz
ge=2p <m - 1) gt + ngi, (6.44)

so that (6.9) and (6.19) and satisfied with

1 1+2z d
Lii=2p(—— —1 il . =0.
bt p<(1—2)2 >+ -2 dz’ .

We have to solve the equation

Yt = —Liqyt (6.45)
with the initial condition
cn(yo) = Hp,/Ch, n > 0.

Thus it is best to write (6.45) as a system of differential equations for the coeffi-
cients y,(¢t) = ¢, (y). To do this, we first calculate the matrix of L, ; in the basis
1,%,22,.... The matrix elements are

2p(n—j+1)+25 for0<j<m;
lnj :cn(Lmzj) =<{n for 0 < j=m;
0 for 0 <n < j.

The matrix of L;, is the transpose of this matrix. Thus equation (6.45) can be
written

(o)

() = —nya) + 3 (=G —n+1) =20y, (),  n>0.  (6.46)
j=n+1
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The solution of this system with initial conditions y,(0) = H, /C,, is clearly of the
type

N
yn(t) =Y _anje ', n=0,1,2,...,N, (6.47)
j=n
yn(t) =0, n > N. (6.48)
Equations (6.46) can be written
d N
SO =€ Y (=i —n+1)=2m)y;(t),  0<n< N,  (6.49)
Jj=n+1

where the coefficient of y;(t) is positive thanks to the assumption N < —2p + 1.
Thus a descending induction over n shows that

yn(t) >0 fort>0, n=0,1,...,N. (6.50)
Hence we get by (6.47) and (6.49)

Qnn :yn(0)+/ %(yn(t)e”t)dt >0 forn=0,1,...,N. (6.51)
0

The weight functions are hy,(t) = yn(t)/Chp.

It remains to prove that (P u,u) > 0 for u € A(D). As in the previous section,
we introduce the basis e, = 2"(1—2)?,n =0,1,2,.... Since P, e, =0forn > N
we need only consider u = 25:0 apeée,. We thus have to prove that the Hermitian

form
N

e = (Pau,u) = Z (Piaen, €j)ana; (6.52)
n,j=0

is positive semidefinite for ¢ > 0. As before, we get that the corresponding matrix
is five-diagonal, and we can write

N
n = Z Un|on|? + va2 Re(anm_1) + wa2 Re(a,an2), (6.53)

n=0

where a_; = a_5 = 0 and

Up = Fp + 4hpi1 + hpgs + 200y,

(6.54)
+ (=16p+ 8)hpt1 + (—=2n — 4p — 4) hyio,
U = —2hy — 2hpy1 + (=20 4 4p — 2)hy, + (20 + 8P) hp g1, (6.55)
Wy, = hy, — 2phy,. (6.56)
The Hermitian form 7, is singular. To see this, let A, be defined by
g(z)(l - Z)_2 = Z Anz™,
n=0
so that
g= Z Anen.
n=0
Since P;1g = 0 by (6.22), we have
m=0 ifa,=A4,forn=0,1,...,N. (6.57)
We want to complete the squares in (6.53) and write
N
ne = an(t)|an + @n(B)tn—1 + ra(t)an_s|?. (6.58)

n=0
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First, we prove that this is possible if ¢ is large. Using (6.47) we get that w,, v,

and w,, are polynomials in e~

Ann —nt
Uy = N——¢€ +...,
n
v, = (4p — Z)Gﬂe*m +...,
Cn

wy = (—n — 2p)acﬂe*”t +...,
where the omitted terms are of smaller order as ¢ — +o00. This shows that for large
t we can successively complete squares in (6.53), beginning with terms containing
ay. In each step of this process the coefficient of terms of type |, |?> will have
leading term n%e‘”t. Thus we get (6.58) with p,(¢t) >0 forn =1,2,..., N, for
large t. By (6.57) we must have po(t) = 0 for large ¢.
The functions py(t), gn(t), 7, (t), now defined for large ¢, are rational functions of
e~t. We now want to prove that these functions have no poles for 0 < et < 1,
and that p,(t) > 0for t > 0, n =1,2,..., N. Thanks to (6.57), we can derive a
one-step recursion formula for p,(t). Identifying coefficients in (6.53) and (6.58)

we get, for large t,

Un = Pn +pn+1ng+1 +pn+2r721+27 0<n<N (6'59)
Un = PnQn +pn+IQn+1rn+17 1 S n S N (660)
Wy = Prnln, 2<n<N (6.61)

where py 11 = pNi2 = qny1 =7TN41 =TN42 = 0.
By (6.53) and (6.57) we get, for large t,

Ap +quAy, 1 +1,A4, 5 =0, 1<n<N. (6.62)

Solve (6.62) for ¢,, plug this into (6.60) and use (6.61). This gives the recursion
formula
Ap—s An—lAn+1 Ap—1 Aifl w?wrl
L PR
for 1 <n < N —1, still only for large ¢. In the next section we use this formula to
prove the following lemma.

(6.63)

Lemma 6.3. The meromorphic functions p,(t) are analytic for t > 0, and for
t >0 we have

pn = Nhn >0, po =0, (6.64)

A, A,
pn>A—2wn+ A12(n+1)hn20 forn=1,2,....,N—1.  (6.65)

It follows from this lemma and the equations (6.61) and (6.62) that the functions
r, and g, are also analytic for ¢ > 0. Hence (6.58) holds for ¢ > 0, and thus n; > 0.

Remark: If N > 2|p| + 1 the proof breaks down: We get un_1(t) < 0 for large ¢;
hence 7; is not positive semi-definite.

To show that only the Koebe functions give equality in Theorem 6.2, we have to
turn back to the considerations in Section 6.1. Let § = 2 — |c2(fo)|- Thus

le1(go)l = leL((fo)P)] = 12pe2(fo)| = 4lp| — 2Iplé. (6.66)
The differential equation (6.44) gives

Ser(an) = tpolt) + e (a0).

Together with |c1(g¢)] < C1 = 4|p| this yields

< sjpl. (6.67)

d
‘Ecl(gt)
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The estimates (6.66) and (6.67) imply

0
ler(ge)l < 4fpl = plo for0<t < 2. (6.68)
Now (6.11), (6.20), (6.52) and (6.58) give
N
Q(t) = (Powgirgt) = (PraUp=196, Us=19t) = Y pu(t)lan+n(t)an 147 (t)an 2l
n=1
where U,-1g; = ZZOZO aneén. Thus ap = 1 and ¢;(U,-19;) = —2 + ay. Since

q1(t) = —A1 /Ao = 4p — 2 by (6.62), this yields

Q1) > pi(H)]en + 1 (Hao|* = pr(t)|er (U-19¢) + 4p|*.
Lemma 6.3 and (6.68) now give

| >

O > Lh (bl foro<t<
1,

Thus /s
4|p|?6?
extoo)l? = Q) < @) - A [T a
0
Since Q(T') = C%;, we get by continuity

252 8/8
ex ((F)P)2 < €3 — AP0 / h(t)dt,
A 0

forall f € Sandfor1 < N < 2|p|+1, where now 6 = 2—|cz(f)|. By (6.49) we have
hy(t) > 0 for t > 0, except when N = 2 and p = —1. Thus, if [ex ((f')?| = Cn, we
must have 6 = 0, and so f is a Koebe function by Bieberbach’s theorem [Pom75,
Theorem 1.5].

5. The proof of Lemma 6.3

For convenience, introduce the parameter ¢ = —2p+1 > N. We need some lemmas
concerning the constants C,, A, and B, = A, — A, 1 =Co+---+ C,.

Lemma 6.4. The following recursion formulas hold for all integers n:

nCn = (2¢ = 2)Cp1 — (¢ —n+1)Cp, (6.69)
nB, = (2¢—1)B, 1 — (¢ = n)By 2, (6.70)
nA, =2qA.—1 — (q—n—1)A,_». (6.71)

Here, C,, = B, = A, =0 forn <0.

Proof. These formulas follow from applying (1—22) di on the generating functions

(1—=2)P(1+2) 3”—202
=0

(1—2)P (1 +2)7° i

(o)

(1—2)P2(142)7" Z

Lemma 6.5. If ¢ > 3, then nC,, > qC,,—1 >0 for 1 <n <q+1.

Proof. The case n = 1 is clear. Inductively, assume that nC,, > ¢C,_1 > 0,
where 1 < n < ¢. Together with equation (6.69) this implies

(n+1)Chy1 > (2¢ — 2)C,, — (g —n)nCy/q > qC,,. 0
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Lemma 6.6. If p < —% then C,, > 0 for n > 0.

Proof. By the previous lemma C,, > 0if 4 < n < ¢+ 1. Moreover, Cyp = 1,
Cy =2¢—2,Cy = (¢g—1)(2¢ — 5/2) and C3 = (q — 1)(4¢*> — 11q + 9)/3 are all
positive, since ¢ > 5/4. Equation (6.69) now implies that C,, > Ofor alln > 0. O

Lemma 6.7. If ¢ > 3, then Cp,_1/Cy, < C,,/Cry1 for 0 <n <gq.

Proof. The case n = 0 is trivial. Inductively, assume that C,C,_s < 02717
where 1 < n < ¢q. Equation (6.69) implies
(n4+1)Cpy1Crnt —nC% = (q+1-n)CrCpr_s — (¢ —n)C?_,.
But Lemma 6.5 implies C,, > C),_5, so we get
(n+1)(Cp1Cr1 — Cﬁ) <(g—=n)(CrCp2 — szl) <0. O

Lemma 6.8. If ¢ > 3, then A,_1/A, < Bp_1/B, for1 <n <gq.

Proof. By Lemma 6.7 we have

B._ o . B.
i 1:CO+ +C1 Co + +C; _ b for 1<j<q.
B; Co+--+Cj Co+--+Cjn B
Thus 4 B B B
n—1 o+ -+ Dbp n—1
= forl <n<gq.
A, Bot -+ B, < B. orl<n<g 0
Lemma 6.9. If ¢ > 3 and 1 < n < ¢, then
Can+1
— <1 . 6.72
Cn+an +q_n ( )

Proof. The case n =1 is easily checked. Inductively, assume that
Cn1Bn <1+ _
CnBn_1 g+1—-n’
where 2 < n < ¢. Using C,, = B,, — B,,_; and the recursion formula (6.70) we can
write this as
—n(g—n+1)B%+(29(¢ —n) +2¢ —1)B,B,_1
—(q—n+2)(¢q—n)B>_, >0. (6.73)
We want to prove the inequality (6.72), which in a similar way can be written
(2¢=1-(n+1)(g—n+1)B; +((2¢ = 2)(¢—n) +1)BpBns
—(g—=n—-1)(¢g—n)B2_| >0. (6.74)
It suffices to prove that the difference between the left-hand sides of (6.74) and
(6.73),
(q+n—2)B2 4+ (—4¢+2n+2)B,B,_1 +3(¢ —n)B2_| =
= (Bn — Bn1)((¢g+n —2)Bn — 3(¢ = n)Bn_1)
is positive. Lemmas 6.7 and 6.5 imply
B, _ Co+---+C, Ch S 4
B,.1 Co++4+Choq ™ Chor ~
>

Thus we need only prove that (¢ + n — 2)q/n — 3(¢ —n) > 0, which is a simple
verification. O

We also need the following facts. By (6.49), (6.50) and yx(t) = Cxe~ Nt we have
Wy = (hy +nhn) + (=2p—n)hy, >0  fort>0,if0<n<N-—1. (6.75)



6.5. The proof of Lemma 6.3 95

Together with (6.50), this proves the second inequality of (6.65). The first equation
in (6.64) follows from (6.59) and (6.54):
pn(t) = un(t) = hy(t) + 2Nhy(t) = Ne Nt = Nhy(t) > 0. (6.76)
By (6.55) and (6.56) we have
Up = 2wy, — 2Wpy1 —2(n+ 1Ay, —2(¢ —n — Dhptr.

Thus we can write the recursion formula (6.63) as

Pn = AZ;I {(2 - jZ‘j> w, + <2 - A£:1> Wott + 2(n + 1)k,
An—1w72L+1

Anpnir

+2(q —n — Dhpyr — ]7 1<n<N-1. (6.77)
We prove the first inequality in (6.65) by descending induction over n.
Induction base: For¢t > 0 and 2 < N < g,

An_s o An_
1
An_1 An_1

PN-1 > 2Nhpy_;1.

Proof. By (6.77) and (6.76), this is equivalent to
AN_Q w?\,

AN_3 AN
21— _ 2 — 2(g — N — — .
( AN2>wN 1+ < AN1>wN+ (q )hN An . Nin >0
(6.78)

By (6.56) and (6.46) we have
wy-1=(q— N)2CNCNL hy +hy-1) and wy = (qg— N —1)hy,
which substituted into (6.78) gives

AN3> { < AN3> 2Cn
2(1- ~ N)hy o+ [2(1- -N +
(1-2222) = Mo ) (- ) 25

_ AN,Q (q—N — ].)2
An_1 N
Since Ay_3 < Ay_2 and hy_1 > 0, we only have to prove that the coefficient of

hy is positive. Using the recursion formula (6.71) with n = N, we can write this
coefficient as

+<2—AAN )(q—N—1)+2(q—N)

:| hy > 0.
N-1

4(q—N)[<1—i§_z> Cn +1—Q}. (6.79)

It follows from Lemma 6.5 and Cy/C; = q¢ — 5/4 that

CN/CNfl > (q— 1)/(2N)

Lemma 6.7 implies that

An_3 _ CN73+2C'N74+"'+(N—2)CO < Cy_1
An_»> o CN—2+20N_3+"'+(N—2)C1+(N—1)Co Cy
Thus (6.79) is positive. O

Induction step: Assume that 1 <n < N —2,¢t> 0 and

Anfl An
n - Wn -—2 2)hpt1.
Pri1 > An—‘,—l nl + An+1 (n * ) i

Hence, by (6.75) and (6.50),

A,
Prpr > 2w, > 0. (6.80)
An+1
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We want to prove that p, > (A,_2/An)w, + (An—1/An)2(n + 1)h,. By the
recursion formula (6.77) and (6.80) it is enough to prove

An7 An
2 (1 1 2) Wy, + 2 <1 - AH) Wnt1 +2(¢ —n = hpir > 0. (6.81)

n—1 n

Using the functions s, = Z;V:n(j —n+1)y; we can write the differential equation
(6.46) as
Un = —nsp+2(q— 1)spt1 + (—¢+ 14+ n)spta. (6.82)
Remember that h,, = y,/C, > 0. Substituting this, y, = s, — 28,41 + Sn42 and
(6.82) into (6.56) we get

w, =C (g —1—n)sp +nsSpiz).

Putting this into (6.81) and using h,+1 > 0, we see that it suffices to prove

(q—1—=n)s, +nSpt2 — tn(q—2—=n)spp1 — pin(n + 1)s,43 > 0, (6.83)
where
CL Ant1 1
Cht1 An CanJrlAn,l
Un = 1 = > 0.
1 - &2 Cn+1Bn—1An

Ap—1
Note that ¢ > N > 3. From Lemma 6.8 and Lemma 6.9 it follows that
C,Bni1 B,A,_
- +1 L1+
Cn+1Bn anlAn qg—n

fon

Hence
Sn Ynt+ 2+ +F N -—n+1ly, N-n+1
Spil Ynt1 + -+ (N —n)y, - N-n
and similarly s,4+2 > pnSn43. Thus

> fin,

(@ —1=n)(sn — tnSn+1) + 1(Snt+2 — UnSnts) > 0,
which implies (6.83), since s,41 > Snt3.



CHAPTER 7

Generalized Schwarzian derivatives

In Section 7.1 we show how the coefficient inequalities of Theorem 6.2 lead to
estimates for certain generalizations of the Schwarzian derivative. In Section 7.2
we give a simpler proof of these estimates, based on the estimates of Klouth and
Wirths [Klo89] for Peschl’s generalized Schwarzian derivatives. In Section 7.3 we
use these estimates to produce new estimates for integral means of |f’|F, where p
is a negative integer and f is univalent in the unit disc.

1. Generalized Schwarzians connected with Theorem 6.2
Given a coefficent estimate for functions f univalent in D, one may apply it to the
composite function f o 7, where 7 is a conformal self-map of D:
7(2) = 2—4__(7
1+ (2
This gives an estimate of the type
ITFOI<BE), (D,

where T is a differential operator. This procedure is especially simple for the
Schwarzian derivative
" 3 ny 2
o3 (1
fr 2\

since it satisfies a “chain rule”
S(for)=((Sf)or)(r)* if Tis a Mdbius transformation.

Using this, it is easy to see that the well-known estimate

where ¢ € D. (7.1)

|a§_a’3|§17 fES
gives the estimate [Dur83, p. 263]
6
ISFOI < TR CeD (7.2)

for univalent functions f: D — C.

Since c3((f')~1/?) = 2(a% — a3), one might ask if a similar chain rule can be used

for the more general estimates of Theorem 6.2:
n—1
len((FN < el p< ===, fES. (7.3)

The answer is yes, if p = —”T_l. Consider the differential operator

n—1 -1

Snf = (f)= D ()™,
where we choose the same branch of \/f7 at both occurences. (D is the differenti-
ation operator.) We will see that S,, satisfies

Sn(for)=((Snf)or)(r')" if 7 is a Mbius transformation. (7.4)

For this reason we call S, a generalized Schwarzian derivative. Note that Sy =
—S/2. The case p = —25! of the estimate (7.3) can be written

S0 f(0)] < [SnE(0)]-

97
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This holds for all univalent f : D — C since S, is homogeneous (that is, Sy (cf) =
Spf if ¢ is a constant). Applying this to the function f o 7, where 7 is given by
(7.1) and using (7.4) we get

1Sn F(O7'(0)"] < |9k (0)].

Here 7/(0) = 1 —|¢|? and S,k(0) can be computed in the following way: Let
©(2) = 22/2. Then

Spp(1) = <—”;1> <—”;1 —1>...<—”;1—(n—1)>

and (7.4) with 7(z) = }jrz gives
Spk(0) = Sp(por)(0) =Spp(1)(=2)"=(n—-1)(n+1)(n+3)...(3n —3).

We have proved the following generalizations of the estimate (7.2):

Theorem 7.1. For univalent functions f : 1D — C we have the sharp estimate

d " 771
su@ =@ () eyl < Ee

where K,, = (n —1)(n+ 1)(n+3)...(3n — 3) and n is a positive integer.

To prove the invariance property (7.4) we use the following lemma, which can be
found in [GuPe89b] and [Bol49].

Lemma 7.2. Let 7 be a Mébius transformation. If two analytic functions are
related by § = (g o 7) (7/)=("=V/2 then their nth derivatives have the relation
g = (g(n) o) (T')(n+1)/2_

Proof. Since 7 is a composition of transformations of the types z — z+a, z — bz
and z — 1/z, it suffices to prove the lemma when 7 is one of these. The first
two cases are rather trivial. In the third case 7(z) = 1/z, we can by continuity
and linearity assume that g(z) = 27, and then an easy calculation proves the
lemma. [l

Now let g = (f/)=»=D/2 and § = ((f o T)’)f("fl)/z. Since § = (gor) (')~ (»=1/2,
the lemma shows that
a(n) (n)
g g’orT -, ’
Sn - - "= Sn n,
(for) 7 Tor ()" = ((Snf) o) (T)
if 7 is a Mobius transformation.

Remarks. The operators S,, appear in [GuPe89a, Example 1, 4 = 1]. In Section
3 of the same paper the authors study the linear space X, of all homogeneous
differential operators of the form

Polynomial in f', f", f'",...

5= R

that satisfy the “chain rule”
T(for)=((Tf)or)(r')™ if 7 is a Mobius transformation.

(Actually they consider more general spaces. Our X, corresponds to their M
with 4 = 1.) The authors prove that the operators 7' € ¥,, can be generated in
the following way. Let P(x1,...,x,) = Zakl,___7knx’f1 ...xk" be a homogeneous
polynomial of degree n that satisfies

Plx1+1,...;0n+1)=P(x1,...,20).
Let
f(k1+1) f(knJrl)
i+ 1) (b, + DU

Tf= (f,)in Zakly---7k77. (
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This description of ¥, implies that its dimension p(n) — p(n — 1), where p(n) is
the number of partitions of n, see the following table.

n 123 45 6 7 8 9 10
pn) |1 2 3 5 7 11 15 22 30 42
dim¥,|0 1 1 2 2 4 4 7 8 12

Moreover, it is easy to see that if T € X,,, then T'f is a polynomial in S f, Ss3f,
St

2. Peschl’s generalized Schwarzians

Another starting point for generalization of the Schwarzian derivative is the in-
variance property

S(ro F)=SF,
where 7 is a Mobius transformation. It follows that the operators @, = D"~ 2S5
also satisfy Q,(7 o F') = Q,F. Other higher-order differentifml operators with this
property were constructed in [Aha69] and [Tam96]. Let Q,.(f) = Q.(f™') o f.
We get the invariance property

Qn(foT):Qn(T_lof_l)ofoT:Qn(f_l)ofoT:(an)oT'

Also, if ¢ is a constant,

Qn(cf) = Qn(fil(cil')) o(cf) = (Cil)nQn(fil) of= CinQ?lf'
Thus the operators

are homogeneous and satisfy
Po(for)=((Pyf)or)(r')” if 7is a Mobius transformation. (7.5)

In other words, P, € X,,. The differential operators P,, where introduced by Peschl
[Pes74]. In [KIWi80] Klouth and Wirths proved the coefficient estimate

len(S(FT)) < en(S(ET)),  n>0, feS. (7.6)

The proof is similar to Léwner’s proof of his estimates for coefficients of f~'. The
estimates (7.6) can be written

|P.f(0)] < Pak(0),  n>2, (7.7)

which holds for any univalent f : D — C, since P, is homogeneous. As in the
previous section, this implies
P,k(0)
1Paf(Ol € m—mr  CED
(1= ¢
See [Klo89] for related material.
We now examine the relation between the two sets of generalized Schwarzians S,,
and P, that we have discussed.

Theorem 7.3. S,.f = ®(Pof, Psf,...,P.f), where ® is a polynomial with posi-
tive coefficients.

This shows that our estimate |S,, f(0)] < S,k(0) is a consequence the estimates
(7.7) of Klouth and Wirths. To prove Theorem 7.3 we use the following lemma.
Lemma 7.4. If H and f are analytic functions with f' # 0, then

n+1

(7~ F D ()

“Ho f) - zn:pmH(i) o f, (7.8)
j=0

where py, ; is a polynomial in ng, ,an with positive coefficients.
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Proof. 1In terms of F = f~1, equation (7.8) can be written
nett (L o\ (st s H0)
() (D) ()7 H) =Y puHY, (7.9)
=0
where P, ; is a polynomial in Q>F, ... ,Q,F with positive coefficients. Denote

the left-hand side of (7.8) with L, pH. A computation shows that the linear
differential operator L,, r satisfies

1 1
L2 pH = ( "N, +D> L, (”+ N +D> H, (7.10)

where Np = F''/F'. We use this to prove (7.9) by induction over n. First note
that (7.9) is satisfied for n = 0 and n = 1. Assume that (7.9) holds for a specific
n > 0. By (7.10),

n

1 . 1
Ln+27FH:< nt NF+D>Z J<”+ NF+D>H.
7=0

Using DNp = SF + 1 N2, this can be written

n+2
Lnio,pH =Npg+ Y PryaHY, (7.11)
=0
where P, ; is a polynomial in Q2 F), ..., Q,2F with positive coefficients, and ¢

is a polynomial in Np, QoF,...,Qu 1 F,H,H',..., H"*)  We now use that L, r
has the following invariance property:

Ly orH =L, pH if 7is a M&bius transformation. (7.12)
Together with Q;(r o F') = Q,;F and
Niop :NF+(NTOF)F’

this shows that the term Ng¢ in (7.11) must vanish. The induction step is com-
pleted.
To prove (7.12), we write it in terms of f = F~! and o = 771

(((Foo)=# D" (((Foo))"

foa)) oToF =
= (") F o ()" Hof))oF,

which simplifies to

1

(@)D (((f) T Ho oo (o)) = (D) n)eo.
But this follows from Lemma 7.2. O

Proof of Theorem 7.3. The case H = 1 of the lemma gives
(f,)insnf - (I> ((fl)72P2f7 (f,)igp?)fv ey (f,)inpnf) )

where @ is a polynomial with positive coefficents. Since S,, f and P; f are homoge-
nous, the powers of f' must cancel. O

3. Estimates for integral means

Pommerenke [Pom92, Theorem 8.5] used the estimate (7.2) for the Schwarzian
derivative to deduce the estimate

/0 |/ (re)| 1 46 = O((1 — ) 0501 (7.13)

for univalent functions f : D — C. We use the same method to deduce from
Theorem 7.1 the following estimates for integral means:
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Theorem 7.5. Let E,, be the positive root of
E(E+1)(E+2)...(E+2n—1)=K?

n?’

where K,, = (n —1)(n+1)(n+3)...(3n — 3), and n > 1 is an integer.
If f: D — C is a univalent function, then

27
/ If' (re?)| "1 df = O((1 —r) E»9) for all € > 0.
0

In particular,

/0 " If'(rei®)|72d8 = O((1 — r)~1547),

/0 " |f'(rei®)| 3 d8 = O((1 — r)~2:539),

These estimates are small improvements of the known estimates

2 _ 1\ Ipl—0:399
/ |f'(re'?)|Pdf = O <1 > for p < —1,
0 -Tr

which follow from (7.13) and the elementary estimate |f'(2)| > £[f'(0)(1 — |2|).
This leads to an improvement of the best exponent in Brennan’s problem (3.1).
Namely, B(—1) < 0.601, B(—2) < 1.547 and convexity of B gives
1 —-0.601
1.547 — 0.601
By Proposition 3.4 this shows that (3.1) holds for 4/3 < ¢ < 3.421.

Note that E, =n — 2 4+ o(1) as n — +o0o. Thus the estimate in Theorem 7.5 is
asymptotically worse that the the estimate (1.7) of Carleson and Makarov.

B(tp) <1, wherety=—1 < —1.421.

To prove Theorem 7.5 we need the following lemma.

Lemma 7.6. If g is analytic in the unit disc and m(r) = fOQW lg(re®)|? db, then
27
m® (r) < 4“/ lg(™ (rei?)|? db.
0

Proof. Writing g(z) = e, bez®, we get m(r) = 273 o |be|>r?*. The lemma
is evident from a comparison of coefficients in

m® (r) =21 3" [b P2k (2k — 1) ... (2 — 2n + 1)r2h 2"
k=n

and

27 oo
/ lg™ (re) Ao = 27 Y brk(k — 1) ... (k —n+ 1)Pr*2" O
0

k=n

Proof of Theorem 7.5. Let n > 1 be an integer and let f : D — C be a univalent
function. Using Lemma 7.6 with g = (f)~(»1/2 we get

27
mCn () < 4 / l9(rei®)S, £ (rei®) 2 df.
0

Theorem 7.1 now gives the differential inequality

K 2 . 2\ K2
(Qn) n n AP n
) <4 (L) [Taeenpars (1) p o)
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for ro < r < 1. The corresponding differential equation

) (r) = <1 fm)% (1 f(f)“mm(r)

—E(ro)

has solutions 7 (r) = C'(1 —r) , where E(rq) is the positive solution of

2n
E(E+1)...(E4+2n—1) = <1+2T ) K2
0

Choosing C large enough, we get

m® (ro) < m* (ry), k=0,1,...,2n—1,
and so Proposition 8.7 of [Pom92] gives
m(r) < m(r) forrg <r < 1. (7.14)

Another proof of (7.14): The function A(r) = m(r) — m(r) satisfies

2\ K2
A (r) < A <r<1 1
M= (10) Tobean. resre (7.15)

and A®)(rg) < 0for k=0,1,...,2n. Let r; <1 be the largest number such that
ACY(r)y <0 forrg <7 < 7. Ifrp < 1, then A®™(r) = 0 and A(ry) < 0, which
contradicts (7.15). Thus rq =1, and (7.14) follows.

We thus have
27
m(r) = / |f'(re’)|7" T do = O ((1 — r)—EVo)) :
0

Since E(rog) = E, as ro — 1, Theorem 7.5 is proved. O
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