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A COARSE-LIPSCHITZ EMBEDDING OF ¢
INTO A SEPARABLE DUAL BANACH SPACE

BUNYAMIN SARI

ABSTRACT. We prove that ¢y admits a coarse Lipschitz embedding into a separable dual Banach

space and that the optimal coarse Lipschitz distortion is equal to two. Let
G =7~ C co, Gr=GNRB,,, REN,

with the metric inherited from co. On each G r we construct a commuting family of retractions onto
finite initial segments of a special ordering of G g, with Lipschitz constant at most two. Associated
to these retractions there is a boundedly complete Schauder basis of F(Gr) whose basis constant
is at most two and which is 2R-equivalent to the unit vector basis of ¢1. Consequently, each F(Gr)
is 2-isomorphic to a separable dual Banach space, uniformly in R.

Kalton’s annular decomposition then gives an embedding of F(G) into a separable dual space
with distortion at most 2(1 + ¢) for every € > 0. A decomposition result of Aliaga and Medina
further shows that

F&) = (PF@a), .

£1
n>0
and hence F(G) itself is isomorphic to a separable dual Banach space. The constant two is sharp: if
G2 embeds into X™* with distortion strictly smaller than two, then X contains an isomorphic copy of
£1. It follows that the infimum of the coarse Lipschitz distortions of embeddings of ¢¢ into separable

dual Banach spaces is exactly two.

1. INTRODUCTION

Kalton proved that ¢y does not coarsely embed into a reflexive Banach space and, more generally,
that if a Banach space coarsely contains cg, then one of its iterated duals must be nonseparable [K2].
Recall the well-known facts that cy does not linearly or bi-Lipschitz embed into a separable dual
Banach space. This naturally raises the question whether ¢y can coarsely embed into a separable
dual Banach space. Braga, Lancien, Petitjean, and Prochazka formulated and studied both the
coarse and the coarse Lipschitz versions of this problem in [BLPP, Problem 1.2, 1.3]. They proved,
in particular, that a coarse-Lipschitz embedding of ¢y into a separable dual space cannot have
distortion strictly smaller than 3/2. Further obstructions for several classes of separable dual spaces,
including generalized James and James tree spaces, were obtained in [JKS].

In this paper we answer both questions affirmatively. Moreover, we obtain the optimal quantita-
tive result. If

Deq(co) = inf { dister(f) : f 1co — Y™ is a coarse-Lipschitz embedding, }’

Y* is separable

then

Dgalco) = 2.
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Here distcr(f) denotes the distortion of the coarse Lipschitz embedding f. Since every coarse
Lipschitz embedding is a coarse embedding, this also gives an affirmative answer to the coarse
version of the problem.

The upper and lower estimates use different arguments. For the upper estimate we consider the
integer grid

G =7 C ¢
and its bounded pieces
GR:GQRBCO, R eN.

The grid G is a net in ¢y, and hence G and ¢y are coarse Lipschitz equivalent. The separable dual
space which admits a coarse Lipschitz embedding of ¢y with distortion < 2(1 4+ €) turn out to be a
space isomorphic to the Lipschitz-free space F(G).

For every R, we construct a Schauder basis of F(Gpr) with basis constant at most two, indepen-
dently of R. The construction is based on the parent map

(pz)i = sgn(z;)(|z:| — 1)+,
which moves every nonzero coordinate one unit toward zero. Its iterates give G the structure of a
rooted tree with root 0 and height R. For every nonzero z, the pair (px,z) is its parent edge, and
the associated molecule
6(x) — d(px)
is one of the basis vectors. A suitable enumeration of G produces commuting retractions onto finite
initial segments. All these retractions are 2-Lipschitz, uniformly in R, and their linearizations are
the partial sum projections of the parent edge basis. We also prove that this basis is 2 R-equivalent
to the unit vector basis of ¢1. In particular, it is boundedly complete. This yields, by a standard
fact, that
F(Gr)
is 2-isomorphic to a separable dual Banach space, with a constant independent of R. We then use
Kalton’s annular decomposition [K1]. It gives, for every n > 0, an almost isometric embedding
FG) — W= (PFG), -
©) ),
Thus we obtain one separable dual Banach space Z, 2-isomorphic to W, such that, for every n > 0,
there is a linear embedding
T,: F(G)— Z
satisfying
[l < (1 Tppell < 201 + )|l

Since G is a net in ¢y this gives a coarse Lipschitz embedding of ¢y into Z.

It was pointed out to us by Riben Medina that the work of Aliaga and Medina [AM], together
with Kalton’s decomposition and Pelczynski’s decomposition method, gives

F&) = (P FEG)

)
n>0 L

It follows that F(G) itself is isomorphic to the separable dual space Z; see Corollary 6.
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For the lower distortion estimate, we prove a sharp local obstruction. If
f : G2 — X*

is a bi-Lipschitz embedding with distortion strictly smaller than two, then X contains an isomorphic
copy of £1; see Proposition 7. In particular, G5 cannot embed with distortion strictly smaller than
two into a separable dual Banach space. Applying this result to large dilates of G5 shows that every
coarse Lipschitz embedding of ¢y into a separable dual space has distortion at least two. Together

with the construction above, this proves
@Sd(CO) = 2.

The scheme of our construction is related to the work of Garcia-Lirola, Petitjean, Prochazka,
and Rueda Zoca [GLPPRZ|, and to that of Braga, Lancien, Petitjean, and Prochdzka [BLPP].
The former authors gave a criterion identifying certain Lipschitz-free spaces as dual spaces. The
latter applied this criterion to bounded pieces of Kalton’s interlaced graphs and then used Kalton’s
decomposition to place the full graph in a countable £1-sum of separable dual spaces. One could use
the retractions constructed here to recover that that duality criterion; see Remark 11. However, our
argument used in the main proof is more direct and gives the uniform constant two immediately.

Our construction is also related to the theory of retractional bases for Lipschitz-free spaces devel-
oped in [HN, HM]. H4jek and Novotny [HN] had already constructed a monotone Schauder basis
for the free space over the full integer grid G = Z<¥ C ¢y, and Hdjek and Medina [HM] obtained
Schauder bases in free spaces over many nets in Banach spaces. The feature needed here is differ-
ent: the construction is carried out uniformly on the bounded grids Gr, and an explicit boundedly
complete basis with basis constant at most two is constructed, independently of R. This uniform
control is what makes the passage to one separable dual target possible.

Acknowledgments. We thank Ruben Medina for pointing out Corollary 6.

Use of generative AI. OpenAl’'s ChatGPT was used during the exploration of the problem,
including in developing an initial proof based on the scheme described in Remark 11. The proof
presented here is more direct and was written by the author who takes full responsibility for the

content.

2. PRELIMINARIES

We recall briefly standard terms and facts used in the paper. For more background, see, for
instance, [BL].

2.1. The integer grid and coarse-Lipschitz maps. Let
G=7~ Gr={r€G:|z|w <R}

with the metric d(z,y) = ||z — y[/oc inherited from co.
For a map f : X — Y between Banach (or metric) spaces, we say that f is a coarse-Lipschitz
embedding if there are a, L > 0 and b, B > 0 such that

(1) allz =yl =b < |[f(z) = W)l < Lllz -yl + B (z,y € X).
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Its coarse-Lipschitz distortion is

L
distor (f) = inf { :a, L, b, B satisfy (1)}
a

This is the large scale analog of bi-Lipschitz distortion.
G and ¢y are coarse-Lipschitz equivalent. The map @ : ¢g — G that rounds each coordinate to a

nearest integer gives

|2 = ylloo — 1 < d(Qz, Qy) < ||z — ylloo + 1.

2.2. Lipschitz-free spaces. Let (M,d,0) be a metric space with a distinguished point 0. The
Banach space Lipy (M) consists of all real valued Lipschitz functions on M that vanish at 0, equipped
with
f(z) — f(v)]
1fllLip = sup ———+-+.
P TH#Y d<$7 y)

For x € M, evaluation at x defines dp/(x) € Lipg(M)* by (o (z), f) = f(x). The Lipschitz-free
space over M is

F(M) =span{dy(x):x € M} C Lipy(M)*.

The Dirac map dp; : M — F(M) is an isometric embedding:

1622 (%) = oar (W)l Far) = d(,y)-

These spaces linearize Lipschitz maps in the following sense [GK]. If f : (M,0) — (N, 0) is Lipschitz,
there is a unique bounded linear operator

~

FFM) - F(N), foulx)=on(f(z)),

and ||f|| = Lip(f). Thus a bi-Lipschitz bijection f : M — N linearizes to an isomorphism Fe
F(M) — F(N) with
AN < dist(f).

If A C M contains 0, then the canonical map F(A) — F(M) is an isometric embedding.

2.3. Retractional bases. A K-retractional basis on a countable pointed metric space M = {0, z1, x2, . .

is a sequence of K-Lipschitz retractions r,, : M — A,, = {0, x1,...,z,} satisfying

TmTn = "nT'm = Tmin{mn}-

The linearizations 7,, are then the partial sum projections of a Schauder basis of F(M) with
constant K [HN, Theorem 13]. This notion was developed in [HN] and further studied in [HM].

Below we will define a parent map p on Gr which takes every coordinate one step closer to the
zero, and thus defines a rooted tree on G of height R. We will consider vectors (molecules)

6(zn) — 6(py)

which can be thought of an edge on the tree and hence we will call them edge vectors.

3
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3. A FINITE HEIGHT RETRACTION SYSTEM

Fix R € N. Define the parent map p : Gg — Gpr coordinatewise by

(pr)i = sgn(wi) (|| — 1)
Then p(0) = 0, and

2)  lpz —pylle < llz = Yllo, Nz —prlo=1 (#0), [Pl =ll2flc =1 (z#0).

A useful interpretation is that the directed graph with vertex set Gr and an edge from px to z
for every = # 0 is a countably branching rooted tree with root 0. The unique path from 0 to x has
length ||z||s. Thus the tree has height R, and pfiz = 0 for every = € Gg.

For z,y € Gg, write y < z if for every coordinate i, either y; = 0, or x;y; > 0 and |y;| < |z;|. We
define the down set of x as

D(z) ={y € Gr:y 2z},

which is finite.
Lemma 1. If a,z € G and d(a, z) < 1, then pz < a. In particular,
{pz:z € Gpg,d(a,z) <1} C D(a).

Proof. Fix a coordinate i. If a; = 0, then z; € {—1,0,1} and hence (pz); = 0. If a; > 0, then
zi € {a; — 1,a4,a; + 1}, so
(p2)i € {(a;i — 2)4,a; — 1,a;}.

These numbers are nonnegative and at most a;. The case a; < 0 is similar. O

Enumeration. Choose an enumeration

(3) GR:{O,Qfl,IL’Q,...}
with the property
(4) y€ D(xp) \{zn} = ye{0,x1,...;20-1}.

Such an enumeration exists. Start with an arbitrary enumeration (g;) of Gr. At each stage j,
add all points of D(g;) which have not yet been listed, in nondecreasing order of their ¢;-norm
|lzlli = >, |xi| (and choose arbitrarily if their norms are equal). This works because if y < x and
x # vy, then ||y||1 < ||z|/1. Therefore, every proper predecessor of a point is listed before that point.
Put

Ao ={0}, A,={0,z1,...,2,} (n>1).
Then every A, is downward closed: if z € A, and y =X z, then y € A,,. Moreover, every g; is

eventually inserted.
Retractions. For = € G, define

(5) kn(z) = min {k; >0:phx e An} , ro(z) = pF @y,

The minimum exists because p2z = 0. Moreover, p(z,) € A,_1.
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The map r, fixes A,, so it is a retraction. Moreover, it is clear from the definition that
(6) TmTn = TnTm = Tmin{m,n} (m, n > O)

We have
Proposition 2. Every r, is 2-Lipschitz. If R = 1, every r, is 1-Lipschitz.

Proof. First suppose d(z,y) < 1. Put i = k,(z) and j = k,(y), and assume i < j. If i = j, the first
inequality in (2) gives

d(rpz,my) = d(p'z, ply) < 1.
Suppose i < j. Let a = p'z € A, and z = p'y. Then d(a,z) < 1. By Lemma 1, pz € D(a) C A,.
So we must have j =¢+ 1. Thus

d(rpz,rpy) = d(a,pz) < d(a,z) +d(z,pz) < 2.

For arbitrary x,y, put k = d(z,y) € NU {0}. There is a path x = 29,21,...,2x = y in Gg
with d(z¢—1,2¢) < 1: at each step, move every coordinate which has not reached its target one unit
toward that target. Applying the preceding estimate along this path yields

d(rpx,roy) < 2d(2,y).

If R =1, every nonzero point has parent zero. The map r, fixes the listed points and sends each
unlisted point to zero. Since distinct points of G; are at distance at least one and every nonzero
point has norm one, this map is 1-Lipschitz.

O

4. EDGE BASIS EQUIVALENT TO {1

Fix R € N, and for n > 1, let

P,=7,:F(Gr) — F(GR).
By Proposition 2,
sup|| ol < 2,
n

and the supremum is one when R = 1.

Since G is bounded and uniformly discrete, it is well-known that F(Gg) is isomorphic to ¢; (cf.
[W, K1]). The point of the following is that the sequence of edge vectors (6(zy) — d(pxy)), form a
Schauder basis with constant 2 independent of R, and it is 2R-equivalent to the unit vector basis

of ¢1. This is a particularly simple case of the retractional bases constructed for several classes of
grids in [HN, HM].

Proposition 3. With respect to the enumeration (3), the edge vectors (molecules)
bp = d(xy) — d(pxy), n>1,

form a normalized Schauder basis of F(Gg) with basis constant at most two. When R = 1, the

basis is monotone. Moreover, for every finite scalar sequence (a;), we have

@ >l < | Yan| < Yol
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Proof. Since px; € Aj_1, bj is the molecule associated with the parent edge (pxj,x;). That is,
it is the new edge introduced when z; is added the to A;_; (this is the reason for the formula
bj = d(x;) — d(pxj)). We check that

bi, j<n,
Pbj={ 7 7=
0, j>n.

If j < n, then r, fixes both z; and pz;. Suppose that j > n, and let
k:min{lz 1 :plxj GAn}.

Then r,z; = pkwj. The first point on the parent chain of px; which belongs to A, is the same
point, since

k—l(

" pzj) = phr;.

Thus rp(pxj) = rpz;, and consequently P,b; = 0. Thus P,’s are nth partial sum operators, and
recall that || P,|| < 2.
Note that

llzjlloo—1

S(xj)= > (6(p'xy) — o ay)),
=0
and every summand on the right is one of the vectors b; with ¢ < j. Therefore

span {by,...,b,} =span{d(z1),...,d(zn)}

for every n. In particular, (b;) is linearly independent and has dense linear span in F(GR).
It remains to prove (7). Let (a;) be finitely supported and write

= Zajbj = ch5(:ck).
J k

Since G is 1-separated, the function f : Gg — R defined by

FO)=0,  flan) = 5 sen(er)

is 1-Lipschitz. Hence
1
ol = 4oy = 2 3 el
k

On the other hand, each Dirac vector d(zy) is the sum of the parent-edge molecules along its path
from 0 to xy, and this path has length at most R. Expanding each d(xy) in this way and comparing
the unique (b;)-expansions of u gives

D olajl < RYle| < 2R|ul.
j k
Since ||b;|| = d(zj,pr;) = 1, we also have
Il <D lagl -
J

This proves (7).
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Since the basis is equivalent to the unit vector basis of ¢; it is boundedly complete. The basis
constant 2 implies that F(Gr) is 2-isomorphic to the dual of the space [b}] (c.f., Proposition 1.b.4
of [LT]). Since this is critical for the main result we record this as

Corollary 4. For every R > 1, the space F(GR) is 2-isomorphic to a separable dual space. When
R =1, it is isometric to a separable dual space.

5. THE MAIN THEOREM

The main theorem now follows easily from Kalton’s decomposition theorem (Proposition 4.3 of
[K1]). For a pointed metric space M, write

M, = {xeM:d(m,O) < 2’“} (k € Z).

Kalton’s annular decomposition states that, for every n > 0, there is a linear embedding

(8) Sy : F(M) — (@HM))
l

kez .

with

(9) [l < 1Spull < X+ n)llull (v € F(M)).

Thus we have almost isometric embeddings

F(G) — W= | P F(Ga)
n>0 )

1

For each n > 0, let (b, j);>1 denote the boundedly complete basis of F(Gan) constructed above,
and let

E, =span{b, ;:j > 1} C F(Gan)"

be its predual. By Corollary 4, the canonical map from F(Ggn) onto E is an isomorphism with
distortion at most two. Put

E=|PE.| . z=£=|PE;

n>0 n>0
co Zl

Then Z is a separable dual Banach space and

W= (@ F
n>0
= gl
is 2-isomorphic to Z.

Thus we have

Theorem 5. There is a separable dual Banach space Z such that, for every n > 0, there is a linear
embedding

T,: F(G)— Z
with

(10) el < Tl < 200+ m) el
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In particular, the infimum of the coarse-Lipschitz distortions of embeddings of ¢y into separable
dual spaces is at most 2.

It was pointed out to us by Rubén Medina that the spaces F(G) and W are actually isomorphic.
Corollary 6. F(G) is isomorphic to a separable dual Banach space.

Proof. This follows from the work of Aliaga and Medina [AM]:
Let S be a subset of a metric space M containing distinguished point 0. S is said to be weak*
C-Lipschitz extendable in M if there exists a bounded linear extension operator

E : Lipy(S) — Lipy(M)
such that
(Ef)ls = f, £l <C,

and F is pointwise-to-pointwise continuous. Equivalently, F is weak*—weak® continuous. M is
called homogeneous if for any x,y € M there is a bijective isometry ¢ on M such that p(z) = y.

The space G is homogeneous and unbounded, and its closed balls are uniformly weak™ Lipschitz
extendable. Indeed, for every R € N the coordinatewise clipping map

qr : G — Gp, (QR»’U)i = Sgn(xi) min{|$i|7 R}v

is a 1-Lipschitz retraction. By translation, the same is true for every closed ball in G. Thus by (the
proof of) [AM, Proposition 3.1] we have a complemented embedding

(é f(Gzn)) S FaQ).
n=0

12
We also have a complemented embedding by [AM, Lemma 1.2 (Kalton)],

F(G) S (é f(GQn)>
n=0

Moreover, by [AM, Theorem 3.2], F(G) = (,, F(G)),, - (We remark that this also follows from
[HN, Theorem 8].) Thus Pelczyiiski’s decomposition method yields that they are isomorphic. Thus
FG)=w==_Z. O

151

6. THE SHARP RADIUS-TWO OBSTRUCTION

In [BLPP] it was shown that ¢y does not coarse-Lipschitz embed into a separable dual space with
distortion strictly less than 3/2. We show that the sharp constant is 2.

Proposition 7. Let X be a Banach space and suppose that f: Go — X* satisfies
(11) d(u,v) < |[f(u) = f(0)| < Dd(u,v)  (u,v € G)

for some D < 2. Then X contains an isomorphic copy of ¢;.
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Proof. Choose € > 0 so that
a=4—e¢—-2D > 0.
For each k, choose x; € Sx with
(12) (zk, f(2er) — f(—2ex)) >4 —e.
For A C N and m € N, put

m .
1 jeA
A § : A A ’ ?
um - 6]' ej, 6]' - .
j=1 -1, j¢ A
Thus u/2 = —u/, and both points belong to Gj.

Fix m > k. If k € A, then
d(ull 2e;) =1, d(ul’, —2ep) = 1.

Decomposing through these two endpoints and using (11)—(12), we obtain

(13) (wn, f(up) = Flufy)) > .
If k ¢ A, the same argument with A and A€ interchanged gives
(14) (k. f(um) = flup)) < —a

Fix a nonprincipal ultrafilter &/ on N and set

2= w" = lim(f(up) = f(up)).

The sequence under the limit is bounded, since d(uZ}:, u/\") < 2. Equations (13) and (14) imply

m? 'm
(15) (zp,24) 2o (ke ),  (op2h) <—a (k¢ A).
No subsequence of (xy) is weakly Cauchy: given a subsequence, choose A to alternate on its indices

and use (15). Rosenthal’s ¢; theorem [R] therefore yields a subsequence equivalent to the unit vector
basis of ¢;. 0

Corollary 8. The metric space G2 does not bi-Lipschitz embed with distortion strictly less than
two into any separable dual Banach space.

Put

Y* is separable

D.a(co) = inf {distCL(f) : fico— Y™ is a coarse-Lipschitz embedding, } .

Then
Dgd(co) = 2.
The upper estimate follows from Theorem 5.
For the lower estimate, suppose that f : cg — X* is a coarse-Lipschitz embedding, X* is separable,
and for some constants in (1) one has L/a < 2. For ¢t > 0, define

ft(u) _ f(tu) — f(O) (u c G2)

t
If u # v, then d(u,v) > 1, and
(a—b/t)d(u,v) < || fe(u) = fe(v)[| < (L + B/t)d(u,v).
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Choose sufficiently large ¢ with a — b/t > 0 and
L+ B/t

— < 2.

a—>b/t <

Then
1

a—>b/t
is a bi-Lipschitz embedding of distortion strictly smaller than 2, contradicting Corollary 8. Therefore

ftiGQ—>X*

every such embedding has coarse-Lipschitz distortion at least two.

7. FURTHER REMARKS
We briefly point out some further consequences.

Remark 9. The space F(G) is already a natural object in nonlinear Banach space theory (see
[BL, Section 4.5] for an overview). It is universal for separable metric spaces and coarse Lipschitz
embeddings. The conclusion above says more specifically that this canonical coarse universal free
space s 1somorphic to a separable dual Banach space. The same observation has a linear consequence
for a much larger class of free spaces. Every separable uniformly discrete metric space M admits,
for every € > 0, a bi-Lipschitz embedding into G with distortion smaller than 2 + <. Linearizing
this embedding and then using the map from F(G) into Z, we obtain

F(M) — Z

with distortion arbitrarily close to four. Thus one fixed separable dual space linearly contains an
isomorphic copy of F(M) for every separable uniformly discrete metric space M.

Remark 10. The construction is also optimal from the point of view of the Szlenk index. It
follows from [BLPP, Theorem 4.3] that if a separable X* contains coarse Lipschitz copy of ¢y, then
Sz(X) > w. Thus w? is the least possible Szlenk index of a predual of such a target. Let

E:(@En)

n>0 co
be the natural predual of Z, where E, is the predual of 7 (G2n). Since for each n, [b], ;]
to ¢o basis, E, = [b

Thus Sz(E) = w?.

j is equivalent

».j17 18 isomorphic to ¢g, and Brooker’s direct-sum theorem [B] gives Sz(E) < w?.

Remark 11. The retractions we consider in this paper also lead to a compact topology assumption
needed in the criterion of [GLPPRZ| to obtain an isometric dual space and recovers the compact-
topological dualization scheme used in [BLPP]. Indeed, the map

T (Tn)n>0
identifies Gr with a compact subset of [[,, A, while the envelope metric
dr(w,y) = supd(ryz, 7ny)
is lower semicontinuous and satisfies
d(x,y) < dp(x,y) < 2d(z,y).

We omit the details, since this variant is not used here.
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Remark 12. The uniform constant 2 obtained above is noteworthy in relation to a classical quan-
titative renorming problem of Godun. For a Banach space X, let

Dauai(X) = sup inf{dpn ((X,p),Y™) : Y is a Banach space},
ool

where the supremum is taken over all equivalent norms p on X. Godun proved that
Dgyal(X) > 2

for every nonreflexive Banach space X; see [G] and [S]. In particular, there are equivalent norms
on ¢1 whose Banach—Mazur distance from every dual Banach space is strictly greater than 2. By
contrast, the particular renormings of ¢; arising here as F(Gg, d) have distance at most 2 from the
class of dual spaces, uniformly in R. For R > 2, Proposition 7 shows that this distance is exactly
2, even though the equivalence of F(Grg,d) with the standard ¢; norm has constant 2R.
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