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Abstract. We study Sobolev smoothing inequalities for bilinear averages associated with corner-type configu-
rations

Aγ,ρ(f1, f2)(x1, x2) =

ˆ
f1(x1 + γ1(t), x2)f2(x1, x2 + γ2(t))ρ(t) dt.

In the real-analytic setting, we obtain a complete geometric characterization of the curves γ = (γ1, γ2) for which
Aγ,ρ(f1, f2) satisfies the smoothing inequality

∥Aγ,ρ(f1, f2)∥L1 ≲ ∥f1∥H(−ε,0)∥f2∥H(0,−ε)

for some ε > 0.
For general C4 embedded curves, we establish analogous quantitative statement involving purely geometric

conditions that encode certain uniform complexity bounds and allows degeneracies on the various curvature
conditions. For definable families of curves in an arbitrary o-minimal expansion of the real field, the relevant
complexity parameters are uniformly finite, leading to smoothing inequalities that hold uniformly across the
family.

As applications, we obtain bounds for triangular Hilbert transforms along a large family of curves, their
associated maximal operators, and corner-type lacunary spherical maximal operators. We further prove the
existence of configurations of the form (x, y), (x+ γ1(t), y), (x, y + γ2(t)) inside sets of positive measure, together
with a quantitative lower bound on the gap t.
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corner-type pattern.
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1. Introduction

Let I ⊆ R be an interval, let γ := (γ1, γ2) : I → R2, and let ρ be an integrable function with supp ρ ⋐ I. We
consider the corner-type averaging operator:

Aγ,ρ (f1, f2) (x) :=

ˆ
f1 (x1 + γ1 (t) , x2) f2 (x1, x2 + γ2 (t)) ρ (t) dt . (1.1)

For s1, s2 ∈ R, define

∥f∥H(s1,s2) :=
∥∥∥⟨ξ1⟩s1 ⟨ξ2⟩s2 pf (ξ)

∥∥∥
L2(dξ)

, ⟨z⟩ :=
(
1 + |z|2

) 1
2
.
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We aim to determine when the operator (1.1) satisfies the Sobolev smoothing inequality:

∥Aγ,ρ (f1, f2)∥L1 ≤ Cγ,ρ,ε ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) , f1, f2 ∈ L2
(
R2
)
, (1.2)

for some ε > 0. The central question of this paper is therefore: which curves γ admit the smoothing inequality
(1.2)? Our first main theorem gives a complete characterization in the real-analytic setting.

Theorem 1.1. Given real analytic γ : I → R2 and non-negative ρ ∈ C2
c (R) with

´
ρ (t) dt > 0 and supp ρ ⋐ I,

the Sobolev smoothing inequality (1.2) holds with some 0 < ε,Cγ,ρ,ε < ∞ if and only if img γ is not contained
in any of the following sets {

(x, y) ∈ R2 : ax+ by = c
}
, (Line){

(x, y) ∈ R2 : aeAx + by = c
}
, (Exp){

(x, y) ∈ R2 : ax+ beBy = c
}
, (Log){

(x, y) ∈ R2 : aeAx + beBy = c
}
, (Ψ-line)

for (a, b, c) ∈ R3 \ {(0, 0, 0)} and A,B ∈ R \ {0}.

Remark 1.2. The four exceptional classes are affine lines after applying, independently in each coordinate,
either the identity map or an exponential change of variable. They are genuine obstructions: each class carries
a form of (generalized) modulation symmetry that fixes the left-hand side of (1.2) while the negative Sobolev
norms of suitable modulated inputs tend to zero. In particular, obstructions similar to (Ψ-line), albeit for
smoothing inequalities associated to bilinear averages on R, also appear in the work [25] by Christ and Zhou.
See Hypothesis 2 and Lemma 2.5 in [25].

Beyond the real-analytic characterization, we establish more general results for parametrizations γ of curves
Γ ⊆ R2. These results show that the validity of the Sobolev smoothing inequality (1.2) is governed by geometric
properties of Γ rather than by the particular parametrization γ, and they quantify the dependence of the implicit
constant in (1.2) on the relevant geometric and analytic parameters. We begin by specifying the class of curves
under consideration.

Definition 1.3 (Curves in R2). Let N ≥ 0. We say Γ ⊆ R2 is a CN curve if it is an embedded CN sub-manifold

of R2 diffeomorphic to an open interval. By a parametric curve, we mean a CN embedding γ : I
∼−→ Γ ⊆ R2

from an open interval I to R2.

Remark 1.4. If a property P of the parametric curve γ : I
∼−→ Γ depends on the parametrization, we denote

it by Pγ ; otherwise, we denote it by PΓ.

Henceforth, we fix a CN curve Γ ⊆ R2 and a parametrization γ : I
∼−→ Γ. The fiber structure of Aγ,ρ

naturally leads us to apply Fourier projections and related operators separately in each coordinate. We therefore
introduce the following notation.

Definition 1.5 (Fiber-wise application). Given an operator T : Lp (R) → Lp (R), we define its fiber-wise
application for functions f ∈ Lp

(
R2
)
on the plane via the following formulas:

T (1)f (x) := (T f (·, x2)) (x1) , T (2)f (x) := (T f (x1, ·)) (x2) .

With the above notion, we can express Aγ,ρ in terms of its Fourier representation:

Aγ,ρ (f1, f2) (x) =

ˆ
F (1)f1 (ξ1, x2)F (2)f2 (x1, ξ2)mγ,ρ (ξ) e (x · ξ) dξ,

where e (z) := e2πiz denotes the standard character on R, F stands for the Fourier transform, and the multi-
plier/symbol mγ,ρ takes the following form:

mγ,ρ (ξ) :=

ˆ
e (ξ · γ (t)) ρ (t) dt. (1.3)
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The following theorem for the fiber-wise bilinear Fourier integral operator plays a key role in proving our main
theorem for the smoothing inequality:

Theorem 1.6 (A universal bound for the fiber-wise bilinear Fourier integral operator). For a symbol m ∈(
L1 ∩ L∞) (R2

)
, and functions F,G ∈

(
L1 ∩ L∞) (R2

)
, consider the fiber-wise bilinear Fourier integral operator

Tm (F,G) (x, y) := 1[0,1]2 (x, y)

ˆ
F (ξ, y)G (x, η)m (ξ, η) e (xξ + yη) dξdη. (1.4)

The following estimate holds:

∥Tm (F,G)∥L1 ≲ ∥m∥
1
5
u ∥m∥

4
5
U ∥F∥L2 ∥G∥L2 ,

where the two quantities are defined by the following formulas:1

∥m∥u :=
∥∥∥F (1)

(
D(0,s)m

)
(x, η)

∥∥∥ 1
2

L∞
sηL

2
x([−1,1])

, (1.5)

∥m∥U :=

∥∥∥∥ˆ
R
D(0,s)D(u,v)m(ξ, η)dξ

∥∥∥∥ 1
4

L∞
uηL

1
sL

2
v

, (1.6)

and the multiplicative derivative is defined by

(D(y1,··· ,yd)f)(x1, · · · , xd) := f(x1 + y1, · · · , xd + yd)f(x1, · · · , xd) . (1.7)

To illustrate the connection between the smoothing inequality and the above theorem, we use orthogonality
and introduce the localized multiplier near the frequency λ := (λ1, λ2) ∈ (R \ {0})2:

mγ,ρ,λ (ξ) :=

ˆ
e (ξ · γ (t)) ρ (t) dt

∏
j=1,2

ψ (ξj/λj) ,

where ρ ∈ C∞
c (R) will be chosen to be supported in a short interval around 0 and ψ ∈ C∞

c (R) will be chosen
to support in a short interval around 1 (both ρ, ψ will be rigorously defined in (1.16)). It is enough to prove a
power-decay estimate of the form:∥∥Tmγ,ρ,λ

(F,G)
∥∥
L1 ≲

γ,ρ
λ−ε ∥F∥L2 ∥G∥L2 , |λj | ≂ λ≫ 1.

By Theorem 1.6, this reduces to establishing the two bounds

∥mγ,ρ,λ∥u ≲
γ,ρ

λ−c, ∥mγ,ρ,λ∥U ≲
γ,ρ

logC λ.

Estimating these two quantities is the most technical part of the argument. The main difficulty is the oscillatory
structure of the multiplier. Stationary phase suggests the factorization

mγ,ρ,λ (ξ) = e (ξ · γ (t∗ (ξ)))Ψλ (ξ)

where t = t∗ (ξ) solves the critical point equation ξ · γ ′ (t) = 0. Thus, ξ is normal to Γ at γ (t∗ (ξ)). This
geometric interpretation allows us to relate the phase function ξ ·γ (t∗ (ξ)) to an expression related to a modified
notion of Gauss map. Such a modification maps a curve Γ to the projective space instead of the usual setting
mapping to the 1-sphere.

1We adopt the convention ∥f(x, y)∥Lp
xL

q
y

:=
∥∥∥f(x, y)∥Lp

x

∥∥
L

q
y

for the iterated Lebesgue norms.
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Definition 1.7 (The projective space). The projective space RPn as a set is given by RPn =Rn+1\{0}/∼ where

ξ ∼ η ⇐⇒ ∃λ ∈ R \ {0} , η = λξ, ∀ξ,η ∈ Rn+1 \ {0} .
For ξ := (ξ1, . . . , ξn+1) ∈ Rn+1 \ {0}, we introduce the following notation:

[ξ] := [ξ1 : · · · : ξn+1] :=
{
η ∈ Rn+1 \ {0} : ξ ∼ η

}
.

We equip RPn with the usual smooth manifold structure and denote RP := RP1 for our setting.

Definition 1.8 (The Gauss map). For a C1 curve Γ ⊆ R2, we define the associated Gauss map:

GΓ : Γ → RP : p 7→ NpΓ \ {0} .

Remark 1.9 (Inverse of the Gauss map). Note that a C1 curve Γ is homeomorphic to an open interval I ⊆ R.
Via the order topology on I, we see that the inverse G−1

Γ exists on img GΓ ⊊ RP and is continuous whenever
GΓ is injective. In other words, an injective Gauss map induces a topological embedding GΓ : Γ ↪→ RP.

Definition 1.10 (Natural extension of the inverse Gauss map). Assume the inverse G−1
Γ : img GΓ → Γ exists.

We define the extension as below:

γΓ : CΓ :=
⊔
p∈Γ

GΓ (p) → Γ : ξ 7→ G−1
Γ ([ξ]) .

With the above notion, we can now state the key identity γΓ (ξ) = γ (t∗ (ξ)) and thus, rewrite:

mγ,ρ,λ (ξ) = e (ξ · γΓ (ξ))Ψλ (ξ) .

The quantities ∥mγ,ρ,λ∥u and ∥mγ,ρ,λ∥U can be computed through oscillatory integrals. We estimate them
using a variant of van der Corput’s lemma stated in Appendix A. Although neither the first nor the second
derivative of the phase is uniformly non-vanishing on the entire integration domain, at every point at least one
of the two derivatives is nonzero. The relevant version of van der Corput’s lemma therefore requires a uniform
bound on how often the dominant derivative can change. This complexity is measured by the following quantity.

Definition 1.11 (A uniform finiteness characterization). Given a C1 curve Γ with injective Gauss map, let
γΓ = (γΓ,1, γΓ,2) be the associated extension of the inverse Gauss map. We define:

ΞΓ := sup
s,u,v,w,η
:p(s,v,η)

max


C
({
ξ ∈ R :

(
∆(0,s)∂1γΓ,1

)
(ξ, η) = w

})
,

C
({
ξ ∈ R :

(
∆(s,0)∂2γΓ,2

)
(η, ξ) = w

})
,

C
({
ξ ∈ R :

(
∆(0,s)∆(u,v)∂1γΓ,1

)
(ξ, η) = w

})
,

C
({
ξ ∈ R :

(
∆(s,0)∆(v,u)∂2γΓ,2

)
(η, ξ) = w

})
 , (1.8)

where C (B) denotes the number of connected components of a set B ⊆ R with the convention that C (∅) = 0,
the symbol ∆(u,v) stands for the finite difference given by the formula ∆u,vf (x, y) := f (x+ u, y + v)− f (x, y),
and the notation p (s, v, η) stands for the sign condition expressed by the following formula:2

(η, η + s, η + v, η + s+ v > 0) ∨ (η, η + s, η + v, η + s+ v < 0) . (1.9)

Remark 1.12 (Interpretation of the equality). For a function f : A → B, we interpret the formula f (a) = b
as a shorthand for the following formula:

(a ∈ A) ∧ (b ∈ B) ∧ (f (a) = b) .

Remark 1.13 (Domains of the functions). Given a function f : Rm ⊃ domf → Rn, a vector z ∈ Rm, and an
index j ∈ {1, . . . ,m}, we interpret the domain of the functions ∆zf and ∂jf as:

dom∆zf := {x ∈ Rm : x,x+ z ∈ domf} ; (1.10)

dom ∂jf := {x ∈ Rm : ∃y ∈ Rn, ∀ϵ > 0, ∃δ > 0, ∀h ∈ R, Df ,j (y, ϵ, δ, h,x)} (1.11)

2(1.9) is equivalent to the sign condition sgn (η) = sgn (η + s) = sgn (η + v) = sgn (η + s + v).
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with the formula Df ,j (y, ϵ, δ, h,x) expressing the differentiability as below:

0 < |h| < δ =⇒
(
x,x+ hej ∈ domf ∧

∣∣∣∣f (x+ hej)− f (x)

h
− y

∣∣∣∣ < ϵ

)
. (1.12)

Under the above interpretation, we shall allow functions with empty domain.

The oscillatory estimates also require quantitative nondegeneracy conditions on the phase ξ · γΓ (ξ). We
encode these conditions in the following notion.

Definition 1.14 (A-admissibility). We say γ : I
∼−→ Γ is A-admissible if γ ∈ C4 (I) and satisfies:∣∣∣γ(k) (t)

∣∣∣ ≤ A; A−1 ≤
∣∣γ′j (t)∣∣ , ∣∣γ ′ ∧ γ ′′∣∣ (t) , ∣∣χ′

γ ∧ χ′′
γ

∣∣ (t) , ∀t ∈ I, j = 1, 2, k = 1, 2, 3, 4, (1.13)

where the function χγ is defined by the following formula:

χγ :
{
t ∈ I : γ ′ (t) ∧ γ ′′ (t) ̸= 0

}
→ R2 : t 7→

(
γ′1γ

′
2

γ ′ ∧ γ ′′

)
(t) · γ ′ (t) .

Remark 1.15. As a direct consequence of the mean value theorem, for P ∈ C [z1, . . . , z11] and A-admissible

γ : I
∼−→ Γ with A≫ 1, the following expression:

F := P

(
γ1, . . . γ

′′′
1 , γ2, . . . γ

′′′
2 ,

1

γ′1
,
1

γ′2
,

1

γ ′ ∧ γ ′′

)
as a function F : I → C satisfies the following control on the image:

dia (F (U)) ≤ AOP (1) dia (U) , U ⊆ I.

Equivalently, it says that F is a Lipschitz map with the Lipschitz constant LF ≤ AOP (1).

With the above notions, we are ready to make the previously mentioned argument precise. If γ : I
∼−→ Γ

is A-admissible, the compactness of supp ρ permits a finite decomposition of I and ρ, reducing the analysis to
the following short-interval regime.

Definition 1.16 (Short-interval condition). The tuple (γ, ρ) satisfies the (A,C)-short-interval condition, if

γ : I :=
(
−A−C , A−C) ∼−→ Γ is A-admissible, and ρ ∈ C2

c (R) satisfies supp ρ ⊆ A−2CI and ∥ρ∥C2 = 1.

We now formulate the key statement:

1.1. Decay estimates and smoothing inequalities.

Theorem 1.17. Fix a bump function ϕ ∈ C∞
c (R) satisfying the two properties:

1[− 1
2
, 1
2 ]

≤ ϕ ≤ 1(−1,1), ϕ (−z) = ϕ (z) . (1.14)

Define for δ > 0 the auxiliary bump function:

ψδ (ζ) := ϕ

(
ζ − 1

δ

)
. (1.15)

For A,C ≫ 1 and (γ, ρ) satisfying the (A,C)-short-interval condition 1.16, consider the symbol given by:

mγ,ρ,λ (ξ) :=

ˆ
e (ξ · γ (t)) ρ (t) dt

∏
j=1,2

ψδ (ξj/λj) , δ := A−4C (1.16)

with the parameter λ := (λ1, λ2) satisfying the following conditions:

|λ| ≥ AC , [λ] ∈ GΓ ◦ γ
(
A−CI

)
. (1.17)

The corresponding fiber-wise bilinear Fourier integral operator satisfies the following estimate:∥∥Tmγ,ρ,λ
(F,G)

∥∥
L1 ≲ AO(1)Ξ

3
10
Γ |λ|−

1
20 log

3
20 (|λ|) ∥F∥L2 ∥G∥L2 . (1.18)
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Remark 1.18. Notice that (1.17) implies 1 ≪
γ

|λ1| ≂
γ
|λ2|. In other words, the above theorem is addressing

the diagonal parts of the Littlewood-Payley decomposition. See Lemma 2.8 for the proof of this fact.

Once we establish the above decay estimate, it becomes standard procedure to produce our main theorem
regarding the Sobolev smoothing inequalities for Aγ,ρ:

Theorem 1.19. There are universal constants c, ε > 0 such that for all A-admissible γ : I
∼−→ Γ ⊆ R2 and

ρ ∈ C2
c (R) with supp ρ ⋐ I, the Sobolev smoothing inequality (1.2) holds with:

Cγ,ρ,ε ≲ max

(
A,

1

dist (supp ρ, Ic)

)c
|I|Ξ

3
10
Γ ∥ρ∥C2 .

In other words, we have:

∥Aγ,ρ (f1, f2)∥L1 ≲ max

(
A,

1

dist (supp ρ, Ic)

)c
|I|Ξ

3
10
Γ ∥ρ∥C2 ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) . (1.19)

We also provide a geometric interpretation for Theorem 1.19. Consider the following auxiliary map:

Definition 1.20. Let N ≥ 2. Given an oriented CN curve Γ, we define the following CN−2 map:

χΓ : {p ∈ Γ : κ (p) ̸= 0} → R2 : p 7→

(
pt ·

pt1pt2
κ

)
(p) = pt (p) ·

pt1 (p)pt2 (p)

κ (p)
,

where pt (p) :=
(
pt1 (p) ,pt2 (p)

)
denotes the directed unit tangent at p ∈ Γ and κ (p) the signed curvature at p ∈ Γ.

The following observation formally relates the map χΓ to the function χγ :

χγ =
γ ′

|γ ′|
· γ

′
1

|γ ′|
· γ

′
2

|γ ′|
/

(
γ ′ ∧ γ ′′

|γ ′|3

)
=

(
pt ·

pt1pt2
κ

)
◦ γ = χΓ ◦ γ. (1.20)

As a consequence, we have char Γ := imgχΓ = imgχγ . Furthermore, if Γ has non-vanishing curvature and

img GΓ ⊆ RP \ {[0 : 1] , [1 : 0]}, the map χΓ : Γ
∼−→ char Γ ⊆ R2 is an embedding of Γ into R2. We thus

call char Γ the characteristic curve of Γ whenever such an embedding exists. With these notions, we may
reformulate Theorem 1.19 and provide a qualitative but purely geometric statement:

Theorem 1.21. There is a universal constant ε > 0 such that given any C4 curve Γ ⊆ R2 satisfying the
following conditions:

(1) img GΓ contains neither [1 : 0] nor [0 : 1];
(2) both Γ and char Γ have non-vanishing curvature;
(3) the uniform finiteness condition ΞΓ <∞ holds,

the Sobolev smoothing inequality (1.2) holds with some finite 0 < Cγ,ρ,ε < ∞ for any C4 parametrization

γ : I
∼−→ Γ and any bump function ρ ∈ C2

c (I).

Indeed, take Γ satisfying the above three conditions and any C4 parametrization γ : I
∼−→ Γ. We may relate

the three conditions to the notion of A-admissibility for γ. On the one hand, we note that

condition 1 ⇐⇒ pt1 (p) ̸= 0, pt2 (p) ̸= 0, ∀p ∈ Γ ⇐⇒
∣∣γ′1 (t)∣∣ , ∣∣γ′2 (t)∣∣ > 0, ∀t ∈ I.

Furthermore, since γ : I
∼−→ Γ and χγ : I

∼−→ char Γ, we have

condition 2 ⇐⇒ |γ ′ ∧ γ ′′|
|γ ′|3

(t) ,

∣∣χ′
γ ∧ χ′′

γ

∣∣∣∣χ′
γ

∣∣3 (t) > 0, ∀t ∈ I

⇐⇒
∣∣γ ′ ∧ γ ′′∣∣ (t) , ∣∣χ′

γ ∧ χ′′
γ

∣∣ (t) > 0, ∀t ∈ I.
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On the other hand, for any ρ ∈ C2
c (R) with supp ρ ⋐ I, we may use the compactness of the support to find

a finite open interval J ⊆ R such that supp ρ ⋐ J ⋐ I, and restrict the domain of γ to J . Given the two
equivalent statements of condition (1) and (2), the compactness of J implies that there is a large enough A≫ 1
such that γ|J is A-admissible. Theorem 1.21 thus follows from Theorem 1.19 once we invoke the following
key lemma:

Lemma 1.22 (Monotonicity of ΞΓ). Given a C1 curve Γ ⊆ R2 with injective Gauss map, if a curve Γ′ is a
subset of Γ, the following inequality holds:

ΞΓ′ ≤ ΞΓ +O (1) ≲ ΞΓ.

Note that the second relation follows from the trivial lower bound 1 ≤ ΞΓ.

Return now to the discussion of the quantitative statement Theorem 1.19. Due to the polynomial de-
pendence on the A-admissibility condition, with little effort, we may generalize Theorem 1.19 to cover
cases where the A-admissibility fails but in a controllable manner. One such example is the parametrization
γ (t) = (cos t, sin t) for the unit circular arc near t = 0. To formulate the result, we first weaken the notion of
A-admissibility by introducing the following function:

Definition 1.23 (Admissibility function). Given C4 parametric curve γ : I
∼−→ Γ, we define the function:

Aγ (t) := max

(
max

k=1,2,3,4

∣∣∣γ(k)
∣∣∣ (t) ,max

j=1,2

∣∣γ′j∣∣−1
(t) ,

∣∣γ ′ ∧ γ ′′∣∣−1
(t) ,

∣∣χ′
γ ∧ χ′′

γ

∣∣−1
(t)

)
, (1.21)

where we assign ∞ as the value whenever one of the above expressions is not defined.

Notice that the notion of A-admissibility coincides with the condition ∥Aγ∥L∞(I) ≤ A. This fact suggests

that we consider the following natural generalization:

Definition 1.24 (Weak type control on Aγ). Given 0 < p ≤ ∞, we set:

∥Aγ∥Lp,∞ := ∥Aγ∥Lp,∞(I) := sup
λ>0

λ |{t ∈ I : Aγ (t) > λ}|
1
p . (1.22)

Note that for all 0 < p ≤ q ≤ ∞, we always have 1 ≲
I,p

∥Aγ∥Lp,∞ ≲
I,p,q

∥Aγ∥Lq,∞ .

Since the above quantity provides no structural information about the set of poor admissibility, we remedy
this issue via a notion controlling the number of connected components:

Definition 1.25 (Fluctuation control on Aγ). Given 0 ≤ α <∞, we define:

|Aγ |α := sup
λ>1

λ−αC ({t ∈ I : Aγ (t) > λ}) . (1.23)

Note that for all 0 ≤ α ≤ β <∞, we always have 1 ≤ |Aγ |β ≤ |Aγ |α.

With the above notions, we provide Sobolev smoothing inequalities adapted to this general setting.

Theorem 1.26. For all 0 < p ≤ ∞ and 0 ≤ α < ∞ there are cα > 0 and εp,α > 0 such that for all C4

parametric curves γ : I
∼−→ Γ ⊆ R2 with injective Gauss map, and ρ ∈ C2

c (R) with supp ρ ⋐ I, the Sobolev
smoothing inequality (1.2) holds with:

Cγ,ρ,εp,α ≲
p,α

max

(
∥Aγ∥Lp,∞ , |Aγ |α ,

1

dist (supp ρ, Ic)

)cα
⟨|I|⟩Ξ

3
10
Γ ∥ρ∥C2

Remark 1.27. When A := ∥Aγ∥L∞,∞ := ∥Aγ∥L∞(I) < ∞, the parametric curve γ : I
∼−→ Γ is A-admissible.

Therefore the endpoint p = ∞ case follows directly from Theorem 1.19.
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1.2. Finiteness and uniformity via o-minimal theory. Up to this point, the finiteness of ΞΓ and |Aγ |α
are assumed either explicitly or implicitly. Although one may check for specific examples:

γ (t) =
(
t, t2

)
, (cos t, sin t) , (P1 (t) , P2 (t))

that ΞΓ, |Aγ |0 <∞, it is more desirable to have an easily checkable criteria for the finiteness. Below, we shall

provide such criteria via notions from o-minimal theory3

Fix an o-minimal expansion R of ⟨R,+, ·, <⟩. Let γ : I
∼−→ Γ be definable (in R). If GΓ is injective, both

ΞΓ and |Aγ |0 are finite. In fact, we will prove the following stronger statements:

Lemma 1.28 (A uniform finiteness property for ΞΓ). Consider a definable family {Γσ}σ∈Σ of C1 curves in

R2. If for all σ ∈ Σ the Gauss map GΓσ is injective, the following uniform bound holds:

sup
σ∈Σ

ΞΓσ <∞.

Lemma 1.29 (A uniform finiteness property for |Aγ |0). Consider a definable family
{
γσ : R ⊃ Iσ

∼−→ Γσ ⊆ R2
}
σ∈Σ

of C4 parametric curves. The following uniform bound holds:

sup
σ∈Σ

|Aγσ |0 <∞.

These lemmas demonstrate certain uniformity regarding the boundedness of the two quantities. As a direct
consequence, we have the following variants of the Sobolev smoothing inequalities:

Theorem 1.30 (Smoothing inequalities for families of curves). Consider a definable family

F :=
{
γσ : R ⊃ Iσ

∼−→ Γσ ⊆ R2
}
σ∈Σ

of Aσ-admissible parametric curves. For ρσ ∈ C∞
c (R) satisfying supp ρσ ⋐ Iσ, the Sobolev smoothing inequali-

ties (1.2) hold uniformly for all σ ∈ Σ with

Cγσ ,ρσ ,ε ≲
F
max

(
Aσ,

1

dist (supp ρσ, Icσ)

)c
|Iσ| · ∥ρσ∥C2

for the universal constant c, ε > 0 as in Theorem 1.19.

Theorem 1.31 (Strong smoothing inequalities for families of curves). Consider a definable family F :={
γσ : R ⊃ Iσ

∼−→ Γσ ⊆ R2
}
σ∈Σ

of C4 parametric curves whose Gauss maps are injective. For all 0 < p ≤ ∞
and ρσ ∈ C2

c (R) with supp ρσ ⋐ Iσ, the Sobolev smoothing inequalities (1.2) hold uniformly for all σ ∈ Σ with

Cγσ ,ρσ ,εp,0 ≲
p,F

max

(
∥Aγσ∥Lp,∞ ,

1

dist (supp ρσ, Icσ)

)c0
⟨|Iσ|⟩ ∥ρσ∥C2

for c0 and εp,0 defined as in Theorem 1.26.

Below, we provide a list of o-minimal expansions of Ralg := ⟨R,+, ·, <⟩ and some examples of curves definable
in the individual structures:

• Ralg consists of semi-algebraic sets. Polynomial curves γ (t) = (P1 (t) , P2 (t)) are definable.

• RR expands with power functions: tα, α ∈ R. See [77] for details. Specifically, γ (t) := (|t|α1 , |t|α2) is
definable.

• Ran expands with all truncated real analytic functions. See [40, 63, 6, 64, 41] for details. For example,
γ (t) := 1[−π/2,π/2] (t) (cos t, sin t) is definable.

• Rexp expands with et. See [57, 92, 93] for details. For example, γ (t) :=
(
log (t) , et

)
is definable.

3For readers’ convenience, we include the required background knowledge in Appendix B.
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• Ran,exp combines the previous two bullet points. See [91] for details.

Notably, the sufficiency of the condition in Theorem 1.1 is one direct consequence of the o-minimality of Ran

and Theorem 1.31. Details are given in Section 4.3

1.3. Applications. We next describe four applications of the smoothing estimates: singular integrals, maxi-
mal operators, spherical maximal operators, and the detection of corner-type patterns. To place these results
in context, recall that the systematic study of singular and maximal integrals along submanifolds was initiated
by foundational work of Stein, Wainger, Nagel, Christ, Seeger, and Wright [89, 79, 21, 22, 16, 24]. In paral-
lel, Coifman–Meyer multiplier theory [26, 28] and Lacey–Thiele’s resolution of Calderon’s conjecture [65, 66]
established central tools and model problems for modern multilinear harmonic analysis.

Singular Integral. A broad class combining multilinearity, singular kernels, and Radon-type behavior is given
by

H(f)(x) =

ˆ
Rd

n∏
j=1

fj(Πj(x, t))K(t)dt , (1.24)

Question 1.32. For which exponents (p, p1, · · · , pn) ∈ Rn+1 does the estimate hold

∥H(f)∥Lp ≲
n∏
j=1

∥fj∥Lpj ? (1.25)

The available methods divide naturally according to whether the projection maps Πj are flat(linear) or
curved.

In the flat setting, the natural multilinear extension of Calderon–Zygmund singular integrals is the class
of singular Brascamp–Lieb forms [38]. For instance, the bilinear Hilbert transform is a special case of a
one-dimensional trilinear singular Brascamp-Lieb form. Demeter and Thiele [31] systematically analyzed the
two-dimensional trilinear forms and established bounds in most cases. A notable special case is the twisted
paraproduct, whose boundedness was established by Kovač [58] and later generalized by Durcik [35, 36].
Among two-dimensional trilinear singular Brascamp–Lieb forms, the principal remaining case with no known
boundedness at any exponent is the form associated with the triangular Hilbert transform:ˆ

R
f1(x+ t, y)f2(x, y + t)

dt

t
. (1.26)

A broader classification of trilinear singular Brascamp–Lieb forms was obtained by Becker, Durcik, and the
second author [3] using quiver representations. At the next level of multilinearity, even the trilinear Hilbert
transform, the basic quadrilinear singular Brascamp–Lieb form, remains open.

In the curved setting, oscillatory integral methods become available. The boundedness of the bilinear Hilbert
transform along a parabola was established by Li [71], and generalizations to other non-flat curves were sub-
sequently pursued by Lie [73, 74]. Trilinear Hilbert transform along moment curve was studied by Hu and Lie
[51, 52].

Moving to higher dimension, let γ := (γ1, γ2) : R → R2 be a parametric curve in the plane. We define the
triangular Hilbert transform associated to γ as4

Tγ (f1, f2) (x) := p. v.

ˆ
f1 (x1 + γ1 (t) , x2) f2 (x1, x2 + γ2 (t))

dt

t
.

Under this notation, the triangular Hilbert transform is T(t,t) (f1, f2) (x). Christ, Durcik, and Roos [23] obtained

the first nontrivial boundedness result in this corner-type family by treating the parabolic curve γ (t) :=
(
t, t2

)
.

A crucial component in obtaining these bounds is the smoothing inequality. In [23], the smoothing inequality is
derived via sublevel set estimates. Chen and Guo [18] later treated polynomial pairs γ := (P1, P2) with distinct

4We henceforth omit the p. v. notation whenever the proper interpretation is clear from the context.
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leading and lowest degrees by related methods. Our approach is different: inspired by the sparse–uniform
analysis of Gaitan and Lie [43], it applies to broad geometric classes of curves.

We will utilize the uniformity statement for our Sobolev smoothing inequality provided by Theorem 1.30
to generalize the above results.

To formulate our statement, we first introduce the following preliminary notions:

Definition 1.33 (Symmetric punctured neighborhood of 0 and ∞). For r > 0, we define:

U0 (r) := {t ∈ R : 0 < |t| < r} , U∞ (r) := {t ∈ R : r < |t| <∞} .
Sets of the form U0 (r) (resp. U∞ (r)) will be referred to as symmetric punctured neighborhoods of 0 (resp.
∞). When the specific value of r > 0 is irrelevant, we simply write U0 and U∞.

Definition 1.34 (Positive homogeneity). A function h : R \ {0} → R is positively homogeneous of degree
α ∈ R if h (st) = sαh (t) for all t ̸= 0 and s > 0.

Definition 1.35 (Asymptotic homogeneity). Let ∗ ∈ {0,∞}. A function f : R \ {0} → R is asymptotically
homogeneous near ∗ if it can be approximated by a positively homogeneous function h : R \ {0} → R \ {0} of

non-zero degree via the relation f (t) /h (t) = 1 +O(|t|δ∗) for some δ∗ ∈ R satisfying lim|t|→∗ |t|δ∗ = 0.

Definition 1.36. Let ∗ ∈ {0,∞}. Given an o-minimal expansion R of ⟨R,+, ·, <⟩, we say a function f :
R \ {0} → R is definable near ∗ if f |U∗

: U∗ → R is definable for some U∗ = U∗ (r). In other words, f is germ
equivalent to a definable function at ∗.

Given γ = (γ1, γ2) : R \ {0} → R2, we introduce the following two easily checkable conditions:

∀∗ ∈ {0,∞} , lim inf
|t|→∗

|t| /
∣∣∣∣ γ′1γ

′
2

γ ′ ∧ γ ′′

∣∣∣∣ (t) > 0 (1.27)

∀∗ ∈ {0,∞} , lim inf
|t|→∗

|γ1 (t)| = ∞ ⇐⇒ lim inf
|t|→∗

|γ2 (t)| = ∞. (1.28)

With the above notions, our result regarding the operator Tγ can be formulated as below:

Theorem 1.37 (Triangular Hilbert transform along asymptotically homogeneous definable curves). Let R be
an o-minimal expansion of ⟨R,+, ·, <⟩. For j = 1, 2, also let γj : R \ {0} → R be asymptotically homogeneous
and definable near both 0 and ∞. If (1.27) and (1.28) hold, the operator Tγ satisfies the following estimates:

∥Tγ (f1, f2)∥Lp3 ≲
p1,p2,γ

∥f1∥Lp1 ∥f2∥Lp2 , ∀p1, p2 ∈ (1,∞) ,
1

2
<

1

p3
=

1

p1
+

1

p2
≤ 1. (1.29)

The asymptotic notions involved in Theorem 1.37 are motivated by the following observation: the bound-
edness of Tγ is dictated by the asymptotic behavior of the parametric curve γ near 0 and ∞. To be precise,
the truncated operator satisfies the following trivial bound:∥∥∥∥∥

ˆ
r0≤|t|≤r∞

f1 (x1 + γ1 (t) , x2) f2 (x1, x2 + γ2 (t))
dt

t

∥∥∥∥∥
Lp3 (dx)

≤ 2 log (r∞/r0) ∥f1∥Lp1 ∥f2∥Lp2 (1.30)

for pj ∈ [1,∞] with 1
p3

= 1
p1

+ 1
p2
. As a result, studying the boundedness of Tγ reduces to understanding

truncated operators:

Tγ,∗ (f1, f2) (x) ≈
ˆ
U∗(r∗)

f1 (x1 + γ1 (t) , x2) f2 (x1, x2 + γ2 (t))
dt

t
, ∗ ∈ {0,∞} (1.31)

of which the exact definition will be introduced in Section 5.3.
In the cases γ := (P1, P2) considered in [18] with Pj being polynomials of the form:

Pj (t) = adj t
dj + adj−1t

dj−1 + · · ·+ aej+1t
ej+1 + aej t

ej , adj , aej ̸= 0, (1.32)
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we see that Pj (t) is asymptotically homogeneous near 0 (resp. ∞) of degree ej (resp. dj). With Theorem
1.37, we allow real-valued exponents in (1.32) given suitable interpretation of the power function tα for α ∈ R
and some other well-behaved perturbations.

More generally, the asymptotic homogeneity assumption on γj is natural in the case where the o-minimal
expansion R of ⟨R,+, ·, <⟩ is polynomially bounded (see Definition B.14). The detailed discussion is included
in Section 5.3.2. As one direct application, we provide the boundedness result analogous to Theorem 1.37
for real analytic γ (see Corollary 5.13.)

Maximal Operator. The bilinear maximal operator

sup
r>0

1

2r

ˆ r

−r
|f1(x+ t)f2(x− t)|dt (1.33)

was initially studied by Lacey [67], and subsequently generalized and investigated by Demeter, Tao, and Thiele
[30] in the connection with pointwise ergodic theorems. Curved analogues have been studied by Li, and Xiao
[72] and Gaitan and Lie [42]. In our corner-type setting, for γ : R \ {0} → R2, define

Mγ (f1, f2) (x) := sup
r>0

∣∣∣∣ r

−r
f1 (x1 + γ1 (t) , x2) f2 (x1, x2 + γ2 (t)) dt

∣∣∣∣ . (1.34)

Theorem 1.38. Let γ be as given in Theorem 1.37. The operator Mγ satisfies the following estimates

∥Mγ (f1, f2)∥Lp3 ≲
γ,pj

∥f1∥Lp1 ∥f2∥Lp2

for the following Banach range

1 < p1, p2 ≤ ∞,
1

p3
=

1

p1
+

1

p2
≤ 1. (1.35)

The endpoint p3 = 1 is already nontrivial. Determining the optimal quasi-Banach range p3 < 1 lies beyond
the scope of the present paper.

Spherical Maximal Operator. Another maximal operator of interest arises from taking certain supremum
over the spherical averages:

Avgt (f) (x) :=

ˆ
Sd−1

f (x− ty) dHd−1 (y) , x ∈ Rd. (1.36)

Stein [88] introduced the classical formulation of the spherical maximal operator

S (f) (x) := sup
t>0

|Avgt (f) (x)| , f ∈ Lp
(
Rd
)

(1.37)

and proved the Lp boundedness result for d ≥ 3 and p > d
d−1 . The more difficult d = 2 case was resolved a

decade later by Bourgain [13]. These Lp boundedness results have direct connections to almost everywhere
convergence of solutions to certain PDEs for Lp initial data. Subsequent work has considered multilinear
averages and restrictions of the dilation parameter to lacunary or fractal sets.

By replacing Avgt with the following bilinear analog:

BAvgt (f1, f2) (x) :=

ˆ
S2d−1

f1 (x− ty1) f2 (x− ty2) dH2d−1 (y1,y2) , x ∈ Rd (1.38)

one obtains the bilinear spherical maximal operator:

BS (f1, f2) (x) := sup
t>0

BAvgt (f1, f2) (x) , fj ∈ Lpj
(
Rd
)
. (1.39)

The operator (1.39) was first studied in [44]. Following [2, 46], Jeong and Lee [55] obtained the sharp range for
d ≥ 2 by a slicing argument. The one-dimensional case was resolved independently by Christ and Zhou [25]
and Dosidis and Ramos [33].
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Restricting the dilation parameter to dyadic scales gives the lacunary spherical maximal operator

Slac (f) (x) := sup
t∈2Z

Avgt (f) (x) , BSlac (f1, f2) (x) := sup
t∈2Z

BAvgt (f1, f2) (x) . (1.40)

Compared with their full counterparts (1.37), (1.39), lacunary spherical maximal operators typically admit
a larger boundedness range. The linear theory was developed in [15, 27]. In the bilinear setting, Borges and
Foster [9] established bounds for d ≥ 2, while Christ and Zhou [25] treated d ≥ 1.

Bhojak, Choudhary, and Shrivastava [5] subsequently introduced twisted/corner-type variants by replacing
Avgt with

CAvgt (f1, f2) (x1,x2) :=

ˆ
S2d−1

f1 (x1 − ty1,x2) f2 (x1,x2 − ty2) dH2d−1 (y1,y2) , xj ∈ Rd. (1.41)

They study both the full and lacunary maximal operators associated with these averages:

CS (f1, f2) (x1,x2) := sup
t>0

CAvgt (f1, f2) (x1,x2) , (1.42)

CSlac (f1, f2) (x1,x2) := sup
t∈2Z

CAvgt (f1, f2) (x1,x2) . (1.43)

Related work treats more general dilation sets [34, 86, 87, 85, 1, 10]. In the linear setting, Roos and Seeger [84]
characterized the Lp improving region up to endpoints. Variants associated with surfaces other than spheres
appear in [75, 17, 47, 20, 10, 54, 68]. For a recent survey of bilinear spherical averages, see Borges [8].

Our smoothing inequalities yield the following corner-type lacunary maximal estimate. Given γ : I → R2,
define the following maximal operator

Mγ (f1, f2) (x) := sup
k∈Z

∣∣∣∣ˆ f1

(
x1 + 2kγ1 (t) , x2

)
f2

(
x1, x2 + 2kγ2 (t)

)
ρ (t) dt

∣∣∣∣ .
Theorem 1.39. Let γ : I → R2 be a real analytic function with img γ not contained in the four classes (Line),
(Exp), (Log), or (Ψ-line). The operator Mγ satisfies the following estimate

∥Mγ (f1, f2)∥Lp3 ≲
γ,pj

∥f1∥Lp1 ∥f2∥Lp2

for the same range as in (1.35).

Corner-Type Pattern. Finally, the smoothing inequality can be used to detect configurations of the form
(x, y), (x + γ1(t), y), (x, y + γ2(t)) in subsets of Euclidean space. This problem belongs to the broader study
of arithmetic progression initiated by Roth’s and Szemeredi’s theorems. Major quantitative advances include
work of Gowers [45], Green and Tao [48], Bloom and Sisask [7], Kelly and Meka [56], Leng, Sah, and Sawhney
[69].

A complementary direction replaces linear progressions by nonlinear patterns x, x + γ1(t), · · · , x + γm(t).
Bergelson and Leibman [4] obtained a qualitative result for polynomial progressions, and a substantial recent
literature has developed quantitative versions in several ambient settings.

Over finite field, Bourgain and Chang [12] obtained a quantitative bound for x, x + t, x + t2. The result
was extended to more general three-term polynomial progression by Peluse [80], Dong, Li, and Sawin [32].
Later, a breakthrough was made by Peluse [81], giving a quantitative bound for arbitrary length of polynomial
progression x, x+ γ1(t), · · · , x+ γm(t) where γ1, · · · , γm are linearly independent polynomials.

Over the integers, Peluse and Prendiville [83] established the first quantitative three-term result, and Peluse
[82] extended it to arbitrary-length polynomial progressions with distinct degrees.

In the real setting, Bourgain [11] obtained a quantitative bound for x, x+ t, x+ td. This result was extended
by Durcik, Guo and Roos [37] to x, x + t, x + γ2(t) for polynomial γ2 and by Chen, Guo, and Li [19] to
x, x + γ1(t), x + γ2(t) where γ1, γ2 have distinct degrees. Krause, Mirek, Peluse, and Wright [61] recently
obtained arbitrary-length results with distinct polynomial degrees over general local fields.



14 MARTIN HSU, FRED YU-HSIANG LIN

The PET induction and degree-lowering mechanisms in [61] are powerful enough to handle arbitrary mul-
tilinearity, but they exploit the algebraic structure of polynomial curves. Their extension to general analytic
curves is therefore not immediate. Our method has a complementary strength and limitation: in the bilinear
corner setting, it replaces polynomial structure by geometric conditions on the curve, but it does not presently
extend to arbitrary multilinearity. Understanding how these method relates to each other and whether these
approaches can be combined is beneficial and a natural direction for future work.

Recently, there are also several results considering finding nonlinear progression in fractal sets [94, 62, 14,
39, 76, 60, 50].

In higher dimensions, the corresponding corner-type configuration is x, x + e1γ1(t), · · · , x + emγm(t) for
x ∈ Rm where ei is the i-th standard unit vector. In the two-dimensional case, our smoothing inequality gives
the following quantitative existence result.

Theorem 1.40. Let γ := (γ1, γ2) be real analytic in a neighborhood I of 0 with γ (0) = 0. If none of the four
classes of forbidden sets (Line), (Exp), (Log), and (Ψ-line) contains γ (I), there exists Cγ , cγ > 0 such that

for any E ⊆ [0, 1]2 with positive measure, there exists (x1, x2) ∈ R2 such that

(x1, x2) , (x1 + γ1 (t) , x2) , (x1, x2 + γ2 (t)) ∈ E (1.44)

for some t ∈ I satisfying the gap estimate

t > exp
(
− exp

(
Cγ |E|−cγ

))
. (1.45)

Remark 1.41. We note that whenever

lim
t→0

log γ′1 (t)− log γ′2 (t)

log t
̸= 0,

or equivalently (1.27) with ∗ = 0:

lim
t→0

tγ ′ (t) ∧ γ ′′ (t)

γ′1 (t) γ
′
2 (t)

̸= 0,

the gap estimate (1.45) can be further improved with one less exponentiation

t > exp
(
−Cγ |E|−cγ

)
.

2. Decay estimate for Fourier integral operators

Proposition 2.1 (Control by U-norm of the multiplier). For Tm(F,G) defined as in (1.4), we have the esti-
mates:

∥Tm (F,G)∥L1 ≤ ∥m∥u ∥F∥L2 ∥G (x, η)∥L1
ηL

2
x
, (2.1)

∥Tm (F,G)∥L2 ≤ ∥m∥U ∥F (ξ, y)∥L2
ξL

4
y

(
∥G (x, η)∥L2

ηL
4
x
∥G∥L4

) 1
2
. (2.2)

Proposition 2.2 (Mixed Norm Interpolation). Let c0, c1, c2 ≥ 0. If a bilinear operator

T :
(
L1 ∩ L∞) (R× [0, 1])×

(
L1 ∩ L∞) ([0, 1]× R) → L∞

(
[0, 1]2

)
satisfies the following support size L0 control:

suppF ⊆ R× P, suppG ⊆ Q× R =⇒ |suppT (F,G)| ≤ c0 |P | · |Q| (2.3)

and the following two mixed-norm estimates:

∥T (F,G)∥L1 ≤ c1 ∥F∥L2 ∥G (x, η)∥L1
ηL

2
x
, (2.4)

∥T (F,G)∥L2 ≤ c2 ∥F (ξ, y)∥L2
ξL

4
y

(
∥G (x, η)∥L2

ηL
4
x
∥G∥L4

) 1
2
, (2.5)
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then the following estimate holds:

∥T (F,G)∥L1 ≲ c
2
5
0 c

1
5
1 c

4
5
2 ∥F∥L2 ∥G∥L2 . (2.6)

Proposition 2.3 (Factorization of mγ,ρ). Assume (γ, ρ) satisfies the (A,C)-short-interval assumption 1.16.
For all ξ ∈ CΓ (i.e. [ξ] ∈ img GΓ), the oscillatory expression mγ,ρ (ξ) (1.3) admits the following factorization

mγ,ρ (ξ) = e (ξ · γΓ (ξ)) ·Ψ(ξ) (2.7)

into a purely oscillatory term e (ξ · γΓ (ξ)) and an amplitude term Ψ ∈ C1 (CΓ) satisfying the estimates:

|Ψ(ξ)| ≤ AO(1) |ξ|−
1
2 , |∇Ψ(ξ)| ≤ AO(1) |ξ|−

3
2 . (2.8)

Definition 2.4 (Chirality). We define formally the following quantity:

Θ (γ) := Θ (γ1, γ2) :=
3

2
· γ

′′
1γ

′
2 + γ′′2γ

′
1

γ ′ ∧ γ ′′ − γ′1γ
′
2

γ ′ ∧ γ ′′ ·
γ ′ ∧ γ ′′′

γ ′ ∧ γ ′′ . (2.9)

The quantity detects a certain chirality of the curve since Θ (γ2, γ1) = −Θ(γ1, γ2). Moreover, when γ : I =(
−A−C , A−C) ∼−→ Γ is A-admissible for some A,C ≫ 1, we deduce from the estimate

∣∣Θ(γ1, γ2)
′ (t)
∣∣ ≲ AO(1)

and the mean value theorem a control on the diameter of the image5

diaΘ (γ1, γ2) (I) ≲ AO(1) dia I = AO(1)−C ≪ 1.

As a result, when A,C ≫ 1, at least one of the following must hold:

Θ (γ1, γ2) (t) ≤
1

4
, ∀t ∈ I; (2.10)

Θ (γ2, γ1) (t) ≤
1

4
, ∀t ∈ I.

Henceforth, after potentially interchanging the order of the pairing (γ1, γ2), we will always assume (2.10).

Proposition 2.5 (Gowers norm calculation for mγ,ρ,λ). Let (γ, ρ) satisfy the (A,C)-short-interval condition.6

Given the two conditions (1.17) and (2.10), the symbol mγ,ρ,λ given by (1.16) satisfies the following estimates:

∥mγ,ρ,λ∥u ≤ AO(1)Ξ
1
2
Γ |λ|−

1
4 log

1
4 (|λ|) ; (2.11)

∥mγ,ρ,λ∥U ≤ AO(1)Ξ
1
4
Γ log

1
8 (|λ|) (2.12)

With Proposition 2.1, 2.2, 2.3, 2.5 above, we will prove Theorem 1.6, 1.17 in the next subsection.

2.1. Proof of Theorem 1.6 and Theorem 1.17. We begin with the proof of Theorem 1.6. Observe that
the fiber structure and the localization in (1.4) suggest that it suffices to consider the case with suppF ⊆
R× [0, 1] and suppG ⊆ [0, 1]× R. Moreover, since Tm satisfies the relation:

suppF ⊆ R× P, suppG ⊆ Q× R =⇒ supp Tm (F,G) ⊆ Q× P,

we deduce that Tm satisfies (2.3) with c0 = 1. Applying now Proposition 2.1 and 2.2, we deduce:

∥Tm (F,G)∥L1 ≲ 1
2
5 ∥m∥

1
5
u ∥m∥

4
5
U ∥F∥L2 ∥G∥L2 .

This concludes the proof of Theorem 1.6.

5See Remark 1.15.
6Recall Definition 1.16.
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To prove Theorem 1.17, we recall that it is harmless to assume (2.10). By Proposition 2.5, we deduce
the two estimates (2.11) and (2.12). Apply now Theorem 1.6, we deduce:∥∥Tmγ,ρ,λ

(F,G)
∥∥
L1 ≲

(
AO(1)Ξ

1
2
Γ |λ|−

1
4 log

1
4 (|λ|)

) 1
5
(
AO(1)Ξ

1
4
Γ log

1
8 (|λ|)

) 4
5

∥F∥L2 ∥G∥L2 .

By direct calculation, we obtain the desired estimate. This concludes the proof of Theorem 1.17.

2.2. Proof of Proposition 2.1: Control via U-norm. We begin with proving (2.1). Applying Fubini’s
theorem, we first integrate over ξ, followed by η, and apply a L1 bound in η to obtain

|Tm(F,G)(x, y)| ≤
∥∥∥∥ˆ

R
F (ξ, y)m(ξ, η)e(xξ)dξ ·G(x, η)

∥∥∥∥
L1
η

. (2.13)

Note that taking the L1(R2) norm of Tm(F,G) is the same as the L1([0, 1]2) norm. Applying Fubini theorem
once more, we reorganize the iterated integral as

∥Tm(F,G)∥L1 ≤

∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥∥ˆ

R
F (ξ, y)m(ξ, η)e(xξ)dξ ·G(x, η)

∥∥∥∥
L1
y([0,1])

∥∥∥∥∥
L1
η

∥∥∥∥∥∥
L1
x([0,1])

. (2.14)

Factoring out G(x, η) from the innermost integral and using the nesting properties of the Lp norms on the
space [0, 1], then applying Hölder’s inequality, we may further estimate∥∥∥∥∥∥

∥∥∥∥∥
∥∥∥∥ˆ

R
F (ξ, y)m(ξ, η)e(xξ)dξ

∥∥∥∥
L2
y([0,1])

·G(x, η)

∥∥∥∥∥
L1
η

∥∥∥∥∥∥
L1
x([0,1])

(2.15)

≤

∥∥∥∥∥∥
∥∥∥∥∥
∥∥∥∥ˆ

R
F (ξ, y)m(ξ, η)e(xξ)dξ

∥∥∥∥
L2
y([0,1])

∥∥∥∥∥
L∞
η

· ∥G(x, η)∥L1
η

∥∥∥∥∥∥
L1
x([0,1])

. (2.16)

We introduce a measurable function η : [0, 1] → R to linearize the norm ∥ · ∥L∞
η

and equate (2.16) with∥∥∥∥∥
∥∥∥∥ˆ

R
F (ξ, y)m(ξ, η(x))e(xξ)dξ

∥∥∥∥
L2
y([0,1])

· ∥G(x, η)∥L1
η

∥∥∥∥∥
L1
x([0,1])

. (2.17)

Applying Hölder inequality once more, we bound (2.17) by∥∥∥∥ˆ
R
F (ξ, y)m(ξ, η(x))e(xξ)dξ

∥∥∥∥
L2
xy([0,1]

2)

· ∥G(x, η)∥L1
ηL

2
x
. (2.18)

Next, we build up several properties related to multiplicative derivative. Beside the definition (1.7), we also
define the partial multiplicative derivative

D(xk)
y (f(x1, · · · , xk, · · · , xd)) := f(x1, · · · , xk + y, · · · , xd)f(x1, · · · , xk, · · · , xd) . (2.19)

Lemma 2.6. For u, v ∈ R, 1 ≤ p ≤ ∞, the following properties of multiplicative derivative hold:∣∣∣∣ˆ
R
f(x, y)dx

∣∣∣∣2 = ˆ
R2

D(x)
u (f(x, y))dudx , (2.20)

∥f(x, y)∥2Lpx =
∥∥∥D(x)

u (f(x, y))
∥∥∥
Lpxu

, (2.21)

D(x)
u (f(x, y)) = (D(u,0)f)(x, y) , (2.22)
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R
f(x, y)dx

∥∥∥∥2
L2
y(A)

=

ˆ
A

ˆ
R2

D(x)
u (f(x, y))dudxdy , (2.23)

D(x)
u

(
n∏
k=1

fk(x, y)

)
=

n∏
k=1

D(x)
u (fk(x, y)) , (2.24)

D(x)
u D(y)

v f(x, y) = D(y)
v D(x)

u f(x, y) , (2.25)∥∥∥D(x)
u (f(x, y))

∥∥∥
Lpy

≤ D(x)
u ∥f(x, y)∥

L2p
y
. (2.26)

Proof. For identity (2.20), expanding the square and making the change of variables x′ = x+ u, we obtain∣∣∣∣ˆ
R
f(x, y)dx

∣∣∣∣2 = ˆ
R
f(x′, y)dx′ ·

ˆ
R
f(x, y)dx (2.27)

=

ˆ
R2

f(x+ u, y)f(x, y)dudx =

ˆ
R2

D(x)
u (f(x, y))dudx (2.28)

For identity (2.21), expanding the right-hand side of (2.21) and with the fact that integration is invariant under
translation , we obtain ∥∥∥D(x)

u (f(x, y))
∥∥∥
Lpxu

=
∥∥∥f(x+ u, y)f(x, y)

∥∥∥
Lpxu

(2.29)

=

∥∥∥∥∥∥∥f(x+ u, y)f(x, y)
∥∥∥
Lpu

∥∥∥∥
Lp(x)

(2.30)

=
∥∥∥f(x+ u, y)∥Lpu · f(x, y)

∥∥
Lpx

=
∥∥∥f(u, y)∥Lpu · f(x, y)∥∥Lpx (2.31)

= ∥f(u, y)∥Lpu · ∥f(x, y)∥Lpx = ∥f(x, y)∥2Lpx . (2.32)

For identity (2.22), by the definitions of multiplicative derivative (1.7) and partial multiplicative derivative
(2.19), we obtain

D(x)
u (f(x, y)) = f(x+ u, y)f(x, y) = f(x+ u, y + 0)f(x, y) = (D(u,0)f)(x, y) . (2.33)

For identity (2.23), expanding the L2 norm and by (2.20), we obtain∥∥∥∥ˆ
R
f(x, y)dx

∥∥∥∥2
L2
y(A)

=

ˆ
A

∣∣∣∣ˆ
R
f(x, y)dx

∣∣∣∣2 dy =

ˆ
A

ˆ
R2

D(x)
u (f(x, y))dudxdy . (2.34)

For identity (2.24), expanding the definition of multiplicative derivative, we obtain

D(x)
u

(
n∏
k=1

fk(x, y)

)
=

(
n∏
k=1

fk(x+ u, y)

)(
n∏
k=1

fk(x, y)

)
(2.35)

=
n∏
k=1

fk(x+ u, y)fk(x, y) =
n∏
k=1

D(x)
u (fk(x, y)) . (2.36)

For identity (2.25), expanding the definition of multiplicative derivative, we obtain

D(x)
u D(y)

v f(x, y) = D(x)
u

(
f(x, y + v)f(x, y)

)
(2.37)

=
(
f(x+ u, y + v)f(x+ u, y)

)(
f(x, y + v)f(x, y)

)
(2.38)

=
(
f(x+ u, y + v)f(x, y + v)

)(
f(x+ u, y)f(x, y)

)
(2.39)
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= D(y)
v

(
f(x+ u, y)f(x, y)

)
= D(y)

v D(x)
u f(x, y) . (2.40)

For inequality (2.26), expanding the definition of multiplicative derivative and by Hölder’s inequality, we obtain∥∥∥D(x)
u (f(x, y))

∥∥∥
Lpy

= ∥f(x+ u, y)f(x, y)∥Lpy ≤ ∥f(x+ u, y)∥L2p · ∥f(x, y)∥L2p = D(x)
u ∥f(x, y)∥

L2p
y
. (2.41)

□

To show (2.1), it suffices to show the following estimate∥∥∥∥ˆ
R
F (ξ, y)m(ξ, η(x))e(xξ)dξ

∥∥∥∥
L2
xy([0,1]

2)

≤ ∥m∥u · ∥F∥L2 . (2.42)

By (2.23), and (2.24), the square of the left hand side of (2.42) is equal toˆ 1

0

ˆ 1

0

ˆ
R2

D(ξ)
u (F (ξ, y)m(ξ, η(x))e(xξ)) dξdudxdy (2.43)

=

ˆ 1

0

ˆ 1

0

ˆ
R2

D(ξ)
u (F (ξ, y)) · D(ξ)

u (m(ξ, η(x))e(xξ))dξdudxdy (2.44)

By Fubini theorem, we rewrite this as

=

ˆ
R2

(ˆ 1

0
D(ξ)
u (F (ξ, y))dy

)
·
(ˆ 1

0
D(ξ)
u (m(ξ, η(x))e(xξ))dx

)
dξdu . (2.45)

By L2
ξu × L2

ξu → L1
ξu Hölder inequality, (2.45) is bounded by∥∥∥∥ˆ 1

0
D(ξ)
u (F (ξ, y))dy

∥∥∥∥
L2
ξu

·
∥∥∥∥ˆ 1

0
D(ξ)
u (m(ξ, η(x))e(xξ))dx

∥∥∥∥
L2
ξu

. (2.46)

By (2.26) and (2.23), the first term in (2.46) can be estimated by

≤
∥∥∥D(ξ)

u

(
∥F (ξ, y)∥L2

y

)∥∥∥
L2
ξu

=
∥∥∥∥F (ξ, y)∥L2

y

∥∥∥2
L2
ξ

= ∥F∥2L2 . (2.47)

By (2.23) and (2.25), the square of the second term in (2.46) is equal toˆ
R4

D(x)
v

(
1[0,1](x)D(ξ)

u (m(ξ, η(x))e(xξ))
)
dvdxdξdu (2.48)

=

ˆ
R4

D(x)
v D(ξ)

u

(
1[0,1](x)m(ξ, η(x))e(xξ)

)
dvdxdξdu (2.49)

=

ˆ
R4

D(ξ)
u D(x)

v

(
1[0,1](x)m(ξ, η(x))e(xξ)

)
dvdxdξdu (2.50)

=

∥∥∥∥ˆ
R
D(x)
v

(
1[0,1](x)m(ξ, η(x))e(xξ)

)
dξ

∥∥∥∥2
L2
vx

. (2.51)

Expanding the multiplicative derivative, (2.51) equals to∥∥∥∥ˆ
R
1[0,1](x+ v)1[0,1](x) ·m(ξ, η(x+ v))m(ξ, η(x))e((x+ v)ξ − xξ)dξ

∥∥∥∥2
L2
xv

(2.52)

=

∥∥∥∥ˆ
R
(D(0,η(x+v)−η(x))m)(ξ, η(x))e(vξ)dξ

∥∥∥∥2
L2
v([−x,1−x])L2

x([0,1])

(2.53)

=
∥∥∥(F (1)D(0,η(x+v)−η(x))m)(v, η(x))

∥∥∥2
L2
v([−x,1−x])L2

x([0,1])
(2.54)
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Hence (2.54) is bounded by∥∥∥∥∥∥∥(F (1)D(0,s)m)(v, η)
∥∥∥
L∞
sη

∥∥∥∥2
L2
v([−x,1−x])L2

x([0,1])

≤
∥∥∥∥∥∥∥(F (1)D(0,s)m)(v, η)

∥∥∥
L∞
sη

∥∥∥∥2
L2
v([−1,1])

= ∥m∥4u , (2.55)

which completes the proof of (2.1).
Last, we prove the inequality (2.2). By (2.23), (2.24), we obtain

∥Tm(F,G)∥2L2 =

ˆ
R6

(D(u,0)F )(ξ, y)(D(0,v)G)(x, η)(D(u,v)m)(ξ, η)e(xu+ yv)dxdydξdηdudv (2.56)

=

ˆ
R4

((
F (2)

)−1
D(u,0)F

)
(ξ, v)

((
F (1)

)−1
D(0,v)G

)
(u, η)(D(u,v)m)(ξ, η)dξdηdudv (2.57)

By L2
ξuv × L2

ξuv → L1
ξuv Hölder inequality, (2.57) is bounded by∥∥∥∥((F (2)

)−1
D(u,0)F

)
(ξ, v)

∥∥∥∥
L2
ξuv

·
∥∥∥∥ˆ

R

((
F (1)

)−1
D(0,v)G

)
(u, η)(D(u,v)m)(ξ, η)dη

∥∥∥∥
L2
ξuv

. (2.58)

By Plancherel identity and (2.21), the first component in (2.58) equals∥∥(D(u,0)F
)
(ξ, y)

∥∥
L2
ξuy

=

∥∥∥∥∥∥∥D(ξ)
u (F (ξ, y))

∥∥∥
L2
ξu

∥∥∥∥
L2
y

=
∥∥∥∥F (ξ, y)∥2L2

ξ

∥∥∥
L2
y

= ∥F (ξ, y)∥2L2
ξL

4
y
. (2.59)

Next, by (2.23), (2.24), the square of the second component in (2.58) equalsˆ
R5

(
D(0,s)

(
F (1)

)−1
D(0,v)G

)
(u, η) ·

(
D(0,s)D(u,v)m

)
(ξ, η)dηdsdξdudv . (2.60)

Then by L1
uη × L∞

uη → L1
uη Hölder inequality, (2.60) is bounded by∥∥∥∥∥

∥∥∥∥(D(0,s)

(
F (1)

)−1
D(0,v)G

)
(u, η)

∥∥∥∥
L1
uη

·
∥∥∥∥ˆ

R

(
D(0,s)D(u,v)m

)
(ξ, η)dξ

∥∥∥∥
L∞
uη

∥∥∥∥∥
L1
vs

(2.61)

Note that by Cauchy-Schwarz inequality and Plancherel identity, the first component in (2.61) is bounded by∥∥∥∥(D(0,s)

(
F (1)

)−1
D(0,v)G

)
(u, η)

∥∥∥∥
L1
uη

=

∥∥∥∥((F (1)
)−1

D(0,v)G

)
(u+ s, η) ·

((
F (1)

)−1D(0,v)G
)
(u, η)

∥∥∥∥
L1
uη

(2.62)

≤
∥∥∥∥((F (1)

)−1
D(0,v)G

)
(u+ s, η)

∥∥∥∥
L2
uη

·
∥∥∥∥((F (1)

)−1
D(0,v)G

)
(u, η)

∥∥∥∥
L2
uη

(2.63)

=

∥∥∥∥((F (1)
)−1

D(0,v)G

)
(u, η)

∥∥∥∥2
L2
uη

=
∥∥(D(0,v)G

)
(x, η)

∥∥2
L2
xη
. (2.64)

Hence, (2.61) is bounded by∥∥∥∥∥∥∥(D(0,v)G
)
(x, η)

∥∥2
L2
xη

·
∥∥∥∥ˆ

R

(
D(0,s)D(u,v)m

)
(ξ, η)dξ

∥∥∥∥
L∞
uηL

1
s

∥∥∥∥∥
L1
v

. (2.65)

Then by L2
v × L2

v → L1
v Hölder inequality, (2.65) is bounded by∥∥∥∥∥(D(0,v)G

)
(x, η)

∥∥2
L2
xη

∥∥∥
L2
v

·

∥∥∥∥∥
∥∥∥∥ˆ

R

(
D(0,s)D(u,v)m

)
(ξ, η)dξ

∥∥∥∥
L∞
uηL

1
s

∥∥∥∥∥
L2
v

. (2.66)
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By the definition (1.6), the second term in (2.66) is exactly the quantity ∥m∥4U . By Minkovski’s inequality and
L4
x × L4

x → L2
x Hölder’s inequality, the first term in (2.66) is bounded by∥∥∥∥∥(D(0,v)G

)
(x, η)

∥∥2
L2
xη

∥∥∥
L2
v

=

∥∥∥∥∥∥∥G(x, η + v)G(x, η)
∥∥∥
L2
xη

∥∥∥∥2
L4
v

≤
∥∥∥∥G(x, η + v)∥L4

v
·G(x, η)

∥∥∥2
L2
xη

(2.67)

=
∥∥∥∥G(x, v)∥L4

v
· ∥G(x, η)∥L2

η

∥∥∥2
L2
x

≤ ∥G(x, v)∥2L4
xv

· ∥G(x, η)∥2L2
ηL

4
x
, (2.68)

which completes the proof of (2.2).

2.3. Proof of Proposition 2.2: Interpolation. For s ∈ (0,∞), we define the following level sets

Qs< :=

{
(x, η) ∈ [0, 1]× R : s

∥∥G (x, η′)∥∥
L2
η′
< |G (x, η)|

}
, Qs≥ := ([0, 1]× R) \Qs<. (2.69)

By Chebyshev inequality, we obtain the following estimate∥∥1Qs< (x, η)
∥∥
L2
η
≤
∥∥∥ G (x, η)

s ∥G (x, η′)∥L2
η′

∥∥∥
L2
η

≤ s−1. (2.70)

As a direct consequence, we obtain the following estimate∥∥1Qs<G (x, η)
∥∥
L1
ηL

2
x
≤
∥∥∥∥∥1Qs< (x, η)

∥∥
L2
η
∥G (x, η)∥L2

η

∥∥∥
L2
x

≤ s−1 ∥G∥L2 .

Applying (2.4), we deduce∥∥T (F,1Qs<G)∥∥L1 ≤ c1 ∥F∥L2

∥∥1Qs<G (x, η)
∥∥
L1
ηL

2
x
≤ c1s

−1 ∥F∥L2 ∥G∥L2 . (2.71)

It remains to control T
(
F,1Qs≥G

)
via (2.5). To estimate the more complicated mixed-norm expression involved

in (2.5), we introduce a further dyadic decomposition. For j, k ∈ N, we define

P0 :=
{
y ∈ [0, 1] : ∥F (ξ, y)∥L2

ξ
≤ ∥F∥L2

}
, (2.72)

Pj :=
{
y ∈ [0, 1] : 2j−1 ∥F∥L2 < ∥F (ξ, y)∥L2

ξ
≤ 2j ∥F∥L2

}
, (2.73)

Q0 :=
{
x ∈ [0, 1] : ∥G (x, η)∥L2

η
≤ ∥G∥L2

}
, (2.74)

Qk :=
{
x ∈ [0, 1] : 2k−1 ∥G∥L2 < ∥G (x, η)∥L2

η
≤ 2k ∥G∥L2

}
. (2.75)

Correspondingly, we define

F =
∞∑
j=0

Fj , Fj := 1R×PjF, G =
∞∑
k=0

Gk, Gk := 1Qk×RG. (2.76)

By Chebyshev’s inequality, for j, k ∈ N, we have the estimate

|Pj | ≤
(
2j−1∥F∥L2

)−2 ·
ˆ
Pj

(
∥F (ξ, y)∥L2

ξ

)2
dy ≤ 22−2j , (2.77)

|Qk| ≤
(
2k−1∥G∥L2

)−2
·
ˆ
Qk

(
∥G(x, η)∥L2

η

)2
dx ≤ 22−2k . (2.78)

Also note that P0, Q0 ⊆ [0, 1]. Hence for j, k ∈ N ⊔ {0},

|Pj | ≲ 2−2j , |Qk| ≲ 2−2k . (2.79)



CORNER-TYPE SMOOTHING INEQUALITIES 21

Below we estimate three relevant mixed-norm expressions in (2.5). By the upper bound estimate in the
definition of (2.72) and (2.73), we have

∥Fj (ξ, y)∥L2
ξL

4
y
≤ ∥Fj (ξ, y)∥

1
2

L2
ξL

2
y
∥Fj (ξ, y)∥

1
2

L2
ξL

∞
y

≤ ∥F∥
1
2

L2

(
2j ∥F∥L2

) 1
2 = 2j/2 ∥F∥L2 . (2.80)

Similarly, by the upper bound estimate provided by the defining formula of (2.74) and (2.75), we have:

∥Gk (x, η)∥L2
ηL

4
x
≤ ∥Gk (x, η)∥

1
2

L2
ηL

2
x
∥Gk (x, η)∥

1
2

L2
ηL

∞
x

≤ ∥G∥
1
2

L2

(
2k ∥G∥L2

) 1
2
= 2k/2 ∥G∥L2 . (2.81)

For the L4 expression, we use the upper bound estimate in (2.69) and deduce∥∥∥1Qs≥Gk∥∥∥L4
≤
∥∥∥∥∥∥∥1Qs≥Gk (x, η)∥∥∥ 1

2

L2
η

∥∥∥1Qs≥Gk (x, η)∥∥∥ 1
2

L∞
η

∥∥∥∥
L4
x(Qk)

≤
∥∥∥∥∥G (x, η)∥

1
2

L2
η

(
s ∥G (x, η)∥L2

η

) 1
2

∥∥∥∥
L4
x(Qk)

= s1/2 ∥Gk (x, η)∥L2
ηL

4
x
. (2.82)

Observe that (2.3) implies the following estimate∥∥∥T (Fj ,1Qs≥Gk)∥∥∥L1
≤
∣∣∣suppT (Fj ,1Qs≥Gk)∣∣∣ 12 ∥∥∥T (Fj ,1Qs≥Gk)∥∥∥L2

≤ c
1
2
0 |Pj |

1
2 |Qk|

1
2

∥∥∥T (Fj ,1Qs≥Gk)∥∥∥L2
.

Applying (2.79) and (2.5), the above term is dominated by

≲ c
1
2
0 2

−j2−kc2 ∥Fj (ξ, y)∥L2
ξL

4
y

(∥∥∥1Qs≥Gk (x, η)∥∥∥L2
ηL

4
x

∥∥∥1Qs≥Gk∥∥∥L4

) 1
2

.

By the trivial estimate
∣∣∣1Qs≥Gk∣∣∣ ≤ |Gk| and (2.82), we further dominate the above by

≲ 2−j−kc
1
2
0 c2 ∥Fj (ξ, y)∥L2

ξL
4
y

(
∥Gk (x, η)∥L2

ηL
4
x
· s1/2 ∥Gk (x, η)∥L2

ηL
4
x

) 1
2
.

Finally, combining the two estimates (2.80) and (2.81), we conclude∥∥∥T (Fj ,1Qs≥Gk)∥∥∥L1
≲ 2−j/2−k/2c

1
2
0 c2s

1/4 ∥F∥L2 ∥G∥L2 .

Summing over j, k ∈ N ⊔ {0}, we have∥∥∥T (F,1Qs≥G)∥∥∥L1
≲ c

1
2
0 c2s

1/4 ∥F∥L2 ∥G∥L2 . (2.83)

Combining (2.71) and (2.83), we have

∥T (F,G)∥L1 ≤
∥∥T (F,1Qs<G)∥∥L1 +

∥∥∥T (F,1Qs≥G)∥∥∥L1
≲ (c1s

−1 + c
1
2
0 c2s

1
4 )∥F∥L2∥G∥L2 . (2.84)

Taking s =
(
c
−1/2
0 c−1

2 c1

)4/5
, we obtain the desired conclusion: (2.6)

∥T (F,G)∥L1 ≲

(
c1

(
c
−1/2
0 c−1

2 c1

)−4/5
+ c

1
2
0 c2

(
c
−1/2
0 c−1

2 c1

)1/5)
∥F∥L2 ∥G∥L2 ∼ c

2
5
0 c

1
5
1 c

4
5
2 ∥F∥L2 ∥G∥L2 . □
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2.4. Proof of Proposition 2.3: Decomposition of the multiplier. We now perform the decomposition
(2.7). We begin by analyzing the phase function. The critical point of the phase is given by the inverse of the
function θ := −γ′1/γ′2,

t∗ (ξ) := θ−1 (ξ2/ξ1) , (2.85)

which is well-defined for ξ ∈ CΓ due to (2.104) and (2.105). Note that t∗ solves the equation

ξ · γ ′ (t∗ (ξ)) = 0. (2.86)

With this in hand, we extract the principal oscillation and obtain the decomposition

mγ,ρ (ξ) = e (ξ · γ (t∗ (ξ)))

ˆ
e
(
ξ · γ|tt∗(ξ)

)
ρ (t) dt , (2.87)

where γ|tt∗(ξ) := γ(t)− γ(t∗ (ξ)). Due to the relation given by the geometric interpretation of solving (2.86),

γ (t∗ (ξ)) = γΓ (ξ) . (2.88)

It remains to show the amplitude term

Ψ (ξ) :=

ˆ
e
(
ξ · γ|tt∗(ξ)

)
ρ (t) dt (2.89)

satisfies the desired estimate whenever ξ ∈ CΓ. Applying Van der Corput’s lemma A.1, we obtain the estimate

|Ψ(ξ)| ≲
(
inf
t∈I

∣∣ξ · γ ′′ (t)
∣∣)− 1

2 (
∥ρ∥L∞ +

∥∥ρ′∥∥
L1

)
≲

(
inf
t∈I

∣∣ξ · γ ′′ (t)
∣∣)− 1

2

.

It remains to estimate the term within the infimum.

Lemma 2.7 (Non-degeneracy of curvature). For ξ ∈ CΓ we have the following identities:

ξ · γ ′′ (t∗ (ξ)) = (−1)i ξi

(
γ ′ ∧ γ ′′

γ′j

)
(t∗ (ξ)) , {i, j} = {1, 2} ; (2.90)

∣∣ξ · γ ′′ (t∗ (ξ))
∣∣ = |ξ|

(
|γ ′ ∧ γ ′′|

|γ ′|

)
(t∗ (ξ)) . (2.91)

Moreover, under Assumption 1.16, the following estimate holds:∣∣ξ · γ ′′ (t)
∣∣ ≥ A−O(1) |ξ| , ∀t ∈ I. (2.92)

Given Lemma 2.7, the first estimate in (2.8) follows. We now prove the lemma.

Proof of Lemma 2.7. Recall (2.86). Simplifying the following expression

ξ · γ ′′ (t∗ (ξ)) = ξ · γ ′′ (t∗ (ξ))− ξ · γ ′ (t∗ (ξ)) ·

(
γ′′j
γ′j

)
(t∗ (ξ))

gives exactly (2.90). As for (2.91), we observe that (2.86) implies also the relation

ξ = ± |ξ|
(
(γ′2,−γ′1)

|γ ′|

)
(t∗ (ξ)) ,

for the correct sign. Taking now the inner product with γ ′′ (t∗ (ξ)), we deduce

ξ · γ ′′ (t∗ (ξ)) = ± |ξ|
(
(γ′2,−γ′1)

|γ ′|

)
(t∗ (ξ)) · γ ′′ (t∗ (ξ)) = ∓ |ξ|

(
γ ′ ∧ γ ′′

|γ ′|

)
(t∗ (ξ)) .

The identity (2.91) thus follows. Finally, to show (2.92), we start with the triangle inequality∣∣ξ · γ ′′ (t)
∣∣ ≥ ∣∣ξ · γ ′′ (t∗ (ξ))

∣∣− |ξ| ·
∣∣γ ′′ (t)− γ ′′ (t∗ (ξ))

∣∣ .
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By (2.91) and Remark 1.15, we bound the above from below with

≥ |ξ|
(
|γ ′ ∧ γ ′′|

|γ ′|

)
(t∗ (ξ))− |ξ| ·

∥∥γ ′′′∥∥
L∞ |I| ≥ A−2 |ξ| −A1−C |ξ| ≥ A−O(1) |ξ|

and conclude the proof of (2.92). □

Next, to prove the second estimate in (2.8), we pass the derivative inside the integral

∇Ψ(ξ) =

ˆ
e
(
ξ · γ|tt∗(ξ)

)
· 2πi

[
∇ξ

(
ξ · γ|tt∗(ξ)

)]
ρ (t) dt. (2.93)

Note that the characterizing equation of the critical points (2.86) implies that

∇ξ

(
ξ · γ|tt∗(ξ)

)
= γ|tt∗(ξ) +

(
ξ · γ ′ (t∗ (ξ))

)
∇t∗ (ξ) = γ|tt∗(ξ) . (2.94)

We may thus simplify the formula for ∇Ψ and write

∇Ψ(ξ) =

ˆ
e
(
ξ · γ|tt∗(ξ)

)
· 2πi γ|tt∗(ξ) ρ (t) dt.

Apply integration by-parts and the fact (2.86). We equate the above with

−
ˆ
e
(
ξ · γ|tt∗(ξ)

)
· ∂t

(
γ|tt∗(ξ)

ξ · γ ′|tt∗(ξ)
· ρ (t)

)
dt. (2.95)

This suggests that we consider the function

Aξ (t) :=
γ|tt∗(ξ)

ξ · γ ′|tt∗(ξ)
=

´ 1
0 γ ′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ´ 1

0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ
. (2.96)

Applying Van der Corput lemma A.1 to (2.95), together with (2.92), we obtain the estimate

|∇Ψ(ξ)| ≲
(
inf
t∈I

∣∣ξ · γ ′′ (t)
∣∣)− 1

2 (∥∥(Aξρ)
′∥∥
L∞ +

∥∥(Aξρ)
′′∥∥

L1

)
≲ AO(1) |ξ|−

1
2 ∥Aξ∥C2(I) . (2.97)

To complete the proof of the second estimate in (2.8), it remains to show the following estimate

∥Aξ∥C2(I) ≤ AO(1) |ξ|−1 , ∀ξ ∈ CΓ. (2.98)

Recall (2.96). By direct computation, we obtain

A′
ξ (t) =

´ 1
0 γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) θdθ´ 1

0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ
−Aξ (t) ·

´ 1
0 ξ · γ ′′′ (t∗ (ξ) + θ (t− t∗ (ξ))) θdθ´ 1
0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ

;

A′′
ξ (t) =

´ 1
0 γ ′′′ (t∗ (ξ) + θ (t− t∗ (ξ))) θ

2dθ´ 1
0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ

−Aξ (t) ·
´ 1
0 ξ · γ ′′′′ (t∗ (ξ) + θ (t− t∗ (ξ))) θ

2dθ´ 1
0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ

−2A′
ξ (t) ·

´ 1
0 ξ · γ ′′′ (t∗ (ξ) + θ (t− t∗ (ξ))) θdθ´ 1
0 ξ · γ ′′ (t∗ (ξ) + θ (t− t∗ (ξ))) dθ

.

Applying now the A-admissibility assumption (1.13) and (2.92), we deduce

|Aξ (t)| ≤ AO(1) |ξ|−1 ,
∣∣A′

ξ (t)
∣∣ ≤ AO(1) |ξ|−1 +AO(1) |Aξ (t)| ,∣∣A′′

ξ (t)
∣∣ ≤ AO(1) |ξ|−1 +AO(1)

(
|Aξ (t)|+

∣∣A′
ξ (t)

∣∣) .
Combining the above estimates gives (2.98). This completes the proof of (2.8). □
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2.5. Proof of Proposition 2.5: Calculation of the u- and U-norms. We will first prove the inequality
(2.11). Our first step is to obtain the following point-wise estimate∣∣∣F (1)D(0,s)mγ,ρ,λ (x, η)

∣∣∣ ≤ AO(1)ΞΓ (1 + |λx|)−
1
2 . (2.99)

Recall again (1.16). To control the above oscillatory integral expression, we shall first extract the main oscil-
latory mode of mγ,ρ,λ. This can be achieved by Proposition 2.3, once we know for λ satisfying (1.17), the
following implication holds:

ψδ (ξ/λ1)ψδ (η/λ2) ̸= 0 =⇒ [ξ : η] ∈ img GΓ.

Below, we provide the following lemma which not only ensures the above property but also describes the image
of Gauss map and the dichotomy between the stationary and the non-stationary phase contributions:

Lemma 2.8. Let λ := (λ1, λ2) ∈ (R \ {0})2. We have the following implication

[λ] ∈ img GΓ =⇒ A−2 ≤ |λ2/λ1| ≤ A2, (2.100)

and for ξ satisfying |ξj − λj | ≤ δ |λj | the following dichotomy:

[λ] ∈ GΓ ◦ γ
(
A−CI

)
=⇒ ∃t ∈ I, ξ · γ ′ (t) = 0 (i.e. [ξ] ∈ img GΓ) ; (2.101)

[λ] /∈ GΓ ◦ γ
(
A−CI

)
=⇒ ∀t ∈ supp ρ,

∣∣ξ · γ ′ (t)
∣∣ ≥ A−O(C) |λ| . (2.102)

Proof. Via rescaling, it suffices to assume λ := (1, λ) for some λ ∈ R \ {0}. As an immediate consequence of
the given assumption on ξ. We have:∣∣∣∣ξ2ξ1 − λ

∣∣∣∣ ≤ ∣∣∣∣ξ2 − λ

ξ1
+
λ− λξ1
ξ1

∣∣∣∣ ≤ 2δ

1− δ
· |λ| ≤ AO(1)−4C |λ| . (2.103)

Next, we describe the image of GΓ ◦ γ. Let U ⊆ I and set θ := −γ′1/γ′2. Due to the following identity

GΓ ◦ γ (U) =
{[
γ′2 (t) : −γ′1 (t)

]
= [1 : θ (t)] : t ∈ U

}
,

we can identify the image of GΓ ◦ γ with the image of θ via the relation

[1 : λ] ∈ GΓ ◦ γ (U) ⇐⇒ λ ∈ θ (U) . (2.104)

Notice that, by direct computation, the A-admissibility assumption on γ : I
∼−→ Γ gives

θ′ =
γ ′ ∧ γ ′′

(γ′2)
2 , A−2 ≤ |θ| ≤ A2, A−3 ≤

∣∣θ′∣∣ ≤ A4. (2.105)

This has various implications. On the one hand, combining (2.104) and (2.105) yields immediately (2.100)

[λ] := [1 : λ] ∈ img GΓ = GΓ (I) =⇒ λ ∈ θ (I) =⇒ A−2 ≤ |λ| = |λ2/λ1| ≤ A2.

On the other hand, we deduce that θ must be monotone and satisfy a refinement of Remark 1.15:

B
(
θ (t) , A−3r

)
⊆ θ (B (t, r)) ⊆ B

(
θ (t) , A4r

)
, B (t, r) ⊆ I.

As an immediate consequence, we have the following nested relations:

θ (supp ρ) ⊆ θ
(
A−2CI

)
⊆ B

(
θ (0) , A4−3C

)
(2.106)

⊆ B
(
θ (0) , A−3−2C

)
⊆ θ

(
A−CI

)
⊆ B

(
θ (0) , A4−2C

)
(2.107)

⊆ B
(
θ (0) , A−3−C) ⊆ θ (I) (2.108)

whenever C ≫ 1. We are now ready to prove the two statements (2.101) and (2.102).
Starting with (2.101), let [λ] := [1 : λ] ∈ GΓ ◦ γ

(
A−CI

)
. By (2.104) and (2.107), we deduce that:

λ ∈ θ
(
A−CI

)
⊆ B

(
θ (0) , A4−2C

)
.
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By (2.103) and (2.105), triangle inequality gives:∣∣∣∣ξ2ξ1 − θ (0)

∣∣∣∣ ≤ ∣∣∣∣ξ2ξ1 − λ

∣∣∣∣+ |λ− θ (0)| ≤ A4−2C +AO(1)−4C = AO(1)−2C .

Together with (2.108), this shows that:

ξ2
ξ1

∈ B
(
θ (0) , AO(1)−2C

)
⊆ B

(
θ (0) , A−3−C) ⊆ θ (I)

for C ≫ 1. Finally, by (2.104) again, we conclude (2.101):

[ξ] =

[
1 :

ξ2
ξ1

]
∈ GΓ ◦ γ (I) = img GΓ.

To show (2.102), we let [λ] := [1 : λ] /∈ GΓ ◦ γ
(
A−CI

)
and t ∈ supp ρ. We observe that:∣∣ξ · γ ′ (t)

∣∣ = ∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ · |ξ1| · ∣∣γ′2 (t)∣∣ ≥ ∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ · 1− δ

A
≥ A−2

∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ .
It suffices to prove the following estimate: ∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ ≥ A−O(C) |λ| (2.109)

to conclude (2.102). To show (2.109), we start with the triangle inequality:∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ ≥ |λ− θ (0)| − |θ (t)− θ (0)| −
∣∣∣∣ξ2ξ1 − λ

∣∣∣∣ .
By (2.103) and (2.106), we bound the above from below with:

≥ |λ− θ (0)| −A4−3C −AO(1)−4C |λ| . (2.110)

We now investigate two cases:

• the |λ| ≤ AC case: since λ /∈ θ
(
A−CI

)
by (2.104), the relation (2.107) implies:

(2.110) ≥ A−3−2C −A4−3C −AO(1)−3C = A−O(1)−2C .

In other words, we conclude (2.109):∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ ≥ A−O(1)−2C ≥ A−4C |λ|

for large enough C ≫ 1.
• the |λ| ≥ AC case: we perform another triangle inequality:

(2.110) ≥ |λ| − |θ (0)| −A4−3C −AO(1)−4C |λ|

and utilize the estimate (2.105) to conclude (2.109):∣∣∣∣ξ2ξ1 − θ (t)

∣∣∣∣ ≥ A−O(1) |λ| −AO(1) ≥ A−O(1) |λ| = A−O(1) |λ|

for large enough C ≫ 1.

This completes the proof of (2.102). □
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With Lemma 2.8 and Proposition 2.3, we may write

F (1)D(0,s)mγ,ρ,λ (x, η) =

ˆ
e
(
∆(0,s)

(
(ξ, η) · γΓ (ξ, η)

)
+ xξ

)
D(η)
s (ψδ (ξ/λ1)ψδ (η/λ2)Ψ (ξ, η)) dξ.

We now perform the change of variables:

ξ = |λ| ξ̃, η = |λ| η̃, s = |λ| s̃, λ = |λ| λ̃ = |λ|
(
λ̃1, λ̃2

)
. (2.111)

This produces the following identity:

F (1)D(0,s)mγ,ρ,λ (x, η) =

ˆ
e
(
|λ| · Φ̃

(
x, s̃, ξ̃, η̃

))
Ψ̃
(
λ, s̃, ξ̃, η̃

)
dξ̃, (2.112)

where

Φ̃
(
x, s̃, ξ̃, η̃

)
:= ∆(0,s̃)

((
ξ̃, η̃
)
· γΓ

(
ξ̃, η̃
))

+ xξ̃; (2.113)

Ψ̃
(
λ, s̃, ξ̃, η̃

)
:= |λ| D(η̃)

s̃

(
ψδ

(
ξ̃/λ̃1

)
ψδ

(
η̃/λ̃2

)
Ψ
(
|λ| ξ̃, |λ| η̃

))
. (2.114)

Our next step is to estimate ∥Ψ̃∥L∞ and ∥∂
ξ̃
Ψ̃∥L1 . For the sake of discussion, we introduce a super set:

Aδ,Γ :=
{
ξ ∈ (R \ {0})2 : [ξ] ∈ img GΓ, 1− 10δ ≤ |ξ| ≤ 1 + 10δ

}
(2.115)

of the following set:

⊃
⋃

[λ̃]∈GΓ◦γ(A−CI)
:|λ̃|=1

{
ξ ∈ R2 : ψδ

(
ξ1/λ̃1

)
ψδ

(
ξ2/λ̃2

)
̸= 0
}
.

Recall (1.15). By the estimates (2.8) and the fact that
∣∣λ̃∣∣ = 1, we obtain∥∥Ψ̃∥∥

L∞ ≤ |λ| · ∥ϕ∥L∞

∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥2
L∞(Aδ,Γ)

≤ |λ|
(
AO(1) |λ|−

1
2

)2
= AO(1) (2.116)

and, by product rule, the following estimate∥∥∥∂ξ̃Ψ̃∥∥∥L1
≤ 2 |λ| ·

∥∥ϕ′∥∥
L1

∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥2
L∞(Aδ,Γ)

+2 |λ| · δλ̃1 · ∥ϕ∥L1

∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥
L∞(Aδ,Γ)

|λ| ·
∥∥∥∇Ψ

(
|λ| ξ̃, |λ| η̃

)∥∥∥
L∞(Aδ,Γ)

≤ |λ|AO(1) |λ|−
2
2 + |λ|2AO(1)−O(C) |λ|−

1
2 AO(1) |λ|−

3
2 ≤ AO(1). (2.117)

Hence, we finish the estimates for the amplitude function Ψ̃. Next, we establish estimates for the phase function

Φ̃. To proceed, we first introduce relevant derivative identities related to γΓ and t∗. Recall (2.86) and (2.88).
For the sake of clarity, we will suppress the ξ input dependence when it is clear from the context.

Lemma 2.9 (Derivative identities). Let ξ ∈ CΓ (i.e. [ξ] ∈ img GΓ). We have the following identities:

∇ (ξ · γΓ) = γΓ = γ (t∗) . (2.118)

∇t∗ =
1

ξ1
·

(
γ′1γ

′
2

γ ′ ∧ γ ′′ ,
(γ ′

2)
2

γ ′ ∧ γ ′′

)
(t∗) = − 1

ξ2

(
(γ ′

1)
2

γ ′ ∧ γ ′′ ,
γ′1γ

′
2

γ ′ ∧ γ ′′

)
(t∗) . (2.119)
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Proof of Lemma 2.9. Starting with (2.118), we utilize the fact (2.88), apply chain rule, and invoke (2.86):

∇ (ξ · γΓ) = γΓ +
(
ξ · γ ′ (t∗)

)
· ∇t∗ = γΓ.

This justifies the identity (2.118). To prove (2.119), we begin with the derivatives of (2.86):

γ ′ (t∗) +
(
ξ · γ ′′ (t∗)

)
∇t∗ = 0.

By the first identity (2.90) in Lemma 2.7, the above can be rewritten as:

γ ′ (t∗) + (−1)i ξi

(
γ ′ ∧ γ ′′

γ′j

)
(t∗)∇t∗ = 0, {i, j} = {1, 2} .

Solving for ∇t∗ gives exactly (2.119). This concludes the proof of Lemma 2.9. □

Returning to the discussion on estimating Φ̃, we provide the following lower bound estimates

Lemma 2.10. Let λ |x| ≥ 4 and (ξ, η) , (ξ, η + s) ∈ Aδ,Γ. Assume also the correct chirality (2.10). The phase
function defined by (2.113) satisfies the following estimate:

max

(∣∣∣λ∂ξΦ̃ (x, s, ξ, η)
∣∣∣ , ∣∣∣λ∂2ξ Φ̃ (x, s, ξ, η)

∣∣∣ 12) ≥ A−O(1) |λx|
1
2 . (2.120)

Proof of Lemma 2.10. To prove (2.120), it suffices to show that the following upper bound:∣∣∣∂ξΦ̃ (x, s, ξ, η)
∣∣∣ ≤ |x/λ|

1
2 (2.121)

implies the following lower bound: ∣∣∣∂2ξ Φ̃ (x, s, ξ, η)
∣∣∣ ≥ A−O(1) |x| (2.122)

under the chirality assumption (2.10). Assume (2.121). We start by rewriting (2.121). Indeed, we deduce from
(2.118) the following:

∂ξΦ̃ (x, s, ξ, η) = x+∆(0,s)γ1 (t∗ (ξ, η)) = x+ γ1|t∗(ξ,η+s)t∗(ξ,η)
.

As a result, we obtain the following relation:∣∣∣x+ γ1|t∗(ξ,η+s)t∗(ξ,η)

∣∣∣ ≤ |x/λ|
1
2 ≤ |x/λ|

1
2 · (λ |x| /4)

1
2 = |x| /2.

This implies ∣∣∣γ1|t∗(ξ,η+s)t∗(ξ,η)

∣∣∣ ≥ |x| /2. (2.123)

On the other hand, by chain rule and (2.119), we also obtain the following identities:

∂2ξ Φ̃ (x, s, ξ, η) =
1

ξ
∆(0,s)

(
(γ′1)

2 γ′2
γ ′ ∧ γ ′′

)
(t∗ (ξ, η)) =

1

ξ
· (γ

′
1)

2 γ′2
γ ′ ∧ γ ′′

∣∣∣∣∣
t∗(ξ,η+s)

t∗(ξ,η)

.

We now rewrite the above expression:

∂2ξ Φ̃ (x, s, ξ, η) =
1

ξ
·

 (γ′1)
2 γ′2

γ ′ ∧ γ ′′

∣∣∣∣∣
t∗(ξ,η+s)

t∗(ξ,η)

/ γ1|t∗(ξ,η+s)t∗(ξ,η)

 · γ1|t∗(ξ,η+s)t∗(ξ,η)
.

By Cauchy’s mean value theorem, there is a value t0 between the two values t∗ (ξ, η) and t∗ (ξ, η + s) such that:

∂2ξ Φ̃ (x, s, ξ, η) =
1

ξ
·

((
(γ′1)

2 γ′2
γ ′ ∧ γ ′′

)′

/γ′1

)
(t0) · γ1|t∗(ξ,η+s)t∗(ξ,η)

.
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Applying the relation (2.123), the fact that (ξ, η) ∈ Aδ,Γ, and the property (2.100), we deduce:∣∣∣∂2ξ Φ̃ (x, s, ξ, η)
∣∣∣ ≥ A−O(1) |x| ·

∣∣∣∣∣
(
(γ′1)

2 γ′2
γ ′ ∧ γ ′′

)′

/γ′1

∣∣∣∣∣ (t0) .
We perform the explicit computation and invoke the chirality assumption (2.10):(

(γ′1)
2 γ′2

γ ′ ∧ γ ′′

)′

/γ′1 =
2γ′′1γ

′
2 + γ′1γ

′′
2

γ ′ ∧ γ ′′ − γ′1γ
′
2

γ ′ ∧ γ ′′ ·
γ ′ ∧ γ ′′′

γ ′ ∧ γ ′′

=
3

2
· γ

′′
1γ

′
2 + γ′′2γ

′
1

γ ′ ∧ γ ′′ − γ′1γ
′
2

γ ′ ∧ γ ′′ ·
γ ′ ∧ γ ′′′

γ ′ ∧ γ ′′ −
1

2
= Θ (γ1, γ2)−

1

2
≤ −1

4
.

This concludes (2.122) and finishes the proof of Lemma 2.10. □

We are ready to show (2.99). Consider the two cases: |λx| < 4 and |λx| ≥ 4. For the former, we recall
(2.112), (2.114), and (2.116) and perform trivial estimate to conclude (2.99):

|(2.112)| ≤
∥∥∥Ψ̃(λ, s̃, ξ̃, η̃)∥∥∥

L1(dξ̃)
≤
∥∥Ψ̃∥∥

L∞ ≤ AO(1) ≤ AO(1)ΞΓ (1 + |λx|)−
1
2 .

For the latter case |λx| ≥ 4, we shall utilize Lemma 2.10 and apply Proposition A.6, a reformulation of

Van der Corput lemma. Indeed, for the purpose of proving (2.99), it suffices to consider those values of s̃, ξ̃, η̃
such that (2.114) does not vanish. We may thus apply Lemma 2.10 to deduce:

inf
ξ̃∈J

max
j=1,2

∣∣∣∂j
ξ̃
|λ| Φ̃

(
x, s̃, ξ̃, η̃

)∣∣∣ 1j ≥ A−O(1) |λx|
1
2 , J :=

{
ξ̃ ∈ R : ψδ

(
ξ̃/λ̃1

)
̸= 0
}
. (2.124)

On the other hand, due to (2.118), we have the following identity:

∂2
ξ̃
Φ̃
(
x, s̃, ξ̃, η̃

)
= ∆(0,s̃)∂ξ̃γΓ,1

(
ξ̃, η̃
)
.

Coupled the above with the sign condition sgn (η̃) = sgn (η̃ + s̃) given by the support of (2.114), we deduce:7

M
(
∂2
ξ̃
|λ| Φ̃ (x, s̃, ·, η̃)

)
=M

(
|λ|∆(0,s̃)∂ξ̃γΓ,1 (·, η̃)

)
=M

(
∆(0,s̃)∂ξ̃γΓ,1 (·, η̃)

)
≤ ΞΓ. (2.125)

With (2.116), (2.117), (2.124), and (2.125), Proposition A.6 yields the desired estimate (2.99):

|(2.112)| ≲
M
(
∂2
ξ̃
|λ| Φ̃ (x, s̃, ·, η̃)

)
inf
ξ̃∈J

max
j=1,2

∣∣∣∂j
ξ̃
|λ| Φ̃

(
x, s̃, ξ̃, η̃

)∣∣∣ 1j ·
(∥∥∥Ψ̃∥∥∥

L∞(J)
+
∥∥∥∂ξ̃Ψ̃∥∥∥L1(J)

)
≤ AO(1)ΞΓ (1 + |λx|)−

1
2 .

Using now (2.99), we finish the proof of (2.11):

∥mγ,ρ,λ∥2u :=
∥∥∥F (1)D(0,s)mγ,ρ,λ (x, η)

∥∥∥
L∞
s,ηL

2
x([−1,1])

≤ AO(1)ΞΓ

(ˆ 1

0

1

1 + |λ|x
dx

) 1
2

≤ AO(1)ΞΓ |λ|−
1
2 log

1
2 (|λ|) .

Finally, we will prove the estimate (2.12). We start by showing the following point-wise estimate:∣∣∣∣ˆ D(0,s)D(u,v)mγ,ρ,λ (ξ, η) dξ

∣∣∣∣ ≤ AO(1)ΞΓ

|λ|
·
(
1 +

|s (u, v)|
|λ|

)− 1
2

. (2.126)

7Recall Definition 1.11.



CORNER-TYPE SMOOTHING INEQUALITIES 29

Recall again (1.16). By Proposition 2.3 and Lemma 2.8, we may write:ˆ
D(0,s)D(u,v)mγ,ρ,λ (ξ, η) dξ =

ˆ
e
(
∆(0,s)∆(u,v) [(ξ, η) · γΓ (ξ, η)]

)
D(η)
s D(ξ,η)

(u,v)

(
ψδ

(
ξ

λ1

)
ψδ

(
η

λ2

)
Ψ(ξ, η)

)
dξ.

We now perform the change of variables (2.111) along with

u = |λ| ũ, v = |λ| ṽ.
This produces the following identity:ˆ

D(0,s)D(u,v)mγ,ρ,λ (ξ, η) dξ =

ˆ
e
(
|λ| · Φ̃

(
s̃, ũ, ṽ, ξ̃, η̃

))
Ψ̃
(
λ, s̃, ũ, ṽ, ξ̃, η̃

)
dξ̃, (2.127)

where

Φ̃
(
s̃, ũ, ṽ, ξ̃, η̃

)
:= ∆(0,s̃)∆(ũ,ṽ)

[(
ξ̃, η̃
)
· γΓ

(
ξ̃, η̃
)]

; (2.128)

Ψ̃
(
λ, s̃, ũ, ṽ, ξ̃, η̃

)
:= |λ| D(η̃)

s̃ D(ξ̃,η̃)
(ũ,ṽ)

(
ψδ

(
ξ̃/λ̃1

)
ψδ

(
η̃/λ̃2

)
Ψ
(
|λ| ξ̃, |λ| η̃

))
. (2.129)

Our next step is to estimate ∥Ψ̃∥L∞ and ∥∂
ξ̃
Ψ̃∥L1 . Utilizing (2.8), we perform computation similar to (2.116):∥∥Ψ̃∥∥

L∞ ≤ |λ| ·
∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥4

L∞(Aδ,Γ)
≤ |λ|

(
AO(1) |λ|−

1
2

)4
= AO(1)/ |λ| (2.130)

and computation similar to (2.117):∥∥∥∂ξ̃Ψ̃∥∥∥L1
≤ 4 |λ| ·

∥∥ϕ′∥∥
L1

∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥4
L∞(Aδ,Γ)

+4 |λ| · δλ̃1 · ∥ϕ∥L1

∥∥∥Ψ(|λ| ξ̃, |λ| η̃)∥∥∥3
L∞(Aδ,Γ)

|λ| ·
∥∥∥∇Ψ

(
|λ| ξ̃, |λ| η̃

)∥∥∥
L∞(Aδ,Γ)

≤ |λ|AO(1) |λ|−
4
2 + |λ|2AO(1)−O(C) |λ|−

3
2 AO(1) |λ|−

3
2 ≤ AO(1)/ |λ| . (2.131)

This completes the estimates for the amplitude function Ψ̃. Next, we establish an estimate for the phase

function Φ̃.

Lemma 2.11. Let λ |s (u, v)| ≥ 1 and U ⊆ Aδ,Γ convex with dia (U) ≤ A−C . Given that

(ξ, η) , (ξ, η + s) , (ξ + u, η + v) , (ξ + u, η + s+ v) ∈ U, (2.132)

the phase function defined by (2.128) satisfies the following estimate:

max

(∣∣∣λ∂ξΦ̃ (s, u, v, ξ, η)
∣∣∣ , ∣∣∣λ∂2ξ Φ̃ (s, u, v, ξ, η)

∣∣∣ 12) ≥ A−O(1) |λs (u, v)|
1
2 . (2.133)

Proof. We will first prove ∣∣∣∣∣
(
∂ξΦ̃ (s, u, v, ξ, η)

∂2ξ Φ̃ (s, u, v, ξ, η)

)∣∣∣∣∣ ≥ A−O(1) |s (u, v)| . (2.134)

Since derivative commutes with difference, we have(
∂ξΦ̃ (s, u, v, ξ, η)

∂2ξ Φ̃ (s, u, v, ξ, η)

)
=

(
∆(0,s)∆(u,v)∂ξ [(ξ, η) · γΓ (ξ, η)]
∆(0,s)∆(u,v)∂

2
ξ [(ξ, η) · γΓ (ξ, η)]

)
.

Moreover, we may utilize the identity (2.118) and equate the above with

=

(
∆(0,s)∆(u,v)γΓ,1 (ξ, η)
∆(0,s)∆(u,v)∂ξγΓ,1 (ξ, η)

)
. (2.135)



30 MARTIN HSU, FRED YU-HSIANG LIN

We claim that for a C2 function f : Aδ,Γ → R, there is (ξ1, η1) ∈ U such that the following identity for
iterated finite difference holds:

∆(0,s)∆(u,v)f (ξ, η) = s · ∇∂ηf (ξ1, η1) ·
(
u
v

)
. (2.136)

The above claim holds because: By the mean value theorem, we have

(∆(0,s)∆(u,v))f(ξ, η) = (∆(u,v)f)(ξ, η + s)− (∆(u,v)f)(ξ, η) (2.137)

= s · ∂η∆(u,v)f (ξ, η + θ1s) = s ·∆(u,v)∂ηf (ξ, η + θ1s) (2.138)

for some θ1 ∈ (0, 1). Then by another application of the mean value theorem, we can further equate the above
with

= s · (∂ηf (ξ + u, η + θ1s+ v)− ∂ηf (ξ, η + θ1s))

= s · ∇∂ηf (ξ + θ2u, η + θ1s+ θ2v) ·
(
u
v

)
for some θ2 ∈ (0, 1). In other words, we may take (ξ1, η1) := (ξ + θ2u, η + θ1s+ θ2v) ∈ U .

With the claim above, We obtain the following identity:(
∂ξΦ̃ (s, u, v, ξ, η)

∂2ξ Φ̃ (s, u, v, ξ, η)

)
= (2.135) = s ·

(
∇∂ηγΓ,1 (ξ1, η1)
∂ξ∇∂ηγΓ,1 (ξ2, η2)

)
·
(
u
v

)
.

We may force a main term to have its entries sharing the same input a the cost of a small error term. That is,
via telescoping, we identify the above with:

= s ·
(
∂η∇γΓ,1
∂ξ∂η∇γΓ,1

)∣∣∣∣
(ξ2,η2)

·
(
u
v

)
+ s ·

(
∂η∇γΓ,1|(ξ1,η1)(ξ2,η2)

0

)
·
(
u
v

)
=: s ·Mmain ·

(
u
v

)
+ s ·Merr ·

(
u
v

)
.

We claim that it suffices to show the following upper bounds:

∥Mmain∥op ≤ AO(1), ∥Merr∥op ≤ AO(1)−C (2.139)

and lower bound
|detMmain| ≥ A−O(1) (2.140)

to prove (2.134). Indeed, assuming both (2.139) and (2.140), Mmain admits a singular value decomposition:

Mmain = P

(
σ1 0
0 σ2

)
Q∗, σ1 ≥ σ2 ≥ 0.

Using the following facts:
σ1 = ∥Mmain∥op , σ1σ2 = |detMmain| ,

we deduce the following lower bound:∣∣∣∣Mmain ·
(
u
v

)∣∣∣∣ ≥ σ2 · |(u, v)| =
|detMmain|
∥Mmain∥op

· |(u, v)| ≥ A−O(1) · |(u, v)| .

Combing this with the trivial estimate:∣∣∣∣Merr ·
(
u
v

)∣∣∣∣ ≤ ∥Merr∥op · |(u, v)| ≤ AO(1)−C · |(u, v)| ,

we conclude the desired estimate (2.134):∣∣∣∣∣
(
∂ξΦ̃ (s, u, v, ξ, η)

∂2ξ Φ̃ (s, u, v, ξ, η)

)∣∣∣∣∣ ≥
∣∣∣∣s ·Mmain ·

(
u
v

)∣∣∣∣− ∣∣∣∣s ·Merr ·
(
u
v

)∣∣∣∣
≥ |s| ·A−O(1) |(u, v)| − |s| ·AO(1)−C |(u, v)| ≥ A−O(1) |s (u, v)| .
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Return to the proof of (2.139) and (2.140). To proceed, we shall perform a few explicit calculation via identities
provided by Lemma 2.9. Let the input variable be ξ := (ξ1, ξ2) ∈ Aδ,Γ. We have:

∇γΓ,1 = γ′1 (t∗)∇t∗ =
γ′1 (t∗)

ξ1
·

(
γ′1γ

′
2

γ ′ ∧ γ ′′ ,
(γ ′

2)
2

γ ′ ∧ γ ′′

)
(t∗) =

1

ξ1
· χγ (t∗) ; (2.141)

∂2∇γΓ,1 =
1

ξ1
· χ′

γ (t∗) ∂ηt∗ = − 1

ξ1ξ2
· χ′

γ (t∗) ·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)
(t∗) ; (2.142)

∂j∂2∇γΓ,1 =
1

ξjξ1ξ2
·χ′

γ (t∗)·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)
(t∗)−

1

ξ1ξ2
·χ′′

γ (t∗)·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)
(t∗) ∂jt∗−

1

ξ1ξ2
·χ′

γ (t∗)·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)′
(t∗) ∂jt∗

=
1

ξjξ1ξ2
·
[
χ′
γ + (−1)j χ′′

γ · γ′1γ
′
2

γ ′ ∧ γ ′′ + (−1)j χ′
γ ·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)′]
(t∗) ·

(
γ′1γ

′
2

γ ′ ∧ γ ′′

)
(t∗) . (2.143)

Given the three identities (2.141), (2.142), and (2.143), the main term estimate in (2.139) follows from the

A-admissibility assumption on γ : I
∼−→ Γ:

∥Mmain∥op ≤
√
2max (|(2.142)| , |(2.143)|) ≤ AO(1).

To prove the error term estimate in (2.139), we apply fundamental theorem of calculus to the entries:

∂η∇γΓ,1|(ξ1,η1)(ξ2,η2)
=

ˆ 1

0
(ξ1 − ξ2, η1 − η2) ·

(
∂ξ∂η∇γΓ,1
∂2η∇γΓ,1

)∣∣∣∣
(ξ2,η2)+θ(ξ1−ξ2,η1−η2)

dθ.

By (2.143) and the A-admissibility assumption on γ : I
∼−→ Γ, we deduce:∣∣∣∂η∇γΓ,1|(ξ1,η1)(ξ2,η2)

∣∣∣ ≤ AO(1) |(ξ1 − ξ2, η1 − η2)| ≤ AO(1) · dia (U) ≤ AO(1)−C .

This justifies the error term estimate in (2.139):

∥Merr∥op ≤
∣∣∣∂η∇γΓ,1|(ξ1,η1)(ξ2,η2)

∣∣∣ ≤ AO(1)−C .

Finally, to prove (2.140), we shall utilize the alternating nature of the determinant expressions. Observe that
identities (2.142) and (2.143) give

detMmain = − 1

ξη
·χ′

γ (t∗) ·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)
(t∗)∧

1

ξ2η
·
[
χ′
γ − χ′′

γ · γ′1γ
′
2

γ ′ ∧ γ ′′ − χ′
γ ·
(

γ′1γ
′
2

γ ′ ∧ γ ′′

)′]
(t∗) ·

(
γ′1γ

′
2

γ ′ ∧ γ ′′

)
(t∗) .

By removing all parallel vector pairs, the above identity can be simplified into:

detMmain =
1

ξ3η2
(
χ′
γ ∧ χ′′

γ

)
(t∗) ·

(
γ′1γ

′
2

γ ′ ∧ γ ′′

)3

(t∗) .

Invoking the A-admissibility assumption on γ : I
∼−→ Γ, we conclude (2.140)

|detMmain| ≥ A−O(1)
∣∣χ′

γ ∧ χ′′
γ

∣∣ (t∗) · ∣∣∣∣ γ′1γ
′
2

γ ′ ∧ γ ′′

∣∣∣∣3 (t∗) ≥ A−O(1).

Now that (2.134) has been proven, we shall now deduce (2.133) from (2.134). Let

M := max

(∣∣∣λ∂ξΦ̃ (s, u, v, ξ, η)
∣∣∣ , ∣∣∣λ∂2ξ Φ̃ (s, u, v, ξ, η)

∣∣∣ 12) .
We have the following trivial estimate:(

M2 +M4
) 1

2 ≥ λ ·

∣∣∣∣∣
(
∂ξΦ̃ (s, u, v, ξ, η)

∂2ξ Φ̃ (s, u, v, ξ, η)

)∣∣∣∣∣ ≥ A−O(1) |λs (u, v)| ≥ A−O(1).
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This implies the trivial estimate M ≥ A−O(1) and thus:

AO(1)M2 ≥
(
M2 +M4

) 1
2 ≥ A−O(1) |λs (u, v)| .

After rearrangement, we conclude (2.133). This completes the proof of Lemma 2.11. □

We return to the proof of (2.126). Consider the two cases:

|s (u, v)|
|λ|

= |λ| · |s̃ (ũ, ṽ)| ≤ 1;
|s (u, v)|

|λ|
= |λ| · |s̃ (ũ, ṽ)| ≥ 1.

For the former, we recall (2.127), (2.129), and (2.130) and perform trivial estimate to conclude (2.126):

|(2.127)| ≤
∥∥∥Ψ̃(λ, s̃, ũ, ṽ, ξ̃, η̃)∥∥∥

L1(dξ̃)
≤
∥∥Ψ̃∥∥

L∞ ≤ AO(1)/ |λ| ≤ AO(1)ΞΓ

|λ|
·
(
1 +

|s (u, v)|
|λ|

)− 1
2

.

For the latter case |s(u,v)|
|λ| = |λ| · |s̃ (ũ, ṽ)| ≥ 1, we shall utilize Lemma 2.11 and apply Proposition A.6

again. Note that for the purpose of proving (2.126), the support of (2.129) naturally imposes condition (2.132)(
ξ̃, η̃
)
,
(
ξ̃, η̃ + s̃

)
,
(
ξ̃ + ũ, η̃ + ṽ

)
,
(
ξ̃ + ũ, η̃ + s̃+ ṽ

)
∈ U (2.144)

with the convex set U given by

U :=
{(
ξ̃, η̃
)
∈ R2 : ψδ

(
ξ̃/λ̃1

)
ψδ

(
η̃/λ̃2

)
̸= 0
}
⊆ Aδ,Γ. (2.145)

Consider now the interval

Jũ :=
{
ξ̃ ∈ R : ψδ

(
ξ̃/λ̃1

)
ψδ

((
ξ̃ + ũ

)
/λ̃1

)
̸= 0
}
.

By Lemma 2.11, we have:

inf
ξ̃∈Jũ

max
j=1,2

∣∣∣∂j
ξ̃
|λ| Φ̃

(
s̃, ũ, ṽ, ξ̃, η̃

)∣∣∣ 1j ≥ A−O(1) |λ|
1
2 · |s̃ (ũ, ṽ)|

1
2 = A−O(1) · |s (u, v)|

1
2

|λ|
1
2

. (2.146)

On the other hand, due to (2.118), we have the following identity:

∂2
ξ̃
Φ̃
(
s̃, ũ, ṽ, ξ̃, η̃

)
= ∆(0,s̃)∆(ũ,ṽ)∂ξ̃γΓ,1

(
ξ̃, η̃
)
.

Couple the above with the sign condition sgn (η̃) = sgn (η̃ + s̃) = sgn (η̃ + ṽ) = sgn (η̃ + s̃+ ṽ) given by (2.144)
and (2.145), we deduce the following estimate:8

M
(
∂2
ξ̃
|λ| Φ̃ (s̃, ũ, ṽ, ·, η̃)

)
=M

(
|λ|∆(0,s̃)∆(ũ,ṽ)∂ξ̃γΓ,1 (·, η̃)

)
=M

(
∆(0,s̃)∆(ũ,ṽ)∂ξ̃γΓ,1 (·, η̃)

)
≤ ΞΓ. (2.147)

With (2.130), (2.131), (2.146), and (2.147), Proposition A.6 yields the desired estimate (2.126):

|(2.127)| ≲
M
(
∂2
ξ̃
|λ| Φ̃ (s̃, ũ, ṽ, ·, η̃)

)
inf
ξ̃∈Jũ

max
j=1,2

∣∣∣∂j
ξ̃
|λ| Φ̃

(
s̃, ũ, ṽ, ξ̃, η̃

)∣∣∣ 1j ·
(∥∥∥Ψ̃∥∥∥

L∞(Jũ)
+
∥∥∥∂ξ̃Ψ̃∥∥∥L1(Jũ)

)
≤ AO(1)ΞΓ

|λ|
·
(
1 +

|s (u, v)|
|λ|

)− 1
2

.

Using now (2.126), we finish the proof of (2.12):

∥mγ,ρ,λ∥4U =

∥∥∥∥ˆ D(0,s)D(u,v)mγ,ρ,λ (ξ, η) dξ

∥∥∥∥
L∞
u,ηL

1
sL

2
v(|s|,|v|≤|λ|)

8Recall again Definition 1.11.
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≤

∥∥∥∥∥∥
∥∥∥∥∥AO(1)ΞΓ

|λ|
·
(
1 +

|vs|
|λ|

)− 1
2

∥∥∥∥∥
L1(ds,|s|≤|λ|)

∥∥∥∥∥∥
L2(dv,|v|≤|λ|)

= AO(1)ΞΓ

∥∥∥∥∥∥∥(1 + |vs̃|)−
1
2

∥∥∥
L1(ds̃,|s̃|≤1)

∥∥∥∥
L2(dv,|v|≤|λ|)

≤ AO(1)ΞΓ

(ˆ |λ|

0

1

1 + v
dv

) 1
2

≤ AO(1)ΞΓ log
1
2 (|λ|) .

This completes the proof of Proposition 2.5.

3. Smoothing inequalities for averaging operators and their variants

Before entering the analysis, we shall first the key statement Lemma 1.22 that allows us to reduce the
argument to the analysis on smaller segments of curves.

3.1. Proof of Lemma 1.22: monotonicity of ΞΓ.

Proof. Recall Definition 1.11. Let s, u, v, w, η ∈ R be such that satisfy p (s, v, η). By symmetry it suffices to
establish the following two inequalities:

C
({
ξ ∈ R : ∆(0,s)∂1γΓ′,1 (ξ, η) = w

})
≤ C

({
ξ ∈ R : ∆(0,s)∂1γΓ,1 (ξ, η) = w

})
+O (1) ; (3.1)

C
({
ξ ∈ R : ∆(0,s)∆(u,v)∂1γΓ′,1 (ξ, η) = w

})
≤ C

({
ξ ∈ R : ∆(0,s)∆(u,v)∂1γΓ,1 (ξ, η) = w

})
+O (1) . (3.2)

By invoking Remark A.2, (3.1) and (3.2) can be deduced by finding sets W1,W2 ⊆ R with each at most O (1)
many connected components such that the following two identities hold:{

ξ ∈ R : ∆(0,s)∂1γΓ′,1 (ξ, η) = w
}
=
{
ξ ∈ R : ∆(0,s)∂1γΓ,1 (ξ, η) = w

}
∩W1; (3.3){

ξ ∈ R : ∆(0,s)∆(u,v)∂1γΓ′,1 (ξ, η) = w
}
=
{
ξ ∈ R : ∆(0,s)∆(u,v)∂1γΓ,1 (ξ, η) = w

}
∩W2. (3.4)

To proceed, we first study the various relations between GΓ and GΓ′ . Recall Remark 1.9. By assumption,
we have a topological embedding GΓ : Γ ↪→ RP. Since Γ′ is an open connected subset of Γ under the topology
equipped by Γ, we have not only the identity:

GΓ′ = GΓ|Γ′ : Γ
′ ↪→ RP

but also img GΓ′ = GΓ (Γ
′) as an open connected subset of the open connected subset img GΓ ⊆ RP under the

topology equipped by RP. As a direct consequence, their continuous inverses are related in the following way:

G−1
Γ′ = G−1

Γ

∣∣
GΓ(Γ′)

: GΓ

(
Γ′) ∼−→ Γ′. (3.5)

This suggests that we express γΓ′ in terms of γΓ via restricting the domain. To be precise, we start by
introducing the following topological embeddings:

ι : R ∼−→ RP \ {[1 : 0]} ⊆ RP : ξ 7→ [ξ : 1] .

Consider the following open set:

U := ι−1 img GΓ = ι−1 (img GΓ \ {[1 : 0]}) ⊆ R. (3.6)

Via the embeddings ι and the open set U , we rephrase the extension of the inverse Gauss maps G−1
Γ as:

γΓ (ξ, η) = G−1
Γ ◦ ι|U (ξ/η) . (3.7)

On the other hand, the relation (3.5) suggests that we also consider the following open subsets:

V := ι−1GΓ

(
Γ′) = ι−1

(
GΓ

(
Γ′) \ {[1 : 0]}

)
⊆ U ⊆ R. (3.8)
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For similar reasoning, we deduce the following expression

γΓ′ (ξ, η) = G−1
Γ′ ◦ ι|V (ξ/η) = G−1

Γ ◦ ι|V (ξ/η) . (3.9)

As a consequence of the two expressions (3.7) and (3.9), we have:

γΓ′ (·, η) = γΓ (·, η)|ηV .

Next, we examine the domain of their partial derivatives. By (3.6) and (3.8), we observe that the domains:

domγΓ′ (·, η) = ηV ⊆ ηU = domγΓ (·, η)
are nested open subsets of R. Under our interpretation (1.11) in Remark 1.13, we deduce:

dom ∂1γΓ′,1 (·, η) = ηV ∩ dom ∂1γΓ,1 (·, η) , ∂1γΓ′,1 (·, η) = ∂1γΓ,1 (·, η)|ηV (3.10)

by examining the formula (1.12) for differentiability criterion. By (3.10), we deduce the two key identities:

∆(0,s)∂1γΓ′,1 (·, η) = ∆(0,s)∂1γΓ,1 (·, η)
∣∣
W1

, W1 :=Wη,s := ηV ∩ (η + s)V ; (3.11)

∆(0,s)∆(u,v)∂1γΓ′,1 (·, η) = ∆(0,s)∆(u,v)∂1γΓ,1 (·, η)
∣∣
W2

, W2 :=Wη,s ∩ (−u+Wη+v,s) , (3.12)

which produces the two identities (3.3) and (3.4) as an immediate consequence. It remains to show the two
sets W1,W2 ⊆ R defined in (3.11) and (3.12) have at most O (1) many connected components.

Recall (3.8). Since GΓ (Γ
′) ⊆ RP is connected, the set GΓ (Γ

′)\{[1 : 0]} has at most two connected components.

Via the homeomorphism ι : R ∼−→ RP \ {[1 : 0]}, we deduce the inequality:

C (V ) = C
(
ι−1
(
GΓ

(
Γ′)) \ {[1 : 0]}

)
≤ 2.

Apply now Remark A.2. We conclude:

C (W1) = C (Wη,s) = C (ηV ∩ (η + s)V ) ≤ C (ηV ) + C ((η + s)V ) = 2C (V ) ≤ 4;

C (W2) = C (Wη,s ∩ (−u+Wη+v,s)) ≤ C (Wη,s) + C (−u+Wη+v,s) = C (Wη,s) + C (Wη+v,s) ≤ 8.

This concludes C (W1) , C (W2) = O (1) and thus the proof of Lemma 1.22. □

3.2. Proof of Theorem 1.19. Suggested by Remark 1.15, we shall benefit from restricting the analysis to
only smaller segments of the curve. With Lemma 1.22, we can indeed impose the short-interval condition via
the following reduction:

3.2.1. Reduction to short-interval case. Observe that an A-admissible parametric curve γ : I
∼−→ Γ is also A′-

admissible for every A′ ≥ A. Therefore, it suffices to prove (1.19) assuming A ≥ 1
dist(supp ρ,Ic) . For convenience,

we also assume A≫ 1.
We claim that it suffices to prove Theorem 1.19 under the assumption that (γ, ρ) satisfies the (A,C)-short-

interval condition 1.16 for some universal C ≫ 1.
Indeed, assume that Theorem 1.19 holds for all (γ, ρ) satisfying the (A,C)-short-interval condition 1.16.

Recall the function ϕ ∈ C∞
c (R) that satisfies (1.14). Consider the sub-interval of I:

J :=
{
s ∈ I : dist (s, Ic) ≥ A−1/2

}
and for s ∈ J the interval Is :=

(
s−A−C , s+A−C), the function:

ρs (t) := ρ (t)A3Cϕ
(
A3C (t− s)

)
,

and the sub-curve γs := γ|Is : Is
∼−→ Γs of γ : I

∼−→ Γ. Observe the identities:

Aγ,ρ (f1, f2) (x) =
1

∥ϕ∥L1

·
ˆ
J
Aγs,ρs (f1, f2) (x) ds

=

ˆ
{s′∈J : ρs′ ̸≡0}

∥ρs∥C2

∥ϕ∥L1

· ATr−s γs,Tr−s ρs/∥ρs∥C2
(f1, f2) (x) ds. (3.13)
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Notice that (Tr−s γs,Tr−s ρs/ ∥ρs∥C2) satisfies the (A,C)-short-interval condition 1.16 by design. We may thus
utilize our assumption and apply Theorem 1.19 to deduce:∥∥∥ATr−s γs,Tr−s ρs/∥ρs∥C2

(f1, f2)
∥∥∥
L1

≲ AO(C)Ξ
3
10
Γs

∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

By Lemma 1.22, we further dominate the above with:

≲ AO(C)Ξ
3
10
Γ ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

On the other hand, we deduce via direct computation that:

∥ρs∥C2

∥ϕ∥L1

≲ AO(C) ∥ρ∥C2 .

Combining (3.13) with the above two relations, we recover Theorem 1.19 for the general case with the
universal constant c = O (C). Henceforth, we shall assume that:

• (γ, ρ) satisfies the (A,C)-short-interval condition 1.16.

To prove Theorem 1.19 under the above assumption, we start by analyzing the Fourier representation:

Aγ,ρ (f1, f2) (x) =

ˆ
F (1)f1 (ξ1, x2)F (2)f2 (x1, ξ2)mγ,ρ (ξ) e (x · ξ) dξ, (3.14)

where the symbol/multiplier is given by the following oscillatory integral:

mγ,ρ (ξ) :=

ˆ
e (ξ · γ (t)) ρ (t) dt. (3.15)

We note that mγ,ρ may exhibit distinct behaviors depending on the size |ξ| and the ratio ξ1 : ξ2. This motivates
the following cone decomposition.

3.2.2. Frequency decomposition. Let ϕ ∈ C∞
c (R) be the smooth bump function satisfying (1.14). We consider:

Definition 3.1 (Littlewood-Payley decomposition). Let ϕ ∈ C∞
c (R) be the smooth bump function satisfying

(1.14). Given δ > 0, let ψδ be as defined in (1.15) and:

φδ (ζ) := 1{0} (ζ) +
1

cδ

ˆ
(−1,1)\{0}

ψδ (ζ/λ)
dλ

|λ|
, cδ := ∥ψδ (ζ)∥L1

(
dζ
ζ
,R+

) (3.16)

and Littlewood-Payley projections for λ ̸= 0 and f ∈ Lp (R):
{Pδ,λf (ξ) := ψδ (ξ/λ) pf (ξ) , {Qδ,λf (ξ) := φδ (ξ/λ) pf (ξ) . (3.17)

By construction, we have the following identities:

f =
1

cδ

ˆ
R\{0}

Pδ,λf
dλ

|λ|
, Qδ,λ0f =

1

cδ

ˆ
0<|λ|<λ0

Pδ,λf
dλ

|λ|
, λ0 > 0. (3.18)

We can now pre-compose the Aγ,ρ with the Littlewood-Payley projections and obtain9:

Aγ,ρ (f1, f2) = Aγ,ρ

(
Q(1)
δ,λ0

f1,Q(2)
δ,λ0

f2

)
(3.19)

+
1

cδ

ˆ
λ0≤|λ|

Aγ,ρ

(
P(1)
δ,λf1,Q

(2)
δ,λ0

f2

)
+Aγ,ρ

(
Q(1)
δ,λ0

f1,P(2)
δ,λf2

) dλ
|λ|

(3.20)

+
1

c2δ

ˆ
λ0≤|λj |

Aγ,ρ

(
P(1)
δ,λ1

f1,P(2)
δ,λ2

f2

) dλ1
|λ1|

dλ2
|λ2|

. (3.21)

9Recall Definition 1.5
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For the rest of the section, we will set:

δ = A−4C , λ0 = AC , R(j)
δ,λ ∈

{
P(j)
δ,λ ,Q

(j)
δ,λ

}
(3.22)

and suppress the δ-dependency whenever it is clear from the context. Suggested by the above decomposition
of Aγ,ρ (f1, f2), we introduce the following three propositions:

Proposition 3.2 (The trivial case).∥∥∥Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≤ A−3C ∥f1∥L2 ∥f2∥L2 . (3.23)

Proposition 3.3 (The off-diagonal case). Suppose |λ1| , |λ2| ≥ 1 and either of the two pairs of conditions:

R(1)
λ1

= Q(1)
λ1

and |λ2| /λ1 ≥ A2, λ1 > 0; (3.24)

R(1)
λ1

= P(1)
λ1

and [λ1 : λ2] /∈ GΓ ◦ γ
(
A−CI

)
. (3.25)

The following estimate holds:∥∥∥Aγ,ρ

(
R(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1

≲ AO(C) |(λ1, λ2)|−1 ∥f1∥L2 ∥f2∥L2 . (3.26)

Proposition 3.4 (The diagonal case). There is a universal constant σ ∈ (0, 1) such that whenever [λ1 : λ2] ∈
GΓ ◦ γ

(
A−CI

)
, the following estimate holds:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1

≲ AO(C)Ξ
3
10
Γ |(λ1, λ2)|−σ ∥f1∥L2 ∥f2∥L2 . (3.27)

We shall now assume Proposition 3.2, 3.3, and 3.4 and finish the proof of Theorem 1.19.

Proof of Theorem 1.19. We aim to dominate the L1 norms of (3.19), (3.20), and (3.21) with the right-hand
side of (1.19) under the short-interval condition:

AO(C)Ξ
3
10
Γ ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) ,

where ε > 0 only depends on the universal constant σ > 0 given in Proposition 3.4. To begin with, observe
that (1.14), (1.15), and (3.16) give the following projection property:

P(j)
δ,λR

(j)
2δ,λ = P(j)

δ,λ , Q(j)
δ,λQ

(j)
2δ,λ = Q(j)

δ,λ. (3.28)

As a direct consequence, we may insert the appropriate Littlewood-Payley projections to the right-hand side
of (3.23), (3.26), and (3.27). This produces the trivial estimate:∥∥∥R(1)

2δ,λf
∥∥∥
L2

≲ |λ|ε ∥f∥H(−ε,0) ,
∥∥∥R(2)

2δ,λf
∥∥∥
L2

≲ |λ|ε ∥f∥H(0,−ε) , 0 ≤ ε ≤ 1, 1 ≤ |λ| . (3.29)

Starting with the treatment of (3.19), we apply (3.23) and (3.28) to deduce:∥∥∥Aγ,ρ

(
Q(1)
δ,λ0

f1,Q(2)
δ,λ0

f2

)∥∥∥
L1

≤ A−3C
∥∥∥Q(1)

2δ,λ0
f1

∥∥∥
L2

∥∥∥Q(2)
2δ,λ0

f2

∥∥∥
L2
.

Applying (3.29), we further dominate the above with:

≲ A−3Cλ2ϵ0 ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) = AO(C) ∥f1∥H(−ε,0) ∥f2∥H(0,−ε)

for any ε ≤ 1. This completes the treatment of (3.19).
To treat (3.20), we start by estimating the expression within the original integral:

Aγ,ρ

(
P(1)
δ,λf1,Q

(2)
δ,λ0

f2

)
+Aγ,ρ

(
Q(1)
δ,λ0

f1,P(2)
δ,λf2

)
. (3.30)

We have two cases. When |λ| ≤ A2λ0, we apply (3.23), (3.28), and (3.29) to deduce

∥(3.30)∥L1 ≤ AO(C) ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) . (3.31)
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For the alternative |λ| ≥ A2λ0 case, we invoke symmetry of the indices, apply the (3.24) case in Proposition
3.3, and follow it with (3.28) to obtain:

∥(3.30)∥L1 ≲ |(λ0, λ)|−1AO(C)
(∥∥∥P(1)

2δ,λf1

∥∥∥
L2

∥∥∥Q(2)
2δ,λ0

f2

∥∥∥
L2

+
∥∥∥Q(1)

2δ,λ0
f1

∥∥∥
L2

∥∥∥P(2)
2δ,λf2

∥∥∥
L2

)
.

Utilizing again (3.29) and the fact that |(λ0, λ)| ≥ |λ|, we deduce for ε ≤ 1 the following:

∥(3.30)∥L1 ≲ |λ|ε−1AO(C) ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) . (3.32)

Suggested by the two estimates (3.31) and (3.32), we shall split (3.20) into low and high frequency parts:

∥(3.20)∥L1 ≤ 1

cδ

ˆ
λ0≤|λ|≤A2λ0

∥(3.30)∥L1

dλ

|λ|
+

1

cδ

ˆ
A2λ0≤|λ|

∥(3.30)∥L1

dλ

|λ|
and dominate the above expression accordingly:

≲
AO(C)

cδ

ˆ AC

1

dζ

ζ
∥f1∥H(−ε,0) ∥f2∥H(0,−ε) +

AO(C)

cδ

ˆ ∞

A2λ0

ζε−1dζ

ζ
∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

Via direct computation, we dominate the above with

≤ AO(C)

cδ (1− ε)
∥f1∥H(−ε,0) ∥f2∥H(0,−ε) , ε ∈ (0, 1) .

To address the constant cδ, we deduce from (1.14) the following:

A−O(C) ≤ log

(
2 + δ

2− δ

)
=

ˆ 1+ δ
2

1− δ
2

dζ

ζ
≤ cδ. (3.33)

We may thus absorb 1
cδ

into a AO(C) factor. In combination, we complete the treatment of (3.20):

∥(3.20)∥L1 ≲
ε
AO(C) ∥f1∥H(−ε,0) ∥f2∥H(0,−ε)

for any choice of ε ∈ (0, 1).
To treat (3.21), we first combine the (3.25) case in Proposition 3.3 and Proposition 3.4 to deduce:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1

≲ AO(C)Ξ
3
10
Γ |(λ1, λ2)|−σ ∥f1∥L2 ∥f2∥L2 (3.34)

for |λ1| , |λ2| ≥ λ0. With (3.34), we apply (3.28) and (3.29) to deduce:

∥(3.21)∥L1 ≲
AO(C)Ξ

3
10
Γ

c2δ

ˆ
λ0≤|λj |

|(λ1, λ2)|−σ |λ1|ε |λ2|ε
dλ1
|λ1|

dλ2
|λ2|

∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

Using (3.33) and the fact that |(λ1, λ2)| ≥ |λj |, we dominate the above with

≤ AO(C)Ξ
3
10
Γ

(ˆ ∞

λ0

ζε−
σ
2
dζ

ζ

)2

∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

Finally, direct computation completes the treatment of (3.21):

∥(3.21)∥L1 ≲
ε,σ

AO(C)Ξ
3
10
Γ ∥f1∥H(−ε,0) ∥f2∥H(0,−ε)

for any choice of ε ∈
(
0, σ2

)
. In combination, we complete the proof of Theorem 1.19:

∥Aγ,ρ (f1, f2)∥L1 ≤ ∥(3.19)∥L1 + ∥(3.20)∥L1 + ∥(3.21)∥L1 ≲
ε,σ

AO(C)Ξ
3
10
Γ ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) .

□
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It remains to treat Proposition 3.2, 3.3, and 3.4. Observe the following identity:

F (j)R(j)
λ f (ξej + xek) = ϑj (ξ/λ)F (j)f (ξej + xek) , ϑj ∈ {ψδ, φδ} , {j, k} = {1, 2} .

for the suitable choice of ϑj . Combining with (3.14), we write:

Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)
(x) =

ˆ
F (1)f1 (ξ1, x2)F (2)f2 (x1, ξ2)

 ∏
j=1,2

ϑj (ξj/λj)

mγ,ρ (ξ) e (x · ξ) dξ. (3.35)

The distinction among the formulation of Proposition 3.2, 3.3, and 3.4 is a consequence of the different
behaviors of the localized symbol (3.15):

mλ,ϑ1,ϑ2 (ξ) := mγ,ρ,λ,ϑ1,ϑ2 (ξ) := mγ,ρ (ξ)
∏
j=1,2

ϑj (ξj/λj) (3.36)

as λ := (λ1, λ2) ∈ (R \ {0})2 varies. We identify the following three key cases:

• the non-oscillatory regime |λj | ≤ AO(C): this corresponds to Proposition 3.2.

• the oscillatory regime |λj | ≥ AO(C) consists of the two scenarios:
– the non-stationary phase case (3.24) and (3.25): this corresponds to Proposition 3.3.
– the stationary phase case [λ1 : λ2] ∈ GΓ ◦ γ

(
A−CI

)
: this corresponds to Proposition 3.4.

3.3. Proof of Proposition 3.2: the non-oscillatory regime. When (3.36) exhibits no oscillation, we
discard the frequency information completely and perform trivial estimate:∥∥∥Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≤
∥∥∥∥∥∥∥R(1)

λ1
f1 (x1 + γ1 (t) , x2)R(2)

λ2
f2 (x1, x2 + γ2 (t))

∥∥∥
L1(dx)

ρ (t)

∥∥∥∥
L1(dt)

≤ ∥ρ∥L1

∏
j=1,2

∥∥∥R(j)
λj
fj

∥∥∥
L2

≤ A−3C ∥f1∥L2 ∥f2∥L2 .

This completes the proof of Proposition 3.2.

3.4. Proof of Proposition 3.3: the non-stationary phase case. Recall now (3.35). Via Fourier inversion,
we deduce:

Aγ,ρ

(
R(1)
λ1
f1,P(2)

λ2
f2

)
(x) =

ˆ
f1 (x1 + z1, x2) f2 (x1, x2 + z2) {mλ,ϑ1,ψδ (z) dz.

Due to the trivial estimates:∥∥∥Aγ,ρ

(
R(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1

≤ ∥ {mλ,ϑ1,ψδ∥L1 ∥f1∥L2 ∥f2∥L2 ,

proving Proposition 3.3 reduces to show the following estimate:

∥ {mλ,ϑ1,ψδ∥L1 ≲ AO(C) |λ|−1 . (3.37)

In fact, due to the trivial fact
mγ,ρ (ξ) = e (ξ · γ (0))mγ−γ(0),ρ (ξ) ,

we may translate the L1-norm expression in (3.37) to impose the normalization γ (0) = 0.
To proceed, we assume either ϑ1 = φδ with (3.24) or ϑ1 = ψδ with (3.25) and show:

ϑ1 (ξ1/λ1)ψδ (ξ2/λ2) ̸= 0 =⇒ ∀t ∈ supp ρ,
∣∣ξ · γ ′ (t)

∣∣ ≥ A−O(C) |λ| . (3.38)

Indeed, by the construction (1.15) and (3.16), we have for λ′ > 0 the following:

φδ
(
ξ/λ′

)
̸= 0 =⇒ ∃λ ∈

(
−λ′, λ′

)
\ {0} , ψδ (ξ/λ) ̸= 0 (3.39)

and for λ ̸= 0 the following:
ψδ (ξ/λ) =⇒ |ξ − λ| ≤ δ |λ| . (3.40)
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Consider now the case with ϑ1 = φδ and (3.24), we combine (3.39) and (3.40) to deduce:

φδ (ξ1/λ1)ψδ (ξ2/λ2) ̸= 0 =⇒ ∃λ′1 ∈ (−λ1, λ1) \ {0} ,
∣∣ξ1 − λ′1

∣∣ ≤ δ
∣∣λ′1∣∣ , |ξ2 − λ2| ≤ δ |λ2| .

By assumption (3.24), we have: ∣∣λ2/λ′1∣∣ ≥ |λ2| /λ1 > A2.

By contrapositive of (2.100), we deduce from the above the following:

=⇒
[
λ′1 : λ2

]
/∈ img GΓ =⇒

[
λ′1 : λ2

]
/∈ GΓ ◦ γ

(
A−CI

)
.

Applying now (2.102) and the trivial fact 2 |(λ′1, λ2)| ≥ |λ|, we deduce from above the conclusion of (3.38):

=⇒ ∀t ∈ supp ρ,
∣∣ξ · γ ′ (t)

∣∣ ≥ A−O(C)
∣∣(λ′1, λ2)∣∣ ≥ A−O(C) |λ| .

The case with ϑ1 = ψδ and (3.25) is a direct consequence of (2.102) and (3.40). Given now (3.38), it suffices
to study the oscillatory expression mγ,ρ (ξ) assuming

∀t ∈ supp ρ,
∣∣ξ · γ ′ (t)

∣∣ ≥ A−O(C) |λ| .

The assumption allows us to perform the standard integration by-parts argument:

∂α1
1 ∂α2

2 mγ,ρ (ξ) =

ˆ
e (ξ · γ (t))

(
d

dt
· 1

−2πiξ · γ ′ (t)
·
)2
ρ (t) ∏

j=1,2

(2πiγj (t))
αj

 dt

and deduce, via A-admissibility of γ : I
∼−→ Γ and the normalization γ (0) = 0, the following estimate:

|∂α1
1 ∂α2

2 mγ,ρ (ξ)| ≤ AO(C) |λ|−2 , 0 ≤ α1, α2, α1 + α2 ≤ 2.

Invoking the assumption |λj | ≥ 1, we obtain for the truncated symbol (3.36) the following:

∥mλ,ϑ1,ψδ∥H2 =

∥∥∥∥(1− ∆

4π2

)
mλ,ϑ1,ψδ

∥∥∥∥
L2

≲ AO(C) |λ|−2 |λ1λ2|
1
2 |suppϑ1|

1
2 |suppψδ|

1
2 ≤ AO(C) |λ|−1 .

Using now the Fourier characterization of H2 norm, we conclude (3.37):

∥ {mλ,ϑ1,ψδ∥L1 ≤
∥∥∥(1 + |z|2

)
{mλ,ϑ1,ψδ (z)

∥∥∥
L2(dz)

∥∥∥∥ 1

1 + |z|2

∥∥∥∥
L2(dz,R2)

≲ ∥mλ,ϑ1,ψδ∥H2 ≲ AO(C) |λ|−1 .

This completes the proof of Proposition 3.3. □

3.5. Proof of Proposition 3.4: the stationary phase case. Let λ := (λ1, λ2) be such that [λ] ∈ GΓ ◦
γ
(
A−CI

)
. To beat the trivial bound provided by Proposition 3.2, we may assume |λ| ≥ AC throughout the

rest of the discussion. We will first demonstrate a physically localized version of Proposition 3.4. We then
utilize a standard trick to recover the general statement.

Recall (1.4) and (3.36). We begin with the following observation:

1[0,1]2Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)
= Tmλ,ψδ,ψδ

(
F (1)f1,F (2)f2

)
= Tmγ,ρ,λ

(
F (1)f1,F (2)f2

)
, (3.41)

where mγ,ρ,λ are defined as in (1.16). Under the short-interval condition, we may apply Theorem 1.17 and
deduce from (3.41) the following:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1([0,1]2)

≲ AO(1)Ξ
3
10
Γ |λ|−σ ∥f1∥L2 ∥f2∥L2 . (3.42)
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This establishes the physically localized version of Proposition 3.4. To prove the statement in full generality,
we first apply the same translation trick to impose the normalization γ (0) = 0 and then utilize the small
support of ρ to propagate the physical localization to the two input functions:10

1[0,1]2Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)
= Aγ,ρ

((
φ2 ⊗ 1[0,1]

)
P(1)
λ1
f1,
(
1[0,1] ⊗ φ2

)
P(2)
λ2
f2

)
. (3.43)

The following standard trick further passes the outer physical localization through the frequency projection
with a well-controlled error term:

Lemma 3.5. Assuming |λ1| , |λ2| ≫ 1, we have the following point-wise approximation:

1[0,1]2 (x)Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)
(x) = Aγ,ρ

(
P(1)
λ1

((
φ2 ⊗ 1[0,1]

)
f1
)
,P(2)

λ2

((
1[0,1] ⊗ φ2

)
f2
))

(x) (3.44)

+
AO(C)

min (|λ1| , |λ2|)
O
(
Aγ,|ρ|

((
φ2 ⊗ 1[0,1]

)
M(1)f1,

(
1[0,1] ⊗ φ2

)
M(2)f2

)
(x)
)
, (3.45)

where the operator M stands for the standard Hardy-Littlewood maximal operator.

Applying the estimate (3.42) to the first term (3.44) and trivial bounds to the second term (3.45) produces:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1([0,1]2)

≲ AO(1)Ξ
3
10
Γ |λ|−σ

∥∥(φ2 ⊗ 1[0,1]

)
f1
∥∥
L2

∥∥(1[0,1] ⊗ φ2

)
f2
∥∥
L2

+
AO(C)

min (|λ1| , |λ2|)

∥∥∥(φ2 ⊗ 1[0,1]

)
M(1)f1

∥∥∥
L2

∥∥∥(1[0,1] ⊗ φ2

)
M(2)f2

∥∥∥
L2
.

Using the property (2.100) and the fact that 0 ≤ φ2,1[0,1] ≤ 1[−2,2], we further deduce:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1([0,1]2)

≲ AO(C)Ξ
3
10
Γ |λ|−σ

∏
j=1,2

(
∥fj∥L2([−4,4]2) +

∥∥∥M(j)fj

∥∥∥
L2([−4,4]2)

)
.

Invoking now the translation symmetry of the formulation, we obtain for z ∈ Z2 the following:∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1(z+[0,1]2)

≲ AO(C)Ξ
3
10
Γ |λ|−σ

∏
j=1,2

(
∥fj∥L2(z+[−4,4]2) +

∥∥∥M(j)fj

∥∥∥
L2(z+[−4,4]2)

)
.

Finally, by summing over z ∈ Z2 and an application of Cauchy-Schwarz inequality, we recover (3.27):∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1

=
∑
z∈Z2

∥∥∥Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)∥∥∥
L1(z+[0,1]2)

≲ AO(C)Ξ
3
10
Γ |λ|−σ

∑
z∈Z2

∏
j=1,2

(
∥fj∥L2(z+[−4,4]2) +

∥∥∥M(j)fj

∥∥∥
L2(z+[−4,4]2)

)

≲ AO(C)Ξ
3
10
Γ |λ|−σ

∏
j=1,2

(∥∥∥∥fj∥L2(z+[−4,4]2)

∥∥∥
ℓ2(z∈Z2)

+

∥∥∥∥∥∥∥M(j)fj

∥∥∥
L2(z+[−4,4]2)

∥∥∥∥
ℓ2(z∈Z2)

)

≲ AO(C)Ξ
3
10
Γ |λ|−σ

∏
j=1,2

(
∥fj∥L2 +

∥∥∥M(j)fj

∥∥∥
L2

)
≲ AO(C)Ξ

3
10
Γ |λ|−σ ∥f1∥L2 ∥f2∥L2 .

This completes the proof of Proposition 3.4 assuming Lemma 3.5, which we address below.

10For φ2, we mean (3.16) with δ = 2.
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Proof of Lemma 3.5. Suggested by the fiber-wise structure of the operator, we shall begin with the analysis of

commutator between the multiplication of φ2 denoted asMφ2 and the Littlewood-Payley projection yPλf (ξ) :=
ψδ (ξ/λ) pf (ξ) for functions f ∈ L2 (R) and parameter |λ| ≥ 1. By direct computation, we have:

[Mφ2 ,Pλ] f (x) = φ2 (x)Pλf (x)− Pλ (φ2f) (x) =

ˆ
λxψδ (λz) f (x+ z) (φ2 (x)− φ2 (x+ z)) dz.

Via mean value theorem and the trivial bound
∣∣∣xψδ (z)∣∣∣ ≤ AO(C)

⟨z⟩3 , we obtain the following point-wise estimate:

|[Mφ2 ,Pλ] f (x)| ≤

∥∥∥∥∥AO(C)λ

⟨λz⟩3
f (x+ z)

∥∥φ′
2

∥∥
L∞ z

∥∥∥∥∥
L1(dz)

With some further simplification, we dominate the above with

≤ AO(C)

|λ|

∥∥∥∥ λ

⟨λz⟩2
f (x+ z)

∥∥∥∥
L1(dz)

≤ AO(C)

|λ|
Mf (x) .

In other words, we have the following approximation:

φ2 (x)Pλf (x) = Pλ (φ2f) (x) +
AO(C)

|λ|
O (Mf (x)) .

The same statement holds fiber-wisely for functions fj ∈ L2
(
R2
)
:

φ2 (xj)P(j)
λj
fj (x) = (PλMφ2)

(j) fj (x) +
AO(C)

|λ|
O
(
M(j)fj (x)

)
.

Inserting the above identity into (3.43) yields:

1[0,1]2 (x)Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

)
(x) = (3.44)

+
AO(C)

|λ2|
O
(
Aγ,|ρ|

(
M (1)
φ2

P(1)
λ1

((
φ2 ⊗ 1[0,1]

)
f1
)
,
(
1[0,1] ⊗ φ2

)
M(2)f2

)
(x)
)

+
AO(C)

|λ1|
O
(
Aγ,|ρ|

((
φ2 ⊗ 1[0,1]

)
M(1)f1,M

(2)
φ2

P(2)
λ2

((
1[0,1] ⊗ φ2

)
f2
))

(x)
)

+
AO(C)

|λ1λ2|
O
(
Aγ,|ρ|

((
φ2 ⊗ 1[0,1]

)
M(1)f1,

(
1[0,1] ⊗ φ2

)
M(2)f2

)
(x)
)
.

Finally, applying the trivial fact∣∣∣(Mφ2PλMφ2)
(j) fj (x)

∣∣∣ ≤ AO(C) (Mφ2MMφ2)
(j) fj (x) ≤ AO(C)φ2 (xj)M(j)fj (x)

and triangle inequalities conclude the proof of Lemma 3.5. □

3.6. Proof of Theorem 1.26. Assume the finiteness of the following quantities:

Mp,α := max

(
∥Aγ∥Lp,∞ , |Aγ |α ,

1

dist (supp ρ, Ic)

)
, ΞΓ <∞

and make the normalization ∥ρ∥C2 = 1. By Remark 1.27, it suffices to consider the 0 < p < ∞ case. Recall
now the Littlewood-Payley projection Definition 3.1. We take Q := Q1/2,1 and Pλ := P1/2,λ and perform the
standard decomposition.

Aγ,ρ (f1, f2) = Aγ,ρ

(
Q(1)f1,Q(2)f2

)
(3.46)

+
1

c1/2

ˆ
1≤|λ|

Aγ,ρ

(
Q(1)f1,P(2)

λ f2

)
+Aγ,ρ

(
P(1)
λ f1,Q(2)f2

) dλ
|λ|

(3.47)
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+
1

c21/2

ˆ
1≤|λj |

Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

) dλ1
|λ1|

dλ2
|λ2|

. (3.48)

Via the simple estimate (3.29), we dominate the first term trivially:∥∥∥Aγ,ρ

(
Q(1)f1,Q(2)f2

)∥∥∥
L1

≤ ∥ρ∥L1

∥∥∥Q(1)f1

∥∥∥
L2

∥∥∥Q(2)f2

∥∥∥
L2

≲ |I| ∥f1∥H(−ε,0) ∥f2∥H(0,−ε) (3.49)

for all 0 < ε ≤ 1. It remains to address (3.47) and (3.48). To provide a unified treatment, we write:

Rλ :=

{
Q |λ| ≤ 1;

Pλ else.
(3.50)

For each fixed λ := (λ1, λ2) with |λ1| , |λ2| ≥ 1, we aim to show:∥∥∥Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲M cα
p,α ⟨I⟩Ξ

3
10
Γ |λ|−c ∥f1∥L2 ∥f2∥L2 , for some c = c (p, α) > 0. (3.51)

To prove (3.51), we decompose the operator into a main term, where Theorem 1.19 applies, and an error
term with a |λ| power decay. Let λ := |λ| and δ, d > 0 to be decided later. Consider:

S :=
{
t ∈ I : Aγ (t) > λδ ∥Aγ∥Lp,∞

}
. (3.52)

Notice that the condition S = ∅ implies that γ : I
∼−→ Γ is Aλ := λδ ∥Aγ∥Lp,∞-admissible. In this situation,

(3.51) is a direct consequence of Theorem 1.19 whenever 0 < δ < ε. Henceforth, we assume

0 < δ < ε, S ̸= ∅. (3.53)

By Definition 1.24 and 1.25, we have two estimates regarding S:

|S| ≤ λ−δp, C (S) ≤ λδα ∥Aγ∥αLp,∞ |Aγ |α .
Define now the auxiliary open set:

Sd :=
⋃
t∈S

(t− d, t+ d) . (3.54)

By construction, we have C (Sd) ≤ C (S). As a result, the set Sd can be decomposed into N ≤ C (S) many

disjoint unions of open intervals {(ak, bk)}Nk=1 arranged in ascending order bk ≤ ak+1. By choosing:

d :=
λ−δ(α+p)

∥Aγ∥αLp,∞ |Aγ |α
, (3.55)

we deduce from (3.53) the following upper bound:

d ≤ λ−δp/C (S) ≤ λ−δp ≤ 1

and the following size estimate:

|Sd| =
N∑
k=1

|Ik| ≤ |S|+ C (S) · 2d ≲ λ−δp + λδα ∥Aγ∥αLp,∞ |Aγ |α d ≲ λ−δp. (3.56)

We now introduce smooth bump functions χk ∈ C∞
c (R) adapted to the intervals (ak, bk) in the following sense:

1[ak+2d/3,bk−2d/3] ≤ χk ≤ 1(ak+d/3,bk−d/3), ∥χk∥C2 ≲ ⟨1/d⟩2 ≂ d−2. (3.57)

This allows us to extract the parts of the operator where Theorem 1.19 does not apply due to defects of γ (t)
for t ∈ Sd. Explicitly, we consider:

Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)
= Aγ,ρ̃

(
R(1)
λ1
f1,R(2)

λ2
f2

)
+

N∑
k=1

Aγ,ρχk

(
R(1)
λ1
f1,R(2)

λ2
f2

)
, ρ̃ := ρ− ρ

N∑
k=1

χk. (3.58)
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Apply trivial estimates to the summand. We deduce:∥∥∥∥∥
N∑
k=1

Aγ,ρχk

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥∥∥
L1

≤
N∑
k=1

∥ρχk∥L1 ∥f1∥L2 ∥f2∥L2

≤ |Sd| · ∥f1∥L2 ∥f2∥L2 ≲ λ−δp ∥f1∥L2 ∥f2∥L2 . (3.59)

We now treat the remaining contribution. Due to (3.57), ρ̃ can be further decomposed into N+1 many smooth
bump functions ρl ∈ C∞

c (R) with disconnected supports. More precisely, we have:

supp ρ0 ⊆ (−∞, a1 + 2d/3) ∩ supp ρ, supp ρN ⊆ (bN − 2d/3,∞) ∩ supp ρ; (3.60)

supp ρl ⊆ (bl − 2d/3, al+1 + 2d/3) ∩ supp ρ, 0 < l < N. (3.61)

Correspondingly, we decompose the operator:

Aγ,ρ̃

(
R(1)
λ1
f1,R(2)

λ2
f2

)
=

N∑
l=0

Aγ,ρl

(
R(1)
λ1
f1,R(2)

λ2
f2

)
(3.62)

and consider sub-intervals of I defined below:

I0 := (−∞, a1 + d) ∩ I, IN := (bN − d,∞) ∩ I; (3.63)

Il := (bl − d, al+1 + d) ∩ I, 0 < l < N. (3.64)

As a consequence of the design of ρl, Il and construction (3.54), we have the following relations:

∥ρl∥C2 ≲ 1 + d−1 + d−2 ≂ d−2, supp ρl ⊆ Il ⊆ I \ S, dist (supp ρl, I
c
l ) ≥ min (d/3, dist (supp ρ, Ic)) (3.65)

whenever ρl is not identically zero. Given such an l, we restrict curves to the sub-interval Il:

γl := γ|Il : Il
∼−→ Γl ⊆ Γ. (3.66)

By (3.52) and (3.65), we have as a direct consequence that γl is Aλ := λδ ∥Aγ∥Lp,∞-admissible. We can thus
apply Theorem 1.19 to estimate (3.62):

∥(3.62)∥L1 ≤
N∑
l=0

∥∥∥Aγ,ρl

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲
N∑
l=0

max

(
Aλ,

1

dist
(
supp ρl, I

c
l

))C |Il|Ξ
3
10
Γl

∥ρl∥C2

∥∥∥R(1)
λ1
f1

∥∥∥
H(−ε,0)

∥∥∥R(2)
λ2
f2

∥∥∥
H(0,−ε)

.

Recall now the choice (3.55) and the relations (3.65). We dominate the above with:

≲
C
max

(
λδ ∥Aγ∥Lp,∞ , λδ(α+p) ∥Aγ∥αLp,∞ |Aγ |α ,

1

dist (supp ρ, Ic)

)C
|I|
(

max
0≤l≤N

ΞΓl

) 3
10

·
(
λδ(α+p) ∥Aγ∥αLp,∞ |Aγ |α

)2
λ−ε ∥f1∥L2 ∥f2∥L2

By direct computation and Lemma 1.22, we further dominate the above with

≲M (C+3)max(1,α)
p,α λδ(C+2)max(1,α+p)−ε |I|Ξ

3
10
Γ ∥f1∥L2 ∥f2∥L2 .

Finally, we take:

cα := (C + 3)max (1, α)

and solve δ > 0 for

−σp,α := δ (C + 2)max (1, α+ p)− ε = −δp.
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we deduce: ∥∥∥Aγ,ρ̃

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲M cα
p,αλ

−σp,α |I|Ξ
3
10
Γ ∥f1∥L2 ∥f2∥L2 . (3.67)

Combining this with (3.59), we conclude (3.51). Finally, direct computation yields:∥∥∥∥∥ 1

c1/2

ˆ
1≤|λ|

Aγ,ρ

(
Q(1)f1,P(2)

λ f2

)
+Aγ,ρ

(
P(1)
λ f1,Q(2)f2

) dλ
|λ|

∥∥∥∥∥
L1

+

∥∥∥∥∥ 1

c21/2

ˆ
1≤|λj |

Aγ,ρ

(
P(1)
λ1
f1,P(2)

λ2
f2

) dλ1
|λ1|

dλ2
|λ2|

∥∥∥∥∥
L1

≲M cα
p,α ⟨|I|⟩Ξ

3
10
Γ

ˆ
1≤|λ|

λ2εp,α−σp,α
dλ

|λ|
+

(ˆ
1≤|λ|

λεp,α−σp,α/2
dλ

|λ|

)2
 ∥f1∥H(−εp,α,0) ∥f2∥H(0,−εp,α)

≲
σp,α,εp,α

M cα
p,α ⟨|I|⟩Ξ

3
10
Γ ∥f1∥H(−εp,α,0) ∥f2∥H(0,−εp,α) , ∀εp,α ∈ (0, σp,α/2) .

Together with the trivial estimate (3.49), this concludes the proof of Theorem 1.26. □

4. Smoothing inequalities and O-minimal theory

Observe that a definable family F :=
{
γσ : R ⊃ Iσ

∼−→ Γσ ⊆ R2
}
σ∈Σ

of C1 parametric curves induces a

definable family
{
Γσ ⊆ R2

}
σ∈Σ of C1 curves. This is a direct consequence of the fact that projection preserves

definability. Indeed, recall Definition B.1 and B.3. We associate the family of parametric curves with a
definable function F : Σ× R ⊃ domF → R2 such that the following relations hold:

γσ (t) = F (σ, t) , ∀t ∈ domγσ = {t ∈ R : (σ, t) ∈ domF} = (domF )σ . (4.1)

Consider now the set:
S :=

{
(σ,γ) ∈ Σ× R2 : ∃t ∈ Iσ, γ = γσ (t)

}
.

By construction, we have that:

Γσ =
{
γ ∈ R2 : (σ,γ) ∈ S

}
= Sσ, ∀σ ∈ Σ.

To show that {Γσ}σ∈Σ is a definable family, it now suffices to show the definibility of S, which can be seen by
the following fact:

S = Perm ◦π
{
(γ, σ, t) ∈ R2 × domF : F (σ, t) = γ

}
, π (γ, σ, t) := (γ, σ) , Perm (γ, σ) = (σ,γ) .

By Definition B.1, the definability of S thus follows from the definability of F .
Combining the fact that all A-admissible curves have injective Gauss maps and the above observation with

Lemma 1.28 and Lemma 1.29, we deduce the uniformity result Theorem 1.30 from Theorem 1.19 and
uniformity result Theorem 1.31 from Theorem 1.26.

4.1. Proof of Lemma 1.28. Recall Definition B.3. We may thus associate the family of curves with a
definable set S ⊆ Σ× R2 ⊆ Rk+2 via the following relation

Γσ :=
{
γ ∈ R2 : (σ,γ) ∈ S

}
, σ ∈ Σ.

For each σ ∈ Σ, the natural extension of the inverse Gauss map γΓσ of Γσ exists. As a result, the function
F (σ, ξ) := γΓσ (ξ) exists on the natural domain:

domF :=
{
(σ, ξ) ∈ Σ× R2 : ξ ∈ domγΓσ = CΓσ

}
.

We claim that such function is definable. Consider the first-order formula ϕ (σ, ξ,γ):

∀ϵ > 0, ∃δ > 0, ∀ζ ∈ R2,
((

(σ, ζ) ∈ S ∧ 0 < |γ − ζ| < δ
)

=⇒ |⟨ξ,γ − ζ⟩| < ϵ |γ − ζ|
)
.
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The following set is definable:{
(σ, ξ,γ) ∈ Σ×

(
R2 \ {0}

)
× R2 : (σ,γ) ∈ S ∧ ϕ (σ, ξ,γ)

}
and coincides with the graph of the function F . Consequently, the relation F (σ, ξ) = γ and thus, the function
F = (F1, F2) are definable. To control ΞΓσ , we consider the auxiliary functions Gi := ∂k+iFi for i = 1, 2. By
Proposition B.5 and B.8, G1, G2 are definable. Furthermore, the following four functions:

h1 (σ, s, ξ, η) :=
(
∆(0,s)∂1γΓσ ,1

)
(ξ, η) = G1 (σ, ξ, η + s)−G1 (σ, ξ, η) ,

h2 (σ, s, ξ, η) :=
(
∆(s,0)∂2γΓσ ,2

)
(η, ξ) = G2 (σ, η + s, ξ)−G2 (σ, η, ξ) ,

H1 (σ, s, u, v, ξ, η) :=
(
∆(0,s)∆(u,v)∂1γΓσ ,1

)
(ξ, η) = h1 (σ, s, ξ + u, η + v)− h1 (σ, s, ξ, η) ,

H2 (σ, s, u, v, ξ, η) :=
(
∆(s,0)∆(v,u)∂2γΓσ ,2

)
(η, ξ) = h2 (σ, s, ξ + u, η + v)− h2 (σ, s, ξ, η) ,

are definable by Proposition B.5 and Remarks B.7. Introduce now the following auxiliary sets:

A(i) :=
{
(σ, η, s, w, ξ) ∈ Σ× R4 : hi (σ, s, ξ, η) = w

}
,

B(i) :=
{
(σ, η, s, u, v, w, ξ) ∈ Σ× R6 : Hi (σ, s, u, v, ξ, η) = w

}
.

By Remark B.4, A(1), A(2), B(1), B(2) are definable sets. We finish the proof by applying Proposition B.11:

sup
σ∈Σ

ΞΓσ ≤ max
i=1,2

sup
s,u,v,
σ,η,w

max
(
C
(
A

(i)
(σ,η,s,w)

)
, C
(
B

(i)
(σ,η,s,u,v,w)

))
≤ max

i=1,2
(MA(i) ,MB(i)) <∞.

4.2. Proof of Lemma 1.29. By Proposition B.11, it suffices to demonstrate the following family of sets:

{Sσ,λ := {t ∈ Iσ : Aγσ (t) > λ} ⊆ R}(σ,λ)∈Σ×(0,∞) (4.2)

is a definable family. By Definition B.3, there is a definable function F : Σ× R ⊃ S → R2 such that for all
σ ∈ Σ, the relations (4.1) hold. Consider now the following definable sets:

U :=

4⋃
k=1

{
(σ, λ, t) ∈ Σ× (0,∞)× R :

∣∣∣∂kt F (σ, t)
∣∣∣ > λ

}
,

V :=
⋃
j=1,2

{(σ, λ, t) ∈ Σ× (0,∞)× R : |∂tFj (σ, t)| < 1/λ} ,

W :=
{
(σ, λ, t) ∈ Σ× (0,∞)× R :

∣∣∂tF ∧ ∂2t F
∣∣ (σ, t) < 1/λ

}
,

X :=
{
(σ, λ, t) ∈ Σ× (0,∞)× R \W :

∣∣∂tχF ∧ ∂2tχF
∣∣ (σ, t) < 1/λ

}
with the function χF defined on the set

{
∂tF ∧ ∂2t F ̸= 0

}
with the explicit formula:

χF (σ, t) :=
∂tF1∂tF2∂tF

∂tF ∧ ∂2t F
(σ, t) .

It is easy to check that:

Sσ,λ = (U ∪ V ∪W ∪X)σ,λ .

This demonstrates that {Sσ,λ}(σ,λ)∈Σ×(0,∞) is a definable family and thus, concludes the proof.
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4.3. Proof of Theorem 1.1. Fix γ : I → R2 real analytic and ρ ∈ C2
c (R) with supp ρ ⋐ I. We begin with

the following trivial geometric fact:

γ ′ ∧ γ ′′ ≡ 0 ⇐⇒ img γ ⊆ (Line) (4.3)

for some (a, b, c) ∈ R3 \ {(0, 0, 0)}. Assuming now that γ ′ ∧ γ ′′ ̸≡ 0, we shall demonstrate the following slightly
more involved geometric statement:

χ′
γ ∧ χ′′

γ ≡ 0 ⇐⇒ (img γ ⊆ (Exp) or img γ ⊆ (Log) or img γ ⊆ (Ψ-line)) (4.4)

for some (a, b, c) ∈ R3 \ {(0, 0, 0)} and A,B ∈ R \ {0}. Details are reserved in Section 4.3.1.
As a direct consequence of (4.3) and (4.4), whenever img γ is not contained in any of the four: (Line), (Exp),

(Log), or (Ψ-line), none of the below expressions

γ′j , γ
′ ∧ γ ′′, χ′

γ ∧ χ′′
γ , j = 1, 2, (4.5)

are zero functions. Since γ′1, γ
′
2,γ

′ ∧ γ ′′ are real analytic, and χ′
γ ∧ χ′′

γ is real meromorphic, we deduce that
when none of (4.5) are zero functions, they can only vanishes up to some finite order at finitely many points in
supp ρ. After suitable partition of ρ, we may isolate each points where any of the expressions in (4.5) vanishes.
Thus, with the above partition and changes of variables, it suffices to consider a function γ : I := (−1, 1) → R2

with a real analytic extension on a neighborhood of the closed interval [−1, 1];11 additionally, the following
expressions have at most finite vanishing order at the single point t = 0:∣∣γ′j∣∣ (t) , ∣∣γ ′ ∧ γ ′′∣∣ (t) , ∣∣χ′

γ ∧ χ′′
γ

∣∣ (t) ≳ |t|n , ∀t ∈ I := (−1, 1) , j = 1, 2. (4.6)

After the above reduction, a direct computation shows that the admissibility function Aγ as defined in Defi-
nition 1.23 satisfies the estimate

∥Aγ∥L1/n,∞(I) ≲ 1. (4.7)

Using now the definability of γ in Ran (see [40, 63, 6, 64, 41]), we aim to apply Theorem 1.31 to conclude the
sufficiency of the condition in Theorem 1.1. Unfortunately, γ may have self-intersection and other undesirable
geometric pathologies. To remedy those issues, we perform further surgery on γ. This is the content of Section
4.3.2.

Finally, we demonstrate the necessity of the condition by explicitly constructing functions fj,λ such that:

∥f1,λ∥H(−ε,0) ∥f2,λ∥H(0,−ε) ≲ λ−ε ≪ 1 ≲ ∥Aγ,ρ (f1,λ, f2,λ)∥L1 ∀λ≫ 1, ε > 0. (4.8)

The existence of these functions is a result of certain generalized resonance phenomenon/modulation symmetry
which we elaborate in Section 4.3.3.

4.3.1. Proof of (4.4): the non-linear ODE. Consider the non-linear ODE:

χ′
γ (t) ∧ χ′′

γ (t) = 0, ∀t ∈ I. (4.9)

Due to (1.20), for the purpose of understanding the geometry of the solution to (4.9) under the assumption
γ ′ ∧ γ ′′ ̸≡ 0, it suffices to consider the case γ (t) = (t, γ (t)) to simplify the calculation. By direct computation,

0 ̸≡ γ ′ ∧ γ ′′ = γ′′, χγ = θ ·
(
1, γ′

)
, θ := γ′/γ′′.

We thus deduce the following:

0 ≡ χ′
γ ∧ χ′′

γ = 2
(
θ′
)2
γ′′ + θ′θγ′′′ − θθ′′γ′′.

Since γ′′ ̸≡ 0, the above is equivalent to the following:

2
(
θ′
)2

+ θ′θ
γ′′′

γ′′
− θθ′′ ≡ 0. (4.10)

11This makes sure the function γ : I := (−1, 1) → R2 is definable in Ran (see [40, 63, 6, 64, 41]).
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Utilizing now the following identity:

θ′ = 1− γ′γ′′′

(γ′′)2
= 1− θ

γ′′′

γ′′
,

we further deduce an equivalent formulation of (4.10) involving only θ and its derivatives:

θ′
(
θ′ + 1

)
− θθ′′ ≡ 0. (4.11)

As a consequence, two family of solutions to (4.9) arises from solving:

θ′ ≡ 0 and θ′ + 1 ≡ 0.

Recall now θ := γ′/γ′′. Standard argument shows that there are A, a ̸= 0 and c ∈ R such that:

θ′ ≡ 0 ⇐⇒ γ (t) = c1e
c2t + c3 for some c1, c2 ̸= 0, c3 ∈ R;

θ′ + 1 ≡ 0 ⇐⇒ γ (t) = c1 log |t− c2|+ c3 for some c1 ̸= 0, c2, c3 ∈ R,

In other words, we deduce the following geometric conditions:

θ′ ≡ 0 ⇐⇒ img γ ⊆ (Exp); θ′ + 1 ≡ 0 ⇐⇒ img γ ⊆ (Log).

It remains to solve (4.11) assuming θ′ ̸≡ 0 and θ′ + 1 ̸≡ 0. We may thus divide (4.11) by (θ′ + 1)2 and obtain:

0 ≡ θ′

θ′ + 1
− θθ′′

(θ′ + 1)2
=

(
θ

θ′ + 1

)′
.

Standard argument solving for θ yields:

γ′ (t) /γ′′ (t) =: θ (t) = c1 + c2e
t/c1 for some c1, c2 ̸= 0.

Finally, it remains to solve for γ:

γ′′ (t)− γ′ (t)

c1 + c2et/c1
= 0.

We multiply the above by the factor c1e
−t/c1 + c2 and deduce:

0 =
(
c1e

−t/c1 + c2

)
γ′′ (t)− e−t/c1γ′ (t) =

((
c1e

−t/c1 + c2

)
γ′ (t)

)′
.

As a result, we solve γ′:

γ′ (t) =
c3

c1e−t/c1 + c2
=

c3
c2
et/c1

c1
c2

+ et/c1
for some c1, c2, c3 ̸= 0

=
c3e

c1t

ec1t + c2
for some other c1, c2, c3 ̸= 0

and thus

γ (t) = c3 log
∣∣ec1t + c2

∣∣+ c4 for some c1, c2, c3 ̸= 0, c4 ∈ R.

This concludes the last case: (
θ

θ′ + 1

)′
≡ 0 ⇐⇒ img γ ⊆ (Ψ-line).
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4.3.2. Proof of sufficiency: reduction to Theorem 1.31. Let γ : I → R2 be real analytic. Recall that it suffices
to consider the case satisfying (4.6). Decompose now the domain into positive and negative parts. By avoiding
the pathology at t = 0, condition (4.6) implies the splitting of the domain produces two genuine real analytic
parametric curves:

γ+ : I+ := (0, 1)
∼−→ Γ+ ⊆ R2, γ− : I− := (−1, 0)

∼−→ Γ− ⊆ R2

with both GΓ+ and GΓ− injective. As a direct consequence of Theorem 1.3112 and the definability of γ± in
Ran, the Sobolev smoothing inequality (1.2) holds for some 0 < ε,Cγ,ρ,ε <∞ as long as 0 /∈ supp ρ.

To address the 0 ∈ supp ρ case, we recall the frequency decomposition (3.46), (3.47), (3.48), the trivial
bound (3.49), and the notation (3.50). Following the discussion in Section 3.6. It suffices to establish for
λ := |λ| ≫ 1 the following decay estimate:∥∥∥Aγ,ρ

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲
γ,ρ

λ−c ∥f1∥L2 ∥f2∥L2 . (4.12)

Let ϕ be as in (1.14) and δ > 0 to be decided later. We decompose ρ into three C2 bump functions:

ρ = ρλ,− + ρλ,0 + ρλ,+

with each given by:

ρλ,0 (t) := ϕ
(
λδt
)
ρ (t) , ρλ,± := (ρ− ρλ,0)|R±

.

On the one hand, we have the trivial bound:∥∥∥Aγ,ρλ,0

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲ ∥ρλ,0∥L1 ∥f1∥L2 ∥f2∥L2 ≲
ρ
λ−δ ∥f1∥L2 ∥f2∥L2 . (4.13)

On the other hand, since 0 /∈ supp ρλ,± ⋐ I±, we recall (4.7), calculate:

dist
(
suppρλ,± , I

c
±

)
≳
ρ
λ−δ, ∥ρλ,±∥C2 ≲

ρ
λ2δ,

and apply Theorem 1.31 to obtain the following quantitative estimate:∥∥∥Aγ,ρλ,±

(
R(1)
λ1
f1,R(2)

λ2
f2

)∥∥∥
L1

≲
n,γ

max

∥∥Aγ±

∥∥
L1/n,∞ ,

1

dist
(
suppρλ,± , I

c
±

)
c0

· ⟨|I±|⟩ ∥ρλ,±∥C2

∥∥∥R(1)
λ1
f1

∥∥∥
H(−ε1/n,0,0)

∥∥∥R(2)
λ2
f2

∥∥∥
H(0,−ε1/n,0)

≲
n,γ,ρ

λδ(2+c0)−ε1/n,0 ∥f1∥L2 ∥f2∥L2 (4.14)

Taking δ =
ε1/n,0
3+c0

> 0, (4.13) and (4.14) yield (4.12) and conclude the proof.

4.3.3. Proof of necessity: resonance obstructions. We claim that each of (Line), (Exp), (Log), (Ψ-line) corre-
sponds to certain forms of resonance phenomena. The resonance for the (Line) case is quite well-known. See
[3, 59]. However, for readers convenience, we sketch the standard argument below:

Assume that img γ ⊆ (Line). That is,

aγ1 (t) + bγ2 (t) = c, (a, b) ̸= (0, 0) , c ∈ R. (4.15)

Let ϕ ∈ C∞
c (R) be given as in (1.14). Consider the standard linear modulation:

Modξ f (x) := e (ξ · x) f (x) .
Due to (4.15), the following resonance relation holds

e (cλ) ·Modλ(a,b)Aγ,ρ (f1, f2) = Aγ,ρ

(
Mod(aλ,0) f1,Mod(0,bλ) f2

)
(4.16)

12We take Σ := {0} to be singleton here.
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for all λ ∈ R. To see (4.16) forbids (1.2), we consider:

f1,λ := Mod(aλ,0)
∣∣pϕ∣∣2 ⊗ ∣∣pϕ∣∣2, f2,λ := Mod(0,bλ)

∣∣pϕ∣∣2 ⊗ ∣∣pϕ∣∣2.
On the one hand, (4.16) implies

1 ≂
∥∥∥Aγ,ρ

(∣∣pϕ∣∣2 ⊗ ∣∣pϕ∣∣2, ∣∣pϕ∣∣2 ⊗ ∣∣pϕ∣∣2)∥∥∥
L1

= ∥Aγ,ρ (f1,λ, f2,λ)∥L1 .

On the other hand, direct computation shows that

∥f1,λ∥H(−ε,0) ≲ ⟨aλ⟩−ε , ∥f2,λ∥H(0,−ε) ≲ ⟨bλ⟩−ε , ∀λ≫ 1.

This with the condition (a, b) ̸= (0, 0) produces (4.8) and forbids the Sobolev smoothing inequality (1.2) for
any ε > 0.

As for the three remaining cases, since (Exp) and (Log) are mirror image to each other, it suffices to
demonstrate the resonance obstructions for only the two cases: (Exp) and (Ψ-line).

We continue with the more symmetric (Ψ-line) case. Assume that img γ ⊆ (Ψ-line):

aeAγ1(t) + beBγ2(t) = c, a, b, A,B ̸= 0, c ∈ R. (4.17)

What follow are constructions inspired by [25, Lemma 2.3]: consider the following generalized modulation:

Modλ expA,B f (x) := e
(
λeAx1+Bx2

)
f (x) . (4.18)

Due to (4.17), the following resonance relation holds:

Modcλ expA,B Aγ,ρ (f1, f2) = Aγ,ρ

(
Modaλ expA,B f1,Modbλ expA,B f2

)
(4.19)

for all λ ∈ R. To see (4.19) causes the failure of (1.2), we take ϕ ∈ C∞
c (R) to be given as in (1.14) and consider:

f1,λ := Modaλ expA,B ϕ⊗ ϕ, f2,λ := Modbλ expA,B ϕ⊗ ϕ. (4.20)

Observe that (4.19) implies:

1 ≂ ∥Aγ,ρ (ϕ⊗ ϕ, ϕ⊗ ϕ)∥L1 = ∥Aγ,ρ (f1,λ, f2,λ)∥L1 , ∀λ ∈ R.

On the other hand, we claim that

∥f1,λ∥H(−ε,0) , ∥f2,λ∥H(0,−ε) ≲ λ−ε, ∀λ≫ 1. (4.21)

In combination, the relation (4.8) forbids any Sobolev smoothing inequality (1.2) for any ε > 0.
To demonstrate (4.21) and for the sake of discussion, we introduce the single variable variant of (4.20):

ϕS,λ := e
(
λeSx

)
ϕ (x) . (4.22)

Observe the two identities:

∥f1,λ∥H(−ε,0) =
∥∥∥∥∥ϕA,aeBx2λ∥∥H−ε ϕ (x2)

∥∥∥
L2(dx2)

, ∥f2,λ∥H(0,−ε) =
∥∥∥ϕ (x1) ∥∥ϕB,beAx1λ∥∥H−ε

∥∥∥
L2(dx1)

.

Using the fact that eAx, eBx ≂ 1 for x ∈ (−1, 1), we reduces (4.21) to the following estimate:

∥ϕS,λ∥H−ε :=
∥∥∥⟨ξ⟩−ε yϕS,λ (ξ)

∥∥∥
L2(dξ)

≲
S
|λ|−ε , ∀ |λ| ≫ 1. (4.23)

To proceed, we shall estimate the Fourier coefficient:

yϕS,λ (ξ) =

ˆ
e
(
λeSx − ξx

)
ϕ (x) dx.

Suggested by the (non-)stationary phase principle, we consider two cases:
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• min (|ξ| , |λ|) ≪
S

max (|ξ| , λ) the non-stationary phase case: standard integration by part argument

yields: ∣∣∣yϕS,λ (ξ)∣∣∣ ≲
S,N

(max (|ξ| , |λ|))−N . (4.24)

• |ξ| ≂
S
λ the stationary phase case: since there is no degenerate critical point, we have:∣∣∣yϕS,λ (ξ)∣∣∣ ≲

S
1/
√

inf
x∈(−1,1)

λ (eSx − ξx)′′ ≂
S
|λ|−

1
2 . (4.25)

Combining (4.24) and (4.25), we conclude (4.23):

∥ϕS,λ∥H−ε ≲
S,N

∥∥∥⟨ξ⟩−ε |λ|−N∥∥∥
L2(|ξ|≪|λ|)

+
∥∥∥⟨ξ⟩−ε |λ|− 1

2

∥∥∥
L2(|ξ|≂|λ|)

+
∥∥∥⟨ξ⟩−ε |ξ|−N∥∥∥

L2(|ξ|≫|λ|)

≲
N,ε

|λ|
1
2
−N + |λ|−ε−

1
2
+ 1

2 + |λ|−ε−N+ 1
2 ≂ |λ|−ε .

This concludes the demonstration of the resonance obstruction for the (Ψ-line) case.
The (Exp) case exhibits new resonance phenomenon that relies on the corner structure of Aγ,ρ. Let now

img γ ⊆ (Exp):

aeAγ1(t) + bγ2 (t) = c, a, b, A ̸= 0, c ∈ R. (4.26)

Consider the following joint modulation:

Modλ,A f (x) = e
(
λx2e

Ax1
)
f (x) .

(4.26) produces the following more elaborate resonance relation:

Modcλ expA,0 Modbλ,AAγ,ρ (f1, f2) = Aγ,ρ

(
Modaλ expA,0 f1,Modbλ,A f2

)
(4.27)

for all λ ∈ R. We now consider:

f1,λ := Modaλ expA,0 ϕ⊗ ϕ, f2,λ := Modbλ,A ϕ⊗ |pϕ|2. (4.28)

Similar to previous discussion on the (Ψ-line) case, (4.27) implies:

1 ≂
∥∥∥Aγ,ρ

(
ϕ⊗ ϕ, ϕ⊗ |pϕ|2

)∥∥∥
L1

= ∥Aγ,ρ (f1,λ, f2,λ)∥L1 .

Moreover, the analogous statement of (4.21) also holds. Indeed, on the one hand, (4.23) implies the following
decay estimate:

∥f1,λ∥H(−ε,0) = ∥ϕA,aλ∥H−ε ∥ϕ∥L2 ≲ |λ|−ε , ∀ |λ| ≫ 1.

On the other hand, by design, we have:

∥f2,λ∥H(0,−ε) =
∥∥∥ϕ (x1) ∥∥∥ModbλeAx1 |pϕ|

2
∥∥∥
H−ε

∥∥∥
L2(dx1)

≤
∥∥∥ϕ (x1) ∥∥⟨ξ⟩−ε 1(−2,2)

(
ξ − bλeAx1

)∥∥
L2(dξ)

∥∥∥
L2(dx1)

≲ |λ|−ε , ∀ |λ| ≫ 1.

In combination, we deduce (4.8) and thus conclude that no Sobolev smoothing inequality (1.2) can hold for
any ε > 0 in the (Exp) case.
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5. Applications

Recall the following operators:

Tγ (f1, f2) (x) :=

ˆ ∏
j=1,2

fj (x+ γj (t) ej)
dt

t
, (5.1)

Mγ (f1, f2) (x) := sup
R>0

∣∣∣∣∣∣
 R

0

∏
j=1,2

fj (x+ γj (t) ej) dt

∣∣∣∣∣∣ , (5.2)

Mγ (f1, f2) (x) := sup
k∈Z

∣∣∣∣∣∣
ˆ ∏

j=1,2

fj

(
x+ 2kγj (t) ej

)
ρ (t) dt

∣∣∣∣∣∣ . (5.3)

By considering the standard partition of unity:

1R\{0} =
∑
k∈Z

Dil∞2k ρ =
∑
k∈Z

∑
±∈{+,−}

Dil∞2k ρ±, ρ := Dil∞2 ϕ− ϕ, ρ± := 1R±ρ, (5.4)

we obtain for f1, f2 ∈ S
(
R2
)
the following relations:

Tγ (f1, f2) (x) =
∑
k∈Z

ADil∞
2−k

γ,ρ/t (f1, f2) (x) , (5.5)

Mγ (f1, f2) (x) ≲ sup
k∈Z

∣∣∣ADil∞
2−k

γ,ρ+ (f1, f2) (x)
∣∣∣ , (5.6)

Mγ (f1, f2) (x) = sup
k∈Z

∣∣A2kγ,ρ (f1, f2) (x)
∣∣ . (5.7)

The occurrence of the corner-type averaging operators suggests a common framework. Under suitable assump-
tions on γ, we expect the existence of a sequence of diagonal matrices M := {Mk}k:

Mk :=

(
Mk,1 0
0 Mk,2

)
whose diagonal entries {Mk,1}k and {Mk,2}k are positive lacunary sequences:

1 < M∗ ≤ inf
k
Mk+1,j/Mk,j , j = 1, 2 (5.8)

such that the rescaled parametric curves:

γk (t) := M−1
k γ

(
2kt
)

(5.9)

satisfy certain admissibility conditions: Definition 1.14, (1.22), (1.23) in a uniform manner. Regardless of
the above assumptions, we reduce (5.5), (5.6), and (5.7) to the following two types of operators:∑

k

AMkγk,ρ (f1, f2) (x) , sup
k

|AMkγk,ρ (f1, f2) (x)| (5.10)

for some sequence of
{
γk : I → R2

}
k
that may or may not arise from (5.9) and some smooth function ρ ∈

C∞
c (I); depending on the context, ρ may be required to satisfy the mean zero condition pρ (0) = 0. From this

point on, we shall first study the general form (5.10) and later provide specific context to address the three
operators Tγ ,Mγ ,Mγ individually.
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Fix k ∈ Z for a brief moment. We aim to perform suitable frequency decomposition on AMkγk,ρ (f1, f2)
adapted to the scaling given by Mk. We recall Definition 3.1, fix a small δ = 1/5, omit the δ-dependency.
Suggested by the dilation relation:

AMkγk,ρ (f1, f2) = Dilp3Mk
Aγk,ρ

(
Dilp1

M−1
k

f1,Dilp2
M−1
k

f2

)
, DilpM f (x) := |det (M)|−

1
p f
(
M−1x

)
, (5.11)

we perform the frequency decomposition:

AMkγk,ρ (f1, f2) =
1

c21/5

¨
Dilp3Mk

Aγk,ρ

(
P(1)
λ1

Dilp1
M−1
k

f1,P(2)
λ2

Dilp2
M−1
k

f2

)
dλ1
|λ1|

dλ2
|λ2|

=
1

c21/5

¨
AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

) dλ1
|λ1|

dλ2
|λ2|

We now consider the two frequency regions:

H :=
{
λ ∈ (R \ {0})2 : |λ1| , |λ2| ≥ 1

}
, L := (R \ {0})2 \H (5.12)

and define the corresponding frequency projected averages:

AU
Mkγk,ρ

(f1, f2) =

¨
U
AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

) dλ1
|λ1|

dλ2
|λ2|

, U ∈ {H,L} . (5.13)

We obtain for (5.10) the following two preliminary estimates:∣∣∣∣∣∑
k

AMkγk,ρ (f1, f2) (x)

∣∣∣∣∣ ≲
∣∣∣∣∣∑
k

AL
Mkγk,ρ

(f1, f2) (x)

∣∣∣∣∣+
¨
H

∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
(x)
∥∥∥
ℓ1(k)

dλ1
|λ1|

dλ2
|λ2|

;

sup
k

|AMkγk,ρ (f1, f2) (x)| ≲ sup
k

∣∣AL
Mkγk,ρ

(f1, f2) (x)
∣∣+¨

H

∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
(x)
∥∥∥
ℓ1(k)

dλ1
|λ1|

dλ2
|λ2|

.

We claim that the common term shown in the above two estimates admits Lp1 × Lp2 → Lp3 boundedness for
all p1, p2 ∈ (1,∞) and 1

p3
= 1

p1
+ 1

p2
≤ 1, once we verify the following quantities related to (1.2):

BN := sup
0≤β≤N

k

∥∥∥γ(β)
k

∥∥∥
L∞(supp ρ)

, Cε := sup
k
Cγk,ρ,ε (5.14)

are finite and positive for some ε > 0. This requires two key statements which we state below:

Proposition 5.1. Let BN be defined as in (5.14). We have the following estimate:∥∥∥∥∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
ℓ1(k)

∥∥∥∥
Lp3

≲
pj ,M∗

log4 (e+B0 |λ|) ∥f1∥Lp1 ∥f2∥Lp2

for the following range

1 < p1, p2 <∞,
1

p3
=

1

p1
+

1

p2
≤ 1. (5.15)

Proposition 5.2. Let Cε be defined as in (5.14). We have the following estimate:∥∥∥∥∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
ℓ1(k)

∥∥∥∥
L1

≲
M∗

Cε ⟨|λ|⟩−ε ∥f1∥L2 ∥f2∥L2 .
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Indeed, when 0 < ε,B0, Cε <∞, we derive from interpolating Proposition 5.2 and 5.1 the following:∥∥∥∥∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
ℓ1(k)

∥∥∥∥
Lp3

≲
Cε,B0,pj ,M∗

⟨|λ|⟩−εp1,p2 ∥f1∥Lp1 ∥f2∥Lp2

for all p1, p2 ∈ (1,∞) with 1
p3

= 1
p1

+ 1
p2

≤ 1 and some εp1,p2 > 0. As a direct consequence, we conclude:∥∥∥∥¨
H

∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
ℓ1(k)

dλ1
|λ1|

dλ2
|λ2|

∥∥∥∥
Lp3

≲
Cε,B0,pj ,M∗

∥f1∥Lp1 ∥f2∥Lp2 .

The treatment of the remaining two terms:∣∣∣∣∣∑
k

AL
Mkγk,ρ

(f1, f2) (x)

∣∣∣∣∣ , sup
k

∣∣AL
Mkγk,ρ

(f1, f2) (x)
∣∣

requires specifications on Mk,γk, ρ depending on the associated contexts (5.5), (5.6), and (5.7).

Proposition 5.3. Given the following list of conditions:

(1) ρ has zero mean;
(2) Conjecture D.3 holds for M := {Mk}k;
(3) BNM+2 is finite13;

(4) there is A > 0 such that 1/A ≤
∣∣∣γ′k,j (t)∣∣∣ for all t ∈ I, k ∈ Z, and j = 1, 2,

the following estimates hold:∥∥∥∥∥∑
k

AL
Mkγk,ρ

(f1, f2) (x)

∥∥∥∥∥
Lp3 (dx)

≲
A,BNM+2,M∗,pj

∥f1∥Lp1 ∥f2∥Lp2

for the range stated as in (1.29).

Remark 5.4. In particular, Conjecture D.3 holds for sequences M given by

Mk :=

(
2kα1/λ1 0

0 2kα2/λ2

)
,

for some fixed α := (α1, α2) ,λ := (λ1, λ2) ∈ (0,∞)2. Our main result Theorem 1.37 for (5.1) only uses this
specific case. See (D.11) and its surrounding discussion.

Proposition 5.5. Given the following list of conditions:

(1) B0 is finite;

(2) there is A > 0 such that 1/A ≤
∣∣∣γ′k,j (t)∣∣∣ for all t ∈ I, k ∈ Z, and j = 1, 2,

the following estimates hold:∥∥∥∥sup
k

∣∣AL
Mkγk,ρ

(f1, f2)
∣∣ (x)∥∥∥∥

Lp3 (dx)

≲
A,B0,M∗,pj

∥f1∥Lp1 ∥f2∥Lp2

for the following range:

1 < p1, p2 ≤ ∞,
1

p3
=

1

p1
+

1

p2
. (5.16)

13Recall NM ∈ N ⊔ {0} in the statement of Conjecture D.3.
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Proposition 5.6. Given that γ is real analytic, and both γ1, γ2 are non-constant, the following estimates hold:∥∥∥∥sup
k

∣∣AL
Mkγ,ρ

(f1, f2)
∣∣ (x)∥∥∥∥

Lp3 (dx)

≲
γ,M∗,pj

∥f1∥Lp1 ∥f2∥Lp2

for the range as in (5.16).

5.1. High-frequency components: proof of Proposition 5.1 and 5.2. We begin with the proof of Propo-
sition 5.1. Recall (1.14), (1.15), and Definition 3.1. By the fact that:

Pδ,λf (x) = P2δ,λPδ,λf (x) =
ˆ

Pδ,λf (x+ y)λyψ2δ (λy) dy,

we deduce the following identity:

AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
(x) =

ˆ ∏
j=1,2

P(j)
λj/Mk,j

fj (x+ yjej)Kk,λ (y) dy (5.17)

with the kernel defined as below:

Kk,λ (y) :=

ˆ  ∏
j=1,2

λj
Mk,j

yψ2δ

(
λj (yj −Mk,jγk,j (t))

Mk,j

) ρ (t) dt.

Using now the trivial estimate
∣∣∣yψ2δ (y)

∣∣∣ ≲
N

⟨y⟩−N , we deduce the following point-wise bound

|Kk,λ (y)| ≲
N

ˆ  ∏
j=1,2

Dil1Mk,j/λj
Trλjγk,j(t) ⟨yj⟩

−N

 ρ (t) dt. (5.18)

With the relation (5.18), we derive the following

|(5.17)| ≲
N

ˆ ∏
j=1,2

ˆ ∣∣∣∣P(j)
λj/Mk,j

fj

(
x+

Mk,j

λj
(yj + λjγk,j (t))

)∣∣∣∣ ⟨yj⟩−N dyj |ρ (t)| dt. (5.19)

This suggests that we introduce a variant of shifted maximal operator (C.1) to further simplify the above
expression. More precisely, by setting

Λj := {Mk,j/λj}k , Σj (t) := {λjγk,j (t)}k , (5.20)

we may reformulate and simplify (5.19) into:

AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
(x) ≲

∥∥∥∥∥∥ρ (t)
∏
j=1,2

M(j)
Λj ,Σj(t)

P(j)
λj/Mk,j

fj (x)

∥∥∥∥∥∥
L1(dt)

.

Take now the ℓ1 (k)-norm, apply Cauchy-Schwarz inequality∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
(x)
∥∥∥
ℓ1(k)

≲

∥∥∥∥∥∥ρ (t)
∏
j=1,2

∥∥∥M(j)
Λj ,Σj(t)

P(j)
λj/Mk,j

fj (x)
∥∥∥
ℓ2(k)

∥∥∥∥∥∥
L1(dt)

, (5.21)

and finally apply Lp3 (dx)-norm and Hölder’s inequality

∥(5.21)∥Lp3 (dx) ≲

∥∥∥∥∥∥ρ (t)
∏
j=1,2

∥∥∥∥∥∥∥M(j)
Λj ,Σj(t)

P(j)
λj/Mk,j

fj (x)
∥∥∥
ℓ2(k)

∥∥∥∥
Lpj (dx)

∥∥∥∥∥∥
L1(dt)

.



CORNER-TYPE SMOOTHING INEQUALITIES 55

Applying Proposition C.2 and Littlewood-Paley theory, we dominate the above with

≲

∥∥∥∥∥∥ρ (t)
∏
j=1,2

log2M∗

(
e+ ∥λjγk,j (t)∥ℓ∞(k)

)∥∥∥∥∥∥∥P(j)
λj/Mk,j

fj

∥∥∥
ℓ2(k)

∥∥∥∥
Lpj

∥∥∥∥∥∥
L1(t)

≲
∏
j=1,2

log2M∗ (e+ |λ|B0)

∥∥∥∥∥∥∥P(j)
λj/Mk,j

fj

∥∥∥
ℓ2(k)

∥∥∥∥
Lpj

≲
M∗,pj

log4 (e+ |λ|B0) ∥f1∥Lp1 ∥f2∥Lp2 .

This concludes the proof of Proposition 5.1.
To prove Proposition 5.2, we utilize the identity (5.11) and the following commutation rule:

Dil2
M−1
k

P(j)
λj/Mk,j

fj = P(j)
λj

Dil2
M−1
k

fj (5.22)

to deduce via (1.2) the following chain of relations:∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
L1

=

∥∥∥∥∥∥Aγk,ρ

⊗
j=1,2

Dil2
M−1
k

P(j)
λj/Mk,j

fj

∥∥∥∥∥∥
L1

=

∥∥∥∥∥∥Aγk,ρ

⊗
j=1,2

P(j)
λj

Dil2
M−1
k

fj

∥∥∥∥∥∥
L1

≤ Cγk,ρ,ε

∥∥∥P(1)
λ1

Dil2
M−1
k

f1

∥∥∥
H(−ε,0)

∥∥∥P(2)
λ2

Dil2
M−1
k

f2

∥∥∥
H(0,−ε)

≲ Cε ⟨|λ|⟩−ε
∏
j=1,2

∥∥∥P(j)
λj

Dil2
M−1
k

fj

∥∥∥
L2

= Cε ⟨|λ|⟩−ε
∏
j=1,2

∥∥∥P(j)
λj/Mk,j

fj

∥∥∥
L2
.

We finish the proof of Proposition 5.2 by taking ℓ1 (k)-norm∥∥∥∥∥∥∥AMkγk,ρ

(
P(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥
ℓ1(k)

∥∥∥∥
L1

,

applying Cauchy-Schwarz, and invoking orthogonality

≲ Cε ⟨|λ|⟩−ε
∏
j=1,2

∥∥∥∥∥∥P(j)
λj/Mk,j

fj

∥∥∥
L2

∥∥∥
ℓ2(k)

≲
M∗

Cε ⟨|λ|⟩−ε ∥f1∥L2 ∥f2∥L2 .

5.2. Low-frequency components: proof of Proposition 5.3, 5.5, and 5.6. We start with the treatment
of Proposition 5.3. Observe the following identity

AL
Mkγk,ρ

(f1, f2) =
1

c1/5

ˆ
|λ|≤1

AMkγk,ρ

(
Q(1)
λ/Mk,1

f1,P(2)
λ/Mk,2

f2

)
+AMkγk,ρ

(
P(1)
λ/Mk,1

f1,Q(2)
λ/Mk,2

f2

) dλ
|λ|

(5.23)

+
1

c1/5

ˆ
|λ|>1

AMkγk,ρ

(
Q(1)

1/Mk,1
f1,P(2)

λ/Mk,2
f2

)
+AMkγk,ρ

(
P(1)
λ/Mk,1

f1,Q(2)
1/Mk,2

f2

) dλ
|λ|
. (5.24)

It suffices to prove the following two estimates:∥∥∥∥∥∑
k

AMkγk,ρ

(
Q(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)∥∥∥∥∥
Lp3

≲
B1,M∗,pj

|λ| · ∥f1∥Lp1 ∥f2∥Lp2 , |λ| ≲ AB1; (5.25)

∥∥∥∥∥∑
k

AMkγk,ρ

(
Q(1)

1/Mk,1
f1,P(2)

λ/Mk,2
f2

)∥∥∥∥∥
Lp3

≲
A,BNM+2,
NM ,M∗,pj

|λ|−1 · ∥f1∥Lp1 ∥f2∥Lp2 , |λ| ≫ AB1 (5.26)
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for the range stated as in (1.29). Indeed, by symmetry, (5.25) and (5.26) imply the desired estimate14∥∥∥∥∥∑
k

AL
Mkγk,ρ

(f1, f2)

∥∥∥∥∥
Lp3

≲
A,BNM+2,
NM ,M∗,pj

(ˆ
|λ|≤1

|λ| · dλ
|λ|

+

ˆ
|λ|>1

|λ|−1 dλ

|λ|

)
∥f1∥Lp1 ∥f2∥Lp2 ≂ ∥f1∥Lp1 ∥f2∥Lp2 .

To show (5.25) and (5.26), we express both sums on the left-hand-side as operators of the form (D.1)
associated with symbol

mλ (ξ) :=
∑
k

ˆ
e
(
ξ⊤ΛMkγk (t)

)
ρ (t) dt · φ⊗ ψ (Mkξ) , Λ :=

(
λ1 0
0 λ2

)
, (5.27)

where, more precisely, we have the following identities via formula (D.1) and (D.3)∑
k

AMkγk,ρ

(
Q(1)
λ1/Mk,1

f1,P(2)
λ2/Mk,2

f2

)
= TDil∞Λ mλ

(f1, f2) = Dilp3
Λ−1 Tmλ

(
Dilp1Λ f1,Dilp2Λ f2

)
. (5.28)

(5.25) and (5.26) can thus be further rephrased respectively as

∥Tmλ
(f1, f2)∥Lp3 ≲

B1,M∗,pj

|λ| · ∥f1∥Lp1 ∥f2∥Lp2 , |λ| ≲ AB1; (5.29)∥∥∥Tm(1,λ)
(f1, f2)

∥∥∥
Lp3

≲
A,BNM+2,
NM ,M∗,pj

|λ|−1 · ∥f1∥Lp1 ∥f2∥Lp2 , |λ| ≫ AB1. (5.30)

Therefore, under the condition that Conjecture D.3 holds for M := {Mk}k, it suffices to check that mλ and
m(1,λ) from (5.29) and (5.30) above can be formulated in terms of (D.7) with respective coefficients ϵ := {ϵk}k
of desired ℓ∞ sizes.

Starting with (5.29), we consider the following function

Φλ,k (ξ) :=

ˆ
e
(
ξ⊤Λγk (t)

)
ρ (t) dt · φ⊗ ψ (ξ) . (5.31)

The mean zero condition on ρ implies that∣∣∣∣ˆ e
(
ξ⊤Λγk (t)

)
ρ (t) dt

∣∣∣∣ = ∣∣∣∣ˆ (
e
(
ξ⊤Λγk (t)

)
− 1
)
ρ (t) dt

∣∣∣∣ ≲ |Λξ|B0, (5.32)

and direct computation also shows for β ∈ {0, 1, . . . , NM}2 \ {(0, 0)} the trivial bound∣∣∣∣∂β ˆ e
(
ξ⊤Λγk (t)

)
ρ (t) dt

∣∣∣∣ ≂ ∣∣∣∣ˆ e
(
ξ⊤Λγk (t)

)
(λ1γk,1 (t))

β1 (λ2γk,2 (t))
β2 ρ (t) dt

∣∣∣∣ ≲ (|λ|B0)
|β| . (5.33)

In view of (5.32) and (5.33), we deduce that

|λ| ≲ AB1 =⇒
∣∣∣∂βΦλ,k (ξ)

∣∣∣ ≲
A,B1,NM

|λ|1(1/2,2) (|ξ|) , ∀k, ∀β ∈ {0, 1, . . . , NM}2 .

Therefore, in terms of (D.7), we may write

mλ = mϵ,Φ,M , ϵ = {|λ|}k , Φ := {Φλ,k/ |λ|}k
and conclude via the validity of Conjecture D.3 for M := {Mk} the desired estimate (5.29).

As for (5.30), we again analyze the derivatives of the oscillatory expression in the defining formula of Φ(1,λ),k∣∣∣∣∂β ˆ e (ξ1γk,1 (t) + λξ2γk,2 (t)) ρ (t) dt

∣∣∣∣ ≂ ∣∣∣∣ˆ e (ξ1γk,1 (t) + λξ2γk,2 (t)) γ
β1
k,1 (t) (λγk,2 (t))

β2 ρ (t) dt

∣∣∣∣
14Due to the integration

´
· · · dλ

λ
in (5.23) and (5.24), our proof do not cover the full Lp range (D.6). However, it still suffices

for the application we stated.
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for β ∈ {0, 1, . . . , NM}2. Suggested by non-stationary phase principle, we equate the above with

=

∣∣∣∣∣∣
ˆ
e (ξ1γk,1 (t) + λξ2γk,2 (t))

(
∂

2πi∂t
· 1

ξ1γ′k,1 (t) + λξ2γ′k,2 (t)
·

)β2+1

γβ1k,1 (t) (λγk,2 (t))
β2 ρ (t) dt

∣∣∣∣∣∣
and dominate the above under the condition that |λ| ≫ AB1 and φ⊗ ψ (ξ) ̸= 0 with

≲
NM

max (1, A,BNM+2)
4NM+1 / |λ| .

Consequently, we deduce

|λ| ≫ AB1 =⇒
∣∣∣∂βΦ(1,λ),k (ξ)

∣∣∣ ≲
A,BNM+2,NM

|λ|−1
1(1/2,2) (|ξ|) , ∀k, ∀β ∈ {0, 1, . . . , NM}2 .

Therefore, following the previous discussion, we shall set

m(1,λ) = mϵ,Φ,M , ϵ =
{
|λ|−1

}
k
, Φ := {|λ|Φλ,k}k

and conclude via the validity of Conjecture D.3 for M := {Mk} the desired estimate (5.30). With both
(5.29) and (5.30), we complete the proof of Proposition 5.3.

The proof of Proposition 5.5 and 5.6 follow similar structure. Consider the general form and the identity

AL
Mkγk,ρ

(f1, f2) (x) = −AMkγk,ρ

(
Q(1)

1/Mk,1
f1,Q(2)

1/Mk,2
f2

)
+AMkγk,ρ

(
Q(1)

1/Mk,1
f1, f2

)
+AMkγk,ρ

(
f1,Q(2)

1/Mk,2
f2

)
. (5.34)

By triangle inequality and the symmetry between the two terms in (5.34), it suffices to study the two operators

sup
k

∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1,Q(2)

1/Mk,2
f2

)
(x)
∣∣∣ , (5.35)

sup
k

∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1, f2

)
(x)
∣∣∣ . (5.36)

Recall now (3.16) and Definition 3.1. We utilize the following trivial fact

|z| ≲ 1 =⇒
∣∣Qδ,1/Rf (x+Rz)

∣∣ ≲Mf (x) , ∀x ∈ R, R > 0

to deduce the following point-wise estimate∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1, f2

)
(x)
∣∣∣ ≲
B0

M (1)f1 (x)

ˆ
|f2 (x+Mk,2γk,2 (t) e2) ρ (t)| dt

and consequently the following as well∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1,Q(2)

1/Mk,2
f2

)
(x)
∣∣∣ ≲
B0

M (1)f1 (x)M
(2)f2 (x) .

Taking supremum over k yields the following two point-wise estimates

|(5.35)| ≲
B0

M (1)f1 (x)M
(2)f2 (x) , (5.37)

|(5.36)| ≲
B0

M (1)f1 (x) sup
k

ˆ
|f2 (x+Mk,2γk,2 (t) e2) ρ (t)| dt. (5.38)

On the one hand (5.37) implies the full range (5.16) boundedness∥∥∥∥sup
k

∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1,Q(2)

1/Mk,2
f2

)∣∣∣ (x)∥∥∥∥
Lp3 (dx)

≲
B0,pj

∥f1∥Lp1 ∥f2∥Lp2 ,
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which address the contribution from (5.35) in both Proposition 5.5 and 5.6. On the other hand, (5.38)
suggests that we introduce maximal operators of the following form

M{Γk}k,ρf (x) := sup
k

ˆ
|f (x+ Γk (t)) ρ (t)| dt, f ∈ Lp (R) . (5.39)

With (5.39) and (1.5), we rephrase (5.38) as

sup
k

∣∣∣AMkγk,ρ

(
Q(1)

1/Mk,1
f1, f2

)
(x)
∣∣∣ ≲M (1)f1 (x)M

(2)

{Mk,2γk,2}k,ρ
f2 (x) .

As a result, to address the contribution from (5.36), it suffices to provide full p ∈ (1,∞] range Lp boundedness
result for (5.39) under the respective settings for Proposition 5.5 and 5.6.

5.2.1. {Γk}k = {Mk,2γk,2}k with assumptions given in Proposition 5.5. Observe that the condition:

|γk,2 (t)| ≤ B0, 1/A ≤
∣∣γ′k,2 (t)∣∣ , ∀t ∈ supp ρ

allows us to perform the following changes of variables

M{Mk,2γk,2}k,ρ
f (x) = sup

k

ˆ B0

−B0

∣∣∣f (x+Mk,2τ) ρ
(
γ−1
k,2 (τ)

)∣∣∣ dτ∣∣∣γ′k,2 (γ−1
k,2 (τ)

)∣∣∣ . (5.40)

Via a trivial bound, it follows that

M{Mk,2γk,2}k,ρ
f (x) ≲ AB0 ∥ρ∥L∞ sup

k

 B0

−B0

|f (x+Mk,2τ)| dτ ≤ AB0 ∥ρ∥L∞ Mf (x) .

This point-wise estimate provides the desired full range Lp boundedness.

5.2.2. {Γk}k = {Mk,2γ2}k with assumptions given in Proposition 5.6. By previous discussion, we are done
if γ′2 vanishes nowhere on supp ρ. Therefore, it is most interesting when γ′2 ̸≡ 0 but vanishes somewhere on
supp ρ. By partitioning ρ and some standard normalization, we may assume that supp ρ = [0, 1] and that γ′2 (t)
vanishes only at t = 0 with some order n ∈ N such that the following asymptotics hold∣∣γ′2 (t)∣∣ ≳ |t|n , |γ2 (t)− γ2 (0)| ≲ |t|n+1 , ∀t ∈ [0, 1] .

We thus obtain via changes of variables analogous to (5.40) and triangle inequalities the following

M{Mk,2γ2},ρf (x) = sup
k

ˆ ∣∣f (x+Mk,2 (γ2 (0) + τ)) ρ
(
γ−1
2 (γ2 (0) + τ)

)∣∣ dτ∣∣γ′2 (γ−1
2 (γ2 (0) + τ)

)∣∣
≲ ∥ρ∥L∞ sup

k

ˆ
|τ |≤C

|f (x+Mk,2 (γ2 (0) + τ))| dτ

|τ |
n
n+1

≲
ρ

∑
j≤log2 C
±∈{+,−}

2−
jn
n+1 sup

k

ˆ 2j

2j−1

|f (x+Mk,2 (γ2 (0)± τ))| dτ.

Via another change of variables, we then dominate the above with shifted maximal operators (C.2):

≲
∑

j≤log2 C
±∈{+,−}

2
j

n+1 sup
k

ˆ 1

0

∣∣∣∣f (x+ 2j−1Mk,2

(
21−jγ2 (0) +

±3− 1

2
+ τ

))∣∣∣∣ dτ
=

∑
j≤log2 C
±∈{+,−}

2
j

n+1M{2j−1Mk,2}k,{21−jγ2(0)+±3−1
2 }

k

f (x) .
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Thus, by the non-vector-valued result of Proposition C.3, we conclude the desired full range Lp boundedness∥∥∥M{Mk,2γ2}k,ρ
f
∥∥∥
Lp

≲
p

∑
j≤log2 C
±∈{+,−}

2
j

n+1 logM∗

(
e+

∣∣∣∣21−jγ2 (0) + ±3− 1

2

∣∣∣∣) ∥f∥Lp ≲
M∗,n,γ2(0)

∥f∥Lp .

Finally, with the two cases in Section 5.2.1 and 5.2.2 established, we obtain the desired full range (5.16)
boundedness for (5.38) in both cases and thus, complete the proof of Proposition 5.5 and 5.6.

5.3. Singular integral operator. Before establishing our main result Theorem 1.37 on singular integral
operators (5.1) associated with curves γ, we first provide some basic facts regarding γ := (γ1, γ2). Recall
Definition 1.35 and 1.36. Let ∗ ∈ {0,∞}, j ∈ {1, 2}. The asymptotic homogeneity assumptions ensure the
presence of a homogeneous function h∗,j : R \ {0} → R \ {0} of degree α∗,j ̸= 0 such that

γj (t) /h∗,j (t) = 1 +O(|t|δ∗) (5.41)

for some δ∗ ∈ R satisfying the vanishing condition lim|t|→∗ |t|δ∗ = 0. We shall utilize the definability of γj to
deduce smallness of the error terms and their derivatives. Indeed, we have the trivial estimate:

γj (t) = h∗,j (t) +O
(
|t|α∗,j+δ∗

)
.

To control the derivatives, we begin with the following fact regarding the definability of specific power functions:

Lemma 5.7. The power function (0,∞) → (0,∞) : s 7→ sα∗,j is definable.

Proof. We observe that the definability of γj near ∗ and (5.41) guarantees the existence of a r∗ ∈ (0,∞) such
that γj |U∗(r∗)

: U∗ (r∗) → R \ {0} is definable. Consider now the definable function Fj : (0,∞) × U∗ (r∗) → R
given by the formula:

Fj (s, t) := 1U∗(r∗) (st) γj (st) /γj (t) .

By (5.41), we have:
sα∗,j = lim

t→∗
Fj (s, t) .

As a result, the graph Γpow ⊆ (0,∞)2 of the power function can be expressed as:

Γpow :=
{
(s, u) ∈ (0,∞)2 : u = lim

t→∗
Fj (s, t)

}
where the limit expression can be expressed in terms of first-order formulas involving only the definable function
Fj and inequalities. This implies that Γpow is definable and shows that the power function is also definable. □

As a direct consequence, the fact that there is a positively homogeneous function C∗,j : R \ {0} → R \ {0} of
degree 0 such that the factorization holds

h∗,j (t) = C∗,j (t) |t|α∗,j = C∗,j (1) · tα∗,j1(0,∞) (t) + C∗,j (−1) · (−t)α∗,j 1(−∞,0) (t) (5.42)

implies the definability of h∗,j and thus the definability of the error term γ∗,j−h∗,j near ∗. Finally, the following
lemma provides control on the derivatives of the error term.

Lemma 5.8. Let f : U∗ → R be definable near ∗. If there are α ∈ R and δ∗ ∈ R satisfying the vanishing

condition lim|t|→∗ |t|δ∗ = 0 such that

|f (t)| ≲ |t|α+δ∗ , ∀t ∈ U∗, (5.43)

for any N ≫ 1, there is a positive constant r∗ ∈ (0,∞) such that the restriction f |U∗(r∗)
: U∗ (r∗) → R is CN ,

and each derivative f (k)
∣∣
U∗(r∗)

: U∗ (r∗) → R is definable and satisfies the estimate:∣∣∣f (k) (t)∣∣∣ ≲
N

|t|α−k+δ
′
∗ , ∀t ∈ U∗ (r∗) , k ∈ {0, 1, . . . , N} (5.44)
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for some δ′∗ ∈ R strictly between δ∗ and 0 that satisfy the vanishing condition lim|t|→∗ |t|δ
′
∗ = 0.

Proof. Observe that it suffices to establish and iterate the result for N = k = 1. In fact, via pre-composing f
with the reflection map t 7→ −t, it suffices to establish the one-sided result on U∗ ∩ (0,∞). Furthermore, via
pre-composing f with the reciprocal map t 7→ 1/t, we may assume without loss of generality15 that ∗ = ∞ and
thus, the vanishing condition reads as δ∗ = δ∞ < 0. As a brief summary, it remains to show the estimate∣∣f ′ (t)∣∣ ≲ tα−1+δ′∞ , ∀t ∈ (r∞,∞) (5.45)

for some δ′∞ < 0 under the assumption

|f (t)| ≲ tα+δ∞ , ∀t ∈ (r,∞) (5.46)

for some δ∞ < 0 < r. With these reductions, let f be given with the stated assumptions. By Proposition
B.8 and B.12 and Theorem B.9, we can take r∞ such that f |U∞(r∞) is definable, C1, and with definable

derivative. Specifically, both f |(r∞,∞) and f ′|(r∞,∞) are continuous definable functions. Let now δ′∞ ∈ (δ∞, 0)

be any real number such that β := α+ δ′∞ ∈ Q \ {0}. To prove (5.45), we shall utilize the L’Hôpital’s rule.
First, we show the existence of the following limit

−∞ ≤ lim
t→∞

f ′ (t)

tβ−1
≤ ∞ (5.47)

in the extended real. Indeed, by the fact β ∈ Q and Remark B.7, t 7→ tβ−1 is definable on (r∞,∞), and so is
the quotient f ′ (t) /tβ−1. Corollary B.10 thus guarantees the existence of the limit (5.47).

Next, we observe that (5.46) and the fact that δ′∞ > δ∞ imply

|f (t)| ≲ tα+δ∞ ≲
r∞

tα+δ
′
∞ = tβ, ∀t ∈ (r∞,∞) .

Using also the fact that β ̸= 0, we either have limt→∞ tβ = ∞ or via the above relation, the following condition

lim
t→∞

f (t) = lim
t→∞

tβ = 0.

In both cases, we may apply L’Hôpital’s rule to deduce

lim
t→∞

f ′ (t)

tβ−1
= lim

t→∞

βf (t)

tβ

Use again the fact δ′∞ > δ∞ and the assumption (5.46). We equate the above with

= β lim
t→∞

tδ∞−δ′∞ · f (t)

tα+δ∞
= 0.

This implies (5.45) and concludes the proof of the lemma.
□

Henceforth, δ∗ will always denote a number satisfying the vanishing condition lim|t|→∗ |t|δ∗ = 0 and be
allowed to vary from line to line. With Lemma 5.8, we deduce:

Lemma 5.9. For all N ≫ 1 and ∗ ∈ {0,∞}, we can find r∗ ∈ (0,∞) close enough to ∗ such that γ|U∗(r∗)
is

definable and CN and satisfy the following relations:

γ
(k)
j (t) = h

(k)
∗,j (t) +O

(
|t|α∗,j−k+δ∗

)
, ∀t ∈ U∗ (r∗) , k ∈ {0, 1, . . . , N} , j ∈ {1, 2} ,

where the implicit constants only depends on γ, r∗, and N .

15The definablility of t 7→ −t, t 7→ 1/t, and their composition with f are guaranteed by Remark B.7 and Proposition B.5.
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The above lemma allows us to compute (1.27) explicitly. This gives:

0 < lim inf
|t|→∗

|t| /
∣∣∣∣ γ′1γ

′
2

γ ′ ∧ γ ′′

∣∣∣∣ (t) = |α∗,2 − α∗,1| .

Additionally, (1.28) yields the two statements:

α0,1 < 0 ⇐⇒ lim inf
|t|→0

|γ1 (t)| = ∞ ⇐⇒ lim inf
|t|→0

|γ2 (t)| = ∞ ⇐⇒ α0,2 < 0;

α∞,1 > 0 ⇐⇒ lim inf
|t|→∞

|γ1 (t)| = ∞ ⇐⇒ lim inf
|t|→∞

|γ2 (t)| = ∞ ⇐⇒ α∞,2 > 0.

In other words, the two conditions (1.27) and (1.28) can be rephrased as:

α∗,1α∗,2 > 0, α∗,1 ̸= α∗,2, ∀∗ ∈ {0,∞} . (5.48)

5.3.1. Proof of Theorem 1.37. Return now to the analysis of the operator Tγ . Fix δ = 1/5. We recall (5.4)
and perform the standard decomposition (5.5). To reiterate, we have

Tγ (f1, f2) (x) =
∑
k∈Z

ADil∞
2−k

γ,ρ/t (f1, f2) (x) .

Since, similar to (1.30), we have the following trivial estimate∥∥∥∥∥∑
k∈Z

ADil∞
2−k

γ,ρ/t (f1, f2) (x) .

∥∥∥∥∥
Lp3

≲ #Z · ∥f1∥Lp1 ∥f2∥Lp2 , Z ⊆ Z

for pj ∈ [1,∞] with 1
p3

= 1
p1

+ 1
p2
, it suffices to control the following pair of operators:∑

k<N0

ADil∞
2−k

γ,ρ/t (f1, f2) (x) ,
∑
k>N∞

ADil∞
2−k

γ,ρ/t (f1, f2) (x) (5.49)

for some fixed N0 < 0 < N∞. To perform the general strategy laid out in the beginning of Section 5, we first
study the expression Dil∞2−k γ and in fact, Dil∞1/s γ for reasons which will be clear in a moment.

Choose N0 small enough and N∞ large enough such that via Lemma 5.9 and the definability of multipli-
cation in R as bivariate function, we deduce the definability of function

F : domF → R2 : (s, t) 7→ γ (st) = Dil∞1/s γ (t)

with its domain described as below

domF :=
{
(s, t) ∈ (0,∞)× R :

(
s < 2N0 ∨ s > 2N∞

)
∧ (−4 < t < −1/4 ∨ 1/4 < t < 4)

}
and the approximation identities up to N -th derivatives(

Dil∞1/s γj

)(l)
(±t) = sα0,jh

(l)
0,j (±t) + s(α0,j+δ0)O

(
tα0,j−l+δ0

)
, ∀t ∈ (1/4, 4) , ∀s ∈

(
0, 2N0

)
; (5.50)(

Dil∞1/s γj

)(l)
(±t) = sα∞,jh

(l)
∞,j (±t) + s(α∞,j+δ∞)O

(
tα∞,j−l+δ∞

)
, ∀t ∈ (1/4, 4) , ∀s ∈

(
2N∞ ,∞

)
(5.51)

for each coordinate. This suggests that we consider the definable families of functions

Fγ,0,+ :=
{
γs,+ :=

(
s−α0,1 Dil∞1/s γ1, s

−α0,2 Dil∞1/s γ2

)
: (1/4, 4) → R2

}
s∈(0,2N0)

, (5.52)

Fγ,0,− :=
{
γs,− :=

(
s−α0,1 Dil∞1/s γ1, s

−α0,2 Dil∞1/s γ2

)
: (−4,−1/4) → R2

}
s∈(0,2N0)

, (5.53)

Fγ,∞,+ :=
{
γs,+ :=

(
s−α∞,1 Dil∞1/s γ1, s

−α∞,2 Dil∞1/s γ2

)
: (1/4, 4) → R2

}
s∈(2N∞ ,∞)

, (5.54)

Fγ,∞,− :=
{
γs,− :=

(
s−α∞,1 Dil∞1/s γ1, s

−α∞,2 Dil∞1/s γ2

)
: (−4,−1/4) → R2

}
s∈(2N∞ ,∞)

. (5.55)
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Notice that (5.50) and (5.51) implies the following uniform estimates:∣∣∣∣(s−α0,j Dil∞1/s γj − h0,j

)(l)
(±t)

∣∣∣∣ ≲ 2N0δ0 , ∀t ∈ (1/4, 4) , ∀s ∈
(
0, 2N0

)
; (5.56)∣∣∣∣(s−α∞,j Dil∞1/s γj − h∞,j

)(l)
(±t)

∣∣∣∣ ≲ 2N∞δ∞ , ∀t ∈ (1/4, 4) , ∀s ∈
(
2N∞ ,∞

)
. (5.57)

In particular, all of the above estimates hold for all s = 2k with either k < N0 or k > N∞. Thus, via setting

Mk :=



(
2kα0,1 0

0 2kα0,2

)
, k < N0,(

2kα∞,1 0

0 2kα∞,2

)
, k > N∞;

(5.58)

γs :=


(
s−α0,1 Dil∞1/s γ1, s

−α0,2 Dil∞1/s γ2

)
, 0 < s < 2N0 ,(

s−α∞,1 Dil∞1/s γ1, s
−α∞,2 Dil∞1/s γ2

)
, 2N∞ < s <∞,

(5.59)

we may reduce either of (5.49) to an infinite partial sum in k∑
k<N0

AMkγ2k
,ρ/t (f1, f2) (x) ,

∑
k>N∞

AMkγ2k
,ρ/t (f1, f2) (x) .

As a consequence of (5.56) and (5.57), for any prescribed N ∈ N and ϵ > 0, we may choose N0, N∞ such that

∥γs − (h0,1, h0,2)∥CN ((−4,4)\[−1/4,1/4]) < ϵ, ∀s ∈
(
0, 2N0

)
, (5.60)

∥γs − (h∞,1, h∞,2)∥CN ((−4,4)\[−1/4,1/4]) < ϵ, ∀s ∈
(
2N∞ ,∞

)
. (5.61)

From this point on, there is no essential distinction between the two cases k < N0 and k > N∞. We therefore
suppress the subscripts (·)0 and (·)∞ indicating the asymptotic behavior.

Proceed now with the general strategy illustrated in the beginning of Section 5. To prove Theorem 1.37
it remains to verify the required assumptions for applying Proposition 5.1, 5.2, and 5.3. Recall (5.14). We
note that by previous discussion, we always have BN <∞. To show Cε <∞ for some ε > 0, we observe that

Aγs,ρ/t (f1, f2) = Aγs,+,ρ+/t (f1, f2) +Aγs,−,ρ−/t (f1, f2) .

As a direct consequence, we have the trivial estimate

Cγs,ρ/t,ε ≤ Cγs,+,ρ+/t,ε + Cγs,−,ρ−/t,ε.

By (5.60) and (5.61), it is a routine calculation to check that the functions in the four definable families (5.52),
(5.53), (5.54), and (5.55) are A-admissible for a fixed A > 1 that only depends on the positively homogeneous
functions h1, h2. Therefore, we can apply Theorem 1.30 to deduce

sup
s
Cγs,+,ρ+/t,ε ≲

Fγ,+

1, sup
s
Cγs,−,ρ−/t,ε ≲

Fγ,−

1

for some universal ε > 0. In particular, the above holds with s restricted to dyadic numbers
{
2k
}
k∈Z. Namely,

we have shown that Cε <∞. This addresses the required assumption to apply Proposition 5.1 and 5.2. As
for the required assumption for Proposition 5.3, we recall Remark 5.4. In our current setting, the sequence
{Mk}k falls within the scope stated in Remark 5.4 except potentially both α1, α2 < 0. This can be addressed
simply by changing the index k 7→ −k and replacing αj 7→ −αj . Combining these fact, we complete the proof
of Theorem 1.37.
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5.3.2. Polynomially bounded settings. Recall Definition B.14. Let now R be polynomially bounded (see
Definition B.14). We claim that in such a setting, the asymptotic homogeneity assumption in our main
statement Theorem 1.37 is a mild requirement due to the following result:

Proposition 5.10 (Chris Miller[78]). A function f : (r,∞) → R definable in R satisfies the following di-
chotomy:

• either f is eventually zero; that is, there is t0 ∈ (r,∞) such that f (t) = 0 whenever t > t0,
• or there are C ̸= 0 and c ∈ R such that limt→∞ f(t)/tc = C, and in particular, the specific power
function t 7→ tc on (0,∞) is definable in S.

As a direct consequence, whenever f is not eventually zero, there is a definable function h : (0,∞) → R\{0}
given by h (t) := Ctc such that limt→∞ f (t) /h (t) = 1. Since f/h− 1 is also definable, another application of
Proposition 5.10 implies that either f/h− 1 is eventually zero, or there are D ̸= 0 and d ∈ R such that:

lim
t→∞

td = 0, lim
t→∞

f (t) /h (t)− 1

td
= D.

In both cases, we deduce that f (t) /h (t) = 1 +O(|t|δ∞) for some δ∞ ∈ R satisfying limt→∞ |t|δ∞ = 0.
Now applying the changes of variables t 7→ 1/t. We deduce analogous statements as t approaches 0 from

above. Finally, via reflection t 7→ −t, we deduce analogous statements as t approaches −∞ and 0 from
below. In other words, excluding the eventually zero and constant trivial cases, the asymptotic homogeneity
assumption serves to ensure the degrees of homogeneity of the function γj on the positive and the negative
side of ∗ ∈ {0,∞} match and are non-zero. We further provide the following characterization for the degree of
asymptotic homogeneity:

Proposition 5.11. Let R be a polynomially bounded o-minimal expansion of ⟨R,+, ·, <⟩. Let also ∗ ∈ {0,∞}
and ± ∈ {+,−}. Given a definable function f : U∗ → R \ {0}, the number c ∈ R shown in the following limit:

lim
t→±∗

f (t)

|t|c
= C, C ̸= 0 (5.62)

can be computed via the following limit:

lim
t→±∗

tf ′ (t)

f (t)
= c. (5.63)

Proof. For the same reason as in the proof of Lemma 5.8, it suffices to consider the case ∗ = ∞ and ± = +.
By Proposition B.8 and B.12, we may assume f ′ exists and is definable on U∗. We now have two cases:
c ̸= 0 and c = 0. We start by addressing the c ̸= 0 case. Recall that Proposition 5.10 guarantees the
definability of t 7→ tc. By Corollary B.10, the following limit:

−∞ ≤ lim
t→∞

f ′ (t)

ctc−1
≤ ∞

exists in the extended real line. By assumption (5.62), the condition c ̸= 0 implies either limt→∞ tc = ∞ or

lim
t→∞

f (t) = lim
t→∞

tc = 0.

We may thus apply the L’Hôpital’s rule to deduce that:

C = lim
t→∞

f (t)

tc
= lim

t→∞

f ′ (t)

ctc−1
.

As a direct consequence, we conclude:

lim
t→∞

tf ′ (t)

f (t)
= c lim

t→∞

f ′ (t)

ctc−1
/ lim
t→∞

f (t)

tc
= c.
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To address the c = 0 case, we follow a similar argument to show that tf ′ (t) is definable, and that the limit
limt→∞ tf ′ (t) exists in the extended real. Since limt→∞ log t = ∞, we may apply the L’Hôpital’s rule to deduce

0 = lim
t→∞

f (t)

log t
= lim

t→∞

f ′ (t)

1/t
= lim

t→∞
tf ′ (t) .

Finally, we conclude:

lim
t→∞

tf ′ (t)

f (t)
= lim

t→∞
tf ′ (t) / lim

t→∞
f (t) = 0/C = c.

□

Given Proposition 5.11, we may rephrase Theorem 1.37 for the polynomially bounded setting:

Corollary 5.12 (Polynomially bounded settings). Let R be a polynomially bounded o-minimal expansion of

⟨R,+, ·, <⟩. Let γj : R \ {0} → R be definable near ∗ and satisfy lim|t|→∗
tγ′j(t)

γj(t)
∈ R \ {0} for both ∗ ∈ {0,∞}.

If (1.27) and (1.28) hold, the operator Tγ satisfies the estimates (1.29).

We shall also introduce one specific application of Corollary 5.12 for the polynomially bounded o-minimal
structure R = Ran.

Corollary 5.13 (Real analytic settings). Let γj : R \ {0} → R be real meromorphic16 on both U0 and U∞. If
(1.27) and (1.28) hold, the operator Tγ satisfies the estimates (1.29).

Indeed, take the Laurent series expansion of γj on U0 (r0) centered at 0. Either γj |U0
≡ C for some constant

C ∈ R, which will be ruled out by (1.27), or there is an integer n ∈ Z such that the function f (t) := tnγj (t)
is real analytic on U0 (r0) with removable singularity at 0. Via a harmless translation that preserves the
operator norm, we may assume without loss of generality that n ̸= 0 and impose that f (0) ̸= 0. Taking
I0 := [−r0/2, r0/2], we have that f |I0 is definable in Ran. Consequently, it follows that γj (t) = t−nf (t) as a
function on U0 (r0/2) is definable in Ran. Directly compute the following limit:

lim
|t|→0

tγ′j (t)

γj (t)
= lim

t→0

−nt−nf (t) + t1−nf ′ (t)

t−nf (t)
= −n+ lim

t→0

tf ′ (t)

f (t)
= −n ∈ R \ {0} .

Similarly, take the Laurent series expansion of γj on U∞ (r∞) centered at ∞. There is another integer m ∈ Z
such that the function g (t) := tmγj (1/t) is real analytic on U0 (1/r∞) with removable singularity at 0. Again,

via translation,17 we may assume m ̸= 0 and extend with g (0) ̸= 0. Taking I∞ :=
[
− 1

2r∞
, 1
2r∞

]
, we have that

g|I∞ is definable in Ran. Thus, we argue that γj (t) = tmg (1/t) as a function on U∞ (2r∞) is definable in Ran.
Finally, by direct computation, we show that:

lim
|t|→∞

tγ′j (t)

γj (t)
= lim

|t|→∞

mtmg (1/t)− tm−1g′ (1/t)

tmg (1/t)
= m− lim

t→0

tg′ (t)

g (t)
= m ∈ R \ {0} .

Applying now Corollary 5.12 yields the conclusion of Corollary 5.13.

5.4. Maximal operator. In this section, we explain how we derive the maximal operator result Theorem
1.38 for (5.2) analogous to Theorem 1.37. In view of Proposition 5.1, 5.2, and 5.5 and the fact that
the requirement for applying Proposition 5.5 is less stringent than Proposition 5.3, the estimates stated
in Theorem 1.38 for the smaller range

1 < p1, p2 <∞,
1

p3
=

1

p1
+

1

p2
≤ 1

16That is, the function coincides with its Laurent series expansion, and all of its singularities near 0 and ∞ are of finite order.
17The translation here can be different from the previous one. This discrepancy does not cause any issue since one may decompose

the operator to separate the contribution near ∞ from that near 0.
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thus follow from a treatment identical to those presented in Section 5.3.1 with the application of Proposition
5.3 replaced by that of Proposition 5.5. To recover the full range (1.35). By symmetry, it remains to address
the p1 = ∞ case.

We begin with the trivial bound

Mγ (f1, f2) (x) ≤ ∥f1∥L∞ sup
R>0

 R

0
|f2 (x1, x2 + γ2 (t))| dt

Via standard argument, we dominate the second factor with its lacunary analog

sup
R>0

 R

0
|f2 (x1, x2 + γ2 (t))| dt ≲ sup

k∈Z

ˆ ∣∣∣f2 (x1, x2 + γ2

(
2kt
))∣∣∣ ρ (t) dt,

where ρ is a suitably chosen bump function satisfying ρ (t) ̸= 0 =⇒ t ≂ 1. Recall now (5.39). We may equate

the right-hand side of the above with M
(2){
Dil∞

2−k
γ2
}
k
,ρ
f2 (x). Invoking notations (5.58) and (5.59), we identify

the two operators

M{
Dil∞

2−k
γ2
}
k
,ρ
f (x) =M{Mk,2γk,2}k,ρ

f (x) ,

whose full range Lp boundedness has been demonstrated in Section 5.2.1. Consequently, it follows that

∥Mγ (f1, f2)∥Lp ≲ ∥f1∥L∞

∥∥∥∥M (2)

{Mk,2γk,2}k,ρ
f2

∥∥∥∥
Lp

≲ ∥f1∥L∞ ∥f2∥Lp , ∀p ∈ (1,∞] .

This addresses the p1 = ∞ endpoint case and completes the proof of Theorem 1.38.
On the same note, due to Theorem 1.19, we remark that Proposition 5.1, 5.2, and 5.5 in combination

actually provide stronger but more technical statements regarding the general form (5.10).

Theorem 5.14. Let {Mk}k be diagonal matrices satisfying (5.8), and let
{
γk : R ⊃ I

∼−→ Γk ⊆ R2
}
k
be a

sequence of A-admissible curves. If N∗ := supk ΞΓk <∞, we have for ρ ∈ C2
c (I) the estimates∥∥∥∥sup

k
|AMkγk,ρ (f1, f2)| (x)

∥∥∥∥
Lp3 (dx)

≲
M∗,N∗,A,
ρ,pj

∥f1∥Lp1 ∥f2∥Lp2

for the same range as in (1.35).

This follows from a direct modification of the proof presented above. Notably, the treatment of the endpoint
p1 = ∞ case follows exactly from the result in Section 5.2.1. We thus omit the standard details.

5.5. Spherical maximal operator. Continuing on the maximal operator theme from the previous section,
we explain how we derive the maximal operator result Theorem 1.39 for (5.3). Combining Proposition 5.1,
5.2, and 5.6 with Theorem 1.1, coupled with an endpoint discussion similar to those presented in Section
5.4 but with the result in Section 5.2.2 in place of Section 5.2.1, we derive

Theorem 5.15. Let γ : I → R2 be a real analytic function with img γ not contained in the four classes (Line),
(Exp), (Log), or (Ψ-line). For any diagonal matrices {Mk}k satisfying (5.8) and any ρ ∈ C2

c (I), we have∥∥∥∥sup
k

|AMkγ,ρ (f1, f2)| (x)
∥∥∥∥
Lp3 (dx)

≲
M∗,γ,pj ,ρ

∥f1∥Lp1 ∥f2∥Lp2

for the same range as in (1.35).

In particular, the above holds with supk |AMkγ,ρ (f1, f2)| (x) replaced by (5.3). That is, Theorem 1.39
follows as a direct consequence.
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5.6. Corner-type pattern. In this subsection, we aim to prove Theorem 1.40. Without loss of generality,
we may assume via changes of variable that γ is analytic in a neighborhood of [0, 2]. Recall (1.15) and take
δ := 1/2. Consider now the following inner product expression〈

1E ,Aγ(σ·),ψ1/2
(1E ,1E)

〉
=

ˆ
1E (x)1E (x1 + γ1 (σt) , x2)1E (x1, x2 + γ2 (σt))ψ1/2 (t) dtdx. (5.64)

Note that whenever the above expression is non-zero, we deduce the existence of some x ∈ R2 and σ/2 < t ≤ 2σ
such that the conclusion (1.44) holds.18 As a result, the main task of proving Theorem 1.40 becomes
demonstrating such a number σ ∈ (0,∞) can be found in the following range

exp
(
− exp

(
Cγ |E|−cγ

))
≲ σ < 1. (5.65)

In fact, in view of the general discussion at the beginning of Section 5, the formula (5.64) suggests that
we study the following general formulation:

⟨1E ,AMσγσ ,ρ (1E ,1E)⟩ =
ˆ
R2

ˆ
1E (x)1E (x1 +Mσ,1γσ,1 (t) , x2)1E (x1, x2 +Mσ,2γσ,2 (t)) ρ (t) dtdx, (5.66)

where we are given a family of positive diagonal matrices {Mσ}σ∈Σ, a family of functions
{
γσ : I → R2

}
σ∈Σ,

and a fixed non-negative ρ ∈ C2
c (I). We aim to identify properties of the pairings {(Mσ,γσ)}σ∈Σ that guarantee

the existence of σ ∈ Σ such that (5.66) is non-trivial.
To proceed, we begin with a closer inspection of (5.66) for a fixed σ ∈ Σ. For a moment, we omit the σ

dependence and simply write

⟨1E ,AMγ,ρ (1E ,1E)⟩ =
ˆ
R3

1E (x1, x2)1E (x1 +M1γ1 (t) , x2)1E (x1, x2 +M2γ2 (t)) ρ (t) dtdx1dx2. (5.67)

Standard consideration suggests that we decompose (5.67) into the three parts

⟨1E ,AMγ,ρ (1E ,1E)⟩ = IL + IM + IH ,

where the exact definition of the low-frequency part IL, the intermediate frequency part IM , and the high
frequency part IH will be specified in a moment. A standard strategy to show the non-triviality of (5.67) is to
demonstrate the following inequality

|⟨1E ,AMγ,ρ (1E ,1E)⟩| ≥ |IL| − |IM | − |IH | > 0. (5.68)

This strategy hinges on a non-triviality statement for |IL| and the smallness of |IM | , |IH |.

5.6.1. Non-triviality of |IL|. We begin with a paraphrase of [23, Lemma 5.1].

Lemma 5.16. Recall (1.14) and denote Φsg := g∗Dil1s ϕ/ ∥ϕ∥L1 for g ∈ L1
loc (R). There is a universal constant

c0 > 0 such that for any non-negative f ∈ L1
(
R2
)
with supp f ⊆ [0, 1]2, the uniform lower bounds holdˆ

R2

f (x) Φ(1)
s1 f (x) Φ

(2)
s2 f (x) dx ≥ c0 ∥f∥3L1 , ∀sj ∈ (0, 1] . (5.69)

Given Lemma 5.16 and parameters Rj ∈ (0, 1] to be decided later, we set

IL :=
〈
1E ,AMγ,ρ

(
Φ
(1)
R1
1E ,Φ

(2)
R2
1E

)〉
(5.70)

and compare (5.70) with the quantityˆ
R2

1E (x) Φ
(1)
R1
1E (x) Φ

(2)
R2
1E (x) dx. (5.71)

18From (5.64) to the existence of the above mentioned σ/2 < t ≤ 2σ a change of variable t̃ = σt is performed.
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On the one hand, invoking the fact for f ∈ L1
loc (R) that

ΦRf (x+ z)− ΦRf (x) =
z

R ∥ϕ∥L1

ˆ 1

0
f ∗Dil1R ϕ

′ (x+ θz) dθ,

we deduce via telescoping the following error estimate

|(5.70)− ∥ρ∥L1 (5.71)| ≤
ˆ (

M1 |γ1 (t)|
R1 ∥ϕ∥L1

+
M2 |γ2 (t)|
R2 ∥ϕ∥L1

)
ρ (t) dt ·

∥∥ϕ′∥∥
L1 |E|

≤
(
M1

R1
+
M2

R2

)
∥γ∥L∞(I)

(∥∥ϕ′∥∥
L1 / ∥ϕ∥L1

)
∥ρ∥L1 |E| .

On the other hand, Lemma 5.16 yields the lower bound (5.71) ≥ c0 |E|3. Consequently, the lower bound

|IL| ≥ c0 ∥ρ∥L1 |E|3 /2 > 0 (5.72)

holds whenever (5.70) can be taken with parameters satisfying

Rj :=Mj/λL, max (M1,M2) ≤ λL ≤
c0 ∥ϕ∥L1 |E|2

4 ∥γ∥L∞(I) ∥ϕ′∥L1

. (5.73)

As a brief remark, the above condition also constrains the sizes ofMj that enables the aforementioned strategy.

5.6.2. Smallness of |IH |. Let again rj ∈ (0, 1] to be decided later. Suggested by the heuristic

zQλf (ξ) = φ (ξ/λ) pf (ξ) ≈
(

pϕ (ξ/λ) /pϕ (0)
)

pf (ξ) = {Φ1/λf (ξ) ,

we shall formulate IH in the following manner

IH :=
〈
1E ,AMγ ,ρ (1E ,1E)−AMγ ,ρ

(
Φ(1)
r1 1E ,Φ

(2)
r2 1E

)〉
(5.74)

to cancel most of the low-frequency contribution. With the Sobolev smoothing inequality (1.2) associated with
Aγ,ρ, we expect to derive power saving via making suitable choice of rj .

To justify the above heuristic, let Ψs := Id−Φs and consider the following telescoping identity

AMγ ,ρ (1E ,1E)−AMγ ,ρ

(
Φ(1)
r1 1E ,Φ

(2)
r2 1E

)
= AMγ,ρ

(
Ψ(1)
r1 1E ,1E

)
+AMγ,ρ

(
Φ(1)
r1 1E ,Ψ

(2)
r2 1E

)
. (5.75)

To utilize (1.2) associated with Aγ,ρ, we invoke (5.11) and an identities for Φs and Ψs analogous to (5.22)

Dil2M−1 Φ
(j)
rj 1E = Φ

(j)
rj/Mj

Dil2M−1 1E , Dil2M−1 Ψ
(j)
rj 1E = Ψ

(j)
rj/Mj

Dil2M−1 1E

to deduce the following chain of estimates

|IH | ≤ ∥(5.75)∥L1 =
∥∥∥Aγ,ρ

(
Ψ

(1)
r1/M1

Dil2M−1 1E ,Dil2M−1 1E

)
+Aγ,ρ

(
Φ
(1)
r1/M1

Dil2M−1 1E ,Ψ
(2)
r2/M2

Dil2M−1 1E

)∥∥∥
L1

≤ Cγ,ρ,ε |E|1/2
(∥∥∥Ψ(1)

r1/M1
Dil2M−1 1E

∥∥∥
H(−ε,0)

+
∥∥∥Ψ(2)

r2/M2
Dil2M−1 1E

∥∥∥
H(0,−ε)

)
(5.76)

To obtain the key power saving, it remains to study the Sobolev norm expression ∥Ψsf∥H−ε for f ∈ L2 (R).
Indeed, Plancherel theorem yields the following estimate

∥Ψsf∥H−ε =
∥∥∥⟨ξ⟩−ε (1− pϕ (sξ) /pϕ (0)

)
pf (ξ)

∥∥∥
L2(dξ)

≤

∥∥∥∥∥ pϕ (0)− pϕ (sξ)

⟨ξ⟩ε pϕ (0)

∥∥∥∥∥
L∞(dξ)

∥f∥L2 . (5.77)

Furthermore, we combine the trivial estimate with the estimate provided by mean value theorem∣∣∣pϕ (0)− pϕ (ξ)
∣∣∣ ≤ min

(
2
∥∥pϕ
∥∥
L∞ , |ξ| ·

∥∥pϕ′
∥∥
L∞

)
≤ min

(
2pϕ (0) , |ξ| ·

∥∥pϕ′
∥∥
L∞

)
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to further dominate the factor in (5.77) with∥∥∥∥∥ pϕ (0)− pϕ (sξ)

⟨ξ⟩ε pϕ (0)

∥∥∥∥∥
L∞(dξ)

≤ max

2 sup

|ξ|> 2 pϕ(0)

s∥ pϕ′∥L∞

⟨ξ⟩−ε ,
s
∥∥pϕ′
∥∥
L∞

pϕ (0)
sup

|ξ|≤ 2 pϕ(0)

s∥ pϕ′∥L∞

|ξ| / ⟨ξ⟩ε

 = 2

〈
2pϕ (0)

s∥pϕ′∥L∞

〉−ε

In combination, we conclude

∥Ψsf∥H−ε ≤ 2

〈
2pϕ (0)

s∥pϕ′∥L∞

〉−ε

∥f∥L2 .

Applying the above estimate to (5.76) yields

|IH | ≤ 4Cγ,ρ,ε |E|max
j=1,2

〈
2Mj ∥ϕ∥L1

rj
∥∥pϕ′
∥∥
L∞

〉−ε

.

In view of the above and the formerly established lower bound (5.72), we shall take

rj :=Mj/λH , λH ≥ 1

2

(
16Cγ,ρ,ε

c0 ∥ρ∥L1 |E|2

)1/ε ∥∥pϕ′
∥∥
L∞/ ∥ϕ∥L1 (5.78)

such that |IH | ≤ |IL| /2 and thus, the following lower bound holds

|IL| − |IH | ≥ c0 ∥ρ∥L1 |E|3 /4. (5.79)

5.6.3. Energy control on |IM |. Let λL, λH be chosen such that Rj , rj satisfy (5.73) and (5.78) respectively. It
remains to examine the intermediate frequency contribution

IM := ⟨1E ,AMγ,ρ (1E ,1E)⟩ − IL − IH

=
〈
1E ,AMγ,ρ

(
Φ
(1)
M1/λH

1E ,Φ
(2)
M2/λH

1E

)
−AMγ,ρ

(
Φ
(1)
M1/λL

1E ,Φ
(2)
M2/λL

1E

)〉
. (5.80)

In the unlikely scenarios, we could have

|IM | < c0 ∥ρ∥L1 |E|3 /4 (5.81)

and deduce via (5.68) and (5.79) the non-triviality of (5.67). In most cases however, the upper bound (5.81) is
too demanding. Nonetheless, a trivial energy control on IM is available. Observe the telescoping identity

AMγ,ρ

(
Φ
(1)
M1/λH

1E ,Φ
(2)
M2/λH

1E

)
−AMγ,ρ

(
Φ
(1)
M1/λL

1E ,Φ
(2)
M2/λL

1E

)
= AMγ,ρ

((
Φ
(1)
M1/λH

− Φ
(1)
M1/λL

)
1E ,Φ

(2)
M2/λH

1E

)
+AMγ,ρ

(
Φ
(1)
M1/λL

1E ,
(
Φ
(2)
M2/λH

− Φ
(2)
M2/λL

)
1E

)
Applying the above identity to (5.80) yields the following trivial bound

|IM | ≤ |E|1/2 ∥ρ∥L1

(∥∥∥(Φ(1)
M1/λH

− Φ
(1)
M1/λL

)
1E

∥∥∥
L2

+
∥∥∥(Φ(2)

M2/λH
− Φ

(2)
M2/λL

)
1E

∥∥∥
L2

)
.

Notice that the operator ΦA − ΦB possesses a Fourier multiplier representation with symbol mA,B given by

mA,B (ξ) :=
(

pϕ (Aξ)− pϕ (Bξ)
)
/pϕ (0) =

ˆ A

B

sξpϕ′ (sξ)

pϕ (0)

ds

s
.

With little effort, we deduce from the trivial estimate

|mA,B (ξ)| ≤ min

(
2,

ˆ max(A,B)

min(A,B)

∣∣∣sξpϕ′ (sξ) /pϕ (0)
∣∣∣ ds
s

)
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the following more refined energy control on IM

|IM |2 ≤ 8 |E| ∥ρ∥2L1

∑
j=1,2

ˆ
R2

∣∣∣x1E (ξ)
∣∣∣2 ˆ Mj/λL

Mj/λH

∣∣∣sξj pϕ′ (sξj) /pϕ (0)
∣∣∣ ds
s
dξ, (5.82)

which prepares us for the next step.

5.6.4. Bourgain’s energy pigeonholing argument. Instead of aiming to show (5.81) for a single pairing (Mσ,γσ) =
(M ,γ), we shall consider the whole families of {(Mσ,γσ)}σ∈Σ and provide weaker conditions such that (5.81)
holds on average for certain sub-family {(Mω,γω)}ω∈Ω. This would demonstrate the existence of σ = ω ∈ Ω ⊆ Σ
such that the inner product (5.66) is non-trivial.

Following previous discussion, we shall decompose (5.66) into Iσ,L, Iσ,M , and Iσ,H , by taking Rσ,j :=
Mσ,j/λσ,L and rσ,j :=Mσ,j/λσ,H with λσ,L and λσ,H satisfying (5.73) and (5.78) respectively

max
j=1,2

Mσ,j ≤ λσ,L ≤
c0 ∥ϕ∥L1 |E|2

4 ∥γσ∥L∞(I) ∥ϕ′∥L1

, λσ,H ≥ 1

2

(
16Cγσ ,ρ,εσ

c0 ∥ρ∥L1 |E|2

)1/εσ ∥∥pϕ′
∥∥
L∞/ ∥ϕ∥L1 (5.83)

such that we may leverage the energy estimates (5.82) to obtain for any probability measure dPΩ (ω) on Ω ⊆ Σ,
the following expectation bound

EΩ |Iω,M |2 ≤ 8 |E| ∥ρ∥2L1

∑
j=1,2

ˆ
R2

∣∣∣x1E (ξ)
∣∣∣2 ˆ ∞

0
EΩ1(Mω,j/λω,H ,Mω,j/λω,L] (s)

∣∣∣sξj pϕ′ (sξj) /pϕ (0)
∣∣∣ ds
s
dξ

≤ 16 |E|2 ∥ρ∥2L1

(∥∥pϕ′
∥∥
L1/ ∥ϕ∥L1

)
sup

0<s<∞
j=1,2

PΩ (Mω,j/λω,H < s ≤Mω,j/λω,L) .

Compare now the above with the desired estimate (5.81). Once we have the following

sup
0<s<∞
j=1,2

PΩ (Mω,j/λω,H < s ≤Mω,j/λω,L) <
c20 |E|4 ∥ϕ∥L1

256
∥∥pϕ′
∥∥
L1

, (5.84)

we may infer the existence of σ = ω ∈ Ω ⊆ Σ such that |Iσ,M | satisfies (5.81), and thus, the inner product
(5.66) is non-trivial. In other words, with (5.83), the condition (5.84) guarantees the existence of ω ∈ Ω ⊆ Σ,
t ∈ supp ρ, and (x1, x2) ∈ R2 such that the following corner pattern exists

(x1, x2) , (x1 +Mω,1γω,1 (t) , x2) , (x1, x2 +Mω,2γω,2 (t)) ∈ E. (5.85)

5.6.5. Proof of Theorem 1.40. To adopt the general strategy displayed above, the first task is to choose the
representing pairings {(Mσ,γσ)}σ∈(0,1) for the family of functions {γ (σ·)}σ∈(0,1). On the one hand, due to the

analyticity of γ and the fact that γ (0) = 0, we may assume without loss of generality that19

γj (t) = ajt
nj + gj (t) ,

∣∣∣g(k)j (t)
∣∣∣ ≤ Ctnj+δ−k, ∀k ∈ {0, 1, . . . , 5} , ∀t ∈ [0, 2] (5.86)

for some fixed aj ̸= 0, 1 ≤ n1 ≤ n2 ∈ N, and C, δ > 0. As a direct consequence, we have

γj (σt) = σnj
(
ajt

nj + σ−njgj (σt)
)
,

with the error term satisfying ∣∣∣∂kt σ−njgj (σt)∣∣∣ ≤ σδCtnj+δ−k.

This suggests the natural setting to achieve Mσγσ (t) = γ (σt) would be to consider

Mσ :=

(
Mσ,1 0
0 Mσ,2

)
:=

(
σn1 0
0 σn2

)
, γσ : (1/2, 2) → R2 : t 7→ M−1

σ γ (σt) .

19Here, a change of variable is performed to rescale the domain of γ for convenience.
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It is an easy computation to show that, for some fixed constant Cγ,L ∈ (0, 1), the following holds

Cγ,L |E|2 ≤
c0 ∥ϕ∥L1 |E|2

4 ∥γσ∥L∞ ∥ϕ′∥L1

, ∀σ ∈ (0, 1) .

We may thus make the following choice to fulfill the left-hand side of (5.83)

λσ,L := Cγ,L |E|2 , ∀σ ≤ C
1
n1
γ,L |E|

2
n1 . (5.87)

On the other hand, by the assumption that none of the four classes of forbidden sets (Line), (Exp), (Log), and
(Ψ-line) contains img γ, we may proceed as discussed in Section 4.3 to obtain a lower bound similar to (4.6)∣∣γ′j∣∣ (t) , ∣∣γ ′ ∧ γ ′′∣∣ (t) , ∣∣χ′

γ ∧ χ′′
γ

∣∣ (t) ≳ tn, ∀t ∈ [0, 2] , j = 1, 2 (5.88)

with some n = nγ ∈ N ⊔ {0}. To simplify the discussion, we may take n > 0. By direct computation, we infer
that γσ is O (σ−n)-admissible. Using also the fact that

{
γσ : (1/2, 2) → R2

}
σ∈(0,1) forms a definable family in

Ran, we deduce via Theorem 1.30 the estimate on the implicit constant for (1.2) associated to Aγσ ,ψ1/2

Cγσ ,ψ1/2,ε ≲
γ,ψ1/2

σ−cn, ∀σ ∈ (0, 1) .

With further computation, we may show for a fixed constant Cγ,H ∈ (1,∞) that

1

2

(
16Cγσ ,ψ1/2,ε

c0
∥∥ψ1/2

∥∥
L1 |E|2

)1/ε ∥∥pϕ′
∥∥
L∞/ ∥ϕ∥L1 ≤ Cγ,Hσ

−cn/ε |E|−2/ε .

Finally, by taking

λσ,H := Cγ,Hσ
−cn/ε |E|−2/ε , ∀σ ∈ (0, 1) ,

we fulfill the right-hand side of (5.83). It remains to find a probability measure PΩ on some subset Ω ⊆ (0, 1)

to achieve (5.84). One way to simplify the matter would be to choose Ω := {ωk}Nk=1 ⊆ (0, 1) such that

{Ik,j := (Mωk,j/λωk,H ,Mωk,j/λωk,L]}
N
k=1

form disjoint collections of intervals for both j = 1, 2. We may further require PΩ to assign equal probability
on all ω ∈ Ω. The condition (5.84) thus suggests that we take⌊

256
∥∥pϕ′
∥∥
L1

c20 |E|4 ∥ϕ∥L1

⌋
+ 1 = #Ω = N. (5.89)

As such, we show the existence of the corner pattern (5.85) for some ω = ωk with k ≤ N . By unwrapping the
identity, it justifies the existence of the corner pattern (1.44) for some t ≂ ωk. As for the gap estimate (1.45),

we must show the constructed Ω := {ωk}Nk=1 satisfies a lower bound of the form

min
k∈{1,...,N}

ωk ≥ exp
(
− exp

(
Cγ |E|−cγ

))
. (5.90)

With the aforementioned plan, we shall design Ω := {ωk}Nk=1 ⊆ (0, 1) such that

ω
nj
k+1 |E|−2 /Cγ,L =Mωk+1,j/λωk+1,L ≤Mωk,j/λωk,H = ω

nj+cn/ε
k |E|2/ε /Cγ,H . (5.91)

To further simplify the discussion, we introduce the parameter α ≂
γ
|E| given by

α :=
Cγ,L

Cγ,H
· |E| ≤ min

(
Cγ,L, C

−1
γ,H , |E|

)
< 1 (5.92)
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and restrict ωk to the form ωk := αCk . Suggests by (5.87), we shall take

ω1 := αC1 ≤ C
1
n1
γ,L |E|

2
n1 , C1 :=

3

n1
(5.93)

as the starting point of our inductive process. Next, substituting ωk := αCk turns the requirement (5.91) into

αCk+1nj ≤ αCk(nj+
cn
ε ) ·

Cγ,L

Cγ,H
· |E|2+

2
ε .

Using (5.92), we may insert an intermediate term to simplify the computation

αCk+1nj ≤ αCk(nj+
cn
ε )+2+ 2

ε ≤ αCk(nj+
cn
ε ) ·

Cγ,L

Cγ,H
· |E|2+

2
ε .

To make sure the left-hand side holds for both j = 1, 2, we require

Ck+1 := Ck

(
1 +

cn

εn1

)
+

2

n1
+

2

εn1
. (5.94)

Solving the recurrence relation given by (5.93) and (5.94), we conclude

Ck =

(
1 +

cn

εn1

)k−1( 3

n1
+

2 + 2ε

cn

)
− 2 + 2ε

cn
= O

((
1 +

cn

εn1

)k)
. (5.95)

Finally, with (5.95) and (5.89), we conclude (5.90)

min
k∈{1,...,N}

ωk = αCN =

(
Cγ,L

Cγ,H
· |E|

)O((1+ cn
εn1

)O(|E|−4)
)
≥ exp

(
− exp

(
Cγ |E|−cγ

))
for some Cγ , cγ > 0. This completes the proof of Theorem 1.40.

Appendix A. Van der Corput lemma

Proposition A.1 (Van der Corput lemma). Let φ : [a, b] → R be a Ck function and suppose that φ(k)(x) ̸= 0
for some k ≥ 1 and for all x ∈ [a, b]. If k = 1, we further assume that φ′ is monotonic. Let ψ : [a, b] → R be a
C1 function. Then we have the estimate∣∣∣∣ˆ b

a
e (φ (t))ψ (t) dt

∣∣∣∣ ≲
k

1

inft∈[a,b]
∣∣φ(k)

∣∣ 1k ·
(
∥ψ∥L∞([a,b]) +

∥∥ψ′∥∥
L1([a,b])

)
. (A.1)

Recall that we denote C (B) the number of connected components of B ⊆ R and set C (∅) = 0.

Remark A.2 (Basic facts about connected components in R). Given sets A,B ⊆ R, it’s easy to show that:

C (A ∪B) , C (A ∩B) ≤ C (A) + C (B) , C (Ac) ≤ 1 + C (A) .

Definition A.3. Given a function φ : R ⊃ domφ→ R, we define the following two quantities:

Mw (φ) := C ({t ∈ domφ : φ (t) = w}) , M (φ) := sup
w
Mw (φ) . (A.2)

Note that we always have 1,Mw (φ) ≤M (φ) whenever domφ ̸= ∅.

Remark A.4 (Relation to continuous functions). Given φ : I → R continuous and w ∈ R, we have:

C ({t ∈ I : φ (t) > w}) + C ({t ∈ I : φ (t) < w}) = C ({t ∈ I : φ (t) ̸= w}) ≤ 1 +Mw (φ) .

Proposition A.5. Let φ : I → R be a C1 function. We have the following inequality:

M (φ) ≤ 2 + 2M0

(
φ′) .
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Proof. Without loss of generality, we assume M0 (φ
′) <∞. By Remark A.2, we have:

C
({
t ∈ I : φ′ (t) ̸= 0

})
= C

(
I \
{
t ∈ I : φ′ (t) = 0

})
≤ 2 +M0

(
φ′) .

As a result, there is a partition of I consisting of N ≤ 2 + 2M0 (φ
′) many disjoint intervals {Ij}Nj=1 such that

on each Ij , φ is either monotone or constant. As a result, for any w ∈ R, we deduce that:

C ({t ∈ Ij : φ (t) = w}) ≤ 1.

Apply Remark A.2 again. We deduce:

Mw (φ) ≤
N∑
j=1

C ({t ∈ Ij : φ (t) = w}) ≤ N ≤ 2 + 2M0

(
φ′) .

Taking supremum over w ∈ R gives the desired conclusion. □

Proposition A.6 (Reformulation of Van der Corput). Let k ≥ 2. For any Ck function φ : [a, b] → R and C1

function ψ : [a, b] → R, we have the following estimate:∣∣∣∣ˆ b

a
e (φ (t))ψ (t) dt

∣∣∣∣ ≲
k

M
(
φ(k)

)
inf
t∈[a,b]

max
1≤j≤k

∣∣∣φ(j) (t)
∣∣∣ 1j ·

(
∥ψ∥L∞([a,b]) +

∥∥ψ′∥∥
L1([a,b])

)
.

Proof. Let λ > 0 be such that:

λ < inf
t∈[a,b]

max
1≤j≤k

∣∣∣φ(j) (t)
∣∣∣ 1j .

Consider the sets:

A∗ :=
{
t ∈ [a, b] : φ′′ (t) = 0

}
, Aj :=

{
t ∈ [a, b] :

∣∣∣φ(j) (t)
∣∣∣ > λj

}
, 1 ≤ j ≤ k.

By the choice of λ, we have [a, b] =
⋃k
j=1Aj . We now construct the following sets:

B0 := A1 ∩A∗, B1 := A1 \A∗, Bj := Aj \
⋃
i<j

Ai = Aj , 1 < j ≤ k.

By design, we have [a, b] =
⊔k
j=0Bj . By Remark A.2 and A.4, we deduce the following

C (B0) , C (B1) ≤ 1 + C (A1) + C (A∗) ≤ 3 +Mλ

(
φ′)+M−λ

(
φ′)+M0

(
φ′′)

and for 1 < j ≤ k, the following

C (Bj) = C
(
Aj \

⋃
i<j

Ai

)
≤ C (Aj) + C

((⋃
i<j

Ai

)c)
≤ 1 +

j∑
i=1

C (Ai)

≤ 2j + 1 +

j∑
i=1

Mλi

(
φ(i)
)
+M−λi

(
φ(i)
)
.

Apply now Proposition A.5. We deduce the chain of relations:

Mw

(
φ(j)

)
≤M

(
φ(j)

)
≤ 2 + 2M0

(
φ(j+1)

)
≲M

(
φ(j+1)

)
, w ∈ R, 1 ≤ j < k.

In combination with the trivial fact M
(
φ(k)

)
≥ 1, we establish the following estimates:

C (Bj) ≲
k
M
(
φ(k)

)
, ∀j ∈ {0, 1, 2, . . . , k} .
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As a result, for each j, we can decompose Bj into disjoint unions of Nj ≲ M
(
φ(k)

)
many intervals {Ij,l}

Nj
l=1.

This allows us to apply the standard Van der Corput lemma A.1 on each Ij,l and deduce:∣∣∣∣ˆ b

a
e (φ (t))ψ (t) dt

∣∣∣∣ ≤ k∑
j=0

Nj∑
l=1

∣∣∣∣∣
ˆ
Ij,l

e (φ (t))ψ (t) dt

∣∣∣∣∣ ≲k M
(
φ(k)

)
λ

(
∥ψ∥L∞([a,b]) +

∥∥ψ′∥∥
L1([a,b])

)
,

where the issue with the monotonicity of φ′ is addressed by the splitting of B0 and B1. Sending now λ to

inf
t∈[a,b]

max
1≤j≤k

∣∣∣φ(j) (t)
∣∣∣ 1j completes the proof. □

Appendix B. O-minimal theory

Definition B.1 (Structure on M). R := (Rn)n∈N is a structure on a set M ̸= ∅ if:

(1) Rn is a boolean algebra of subsets of Mn;
(2) A ∈ Rn implies A×M,M ×A ∈ Rn+1;
(3) {(x1, . . . , xn) ∈Mn : x1 = xn} ∈ Rn;
(4) A ∈ Rn+1 implies π (A) ∈ Rn, where π (x1, . . . , xn+1) := (x1, . . . , xn).

Definition B.2 (Definable sets, relations, and functions). Given a structure R on M , a set A ⊆Mn, an n-ary
relation R on M , and a function f : A→Mm, we say:

• A is definable if A ∈ Rn;
• R is definable if the set {(x1, . . . , xn) ∈Mn : R (x1, . . . , xn)} is definable;
• f is definable if the n+m-ary relation given by f (x) = y is definable.

Definition B.3 (Definable families). Given a structure R on M and a definable set Σ ⊆Mk, we say a family
of sets {Sσ ⊆Mn}σ∈Σ is a definable family if there is a definable set S ⊆ Σ ×Mn such that for each σ ∈ Σ,
the set Sσ ⊆Mn coincides with the following fiber of S:

Sσ = {x ∈Mn : (σ, x) ∈ S} .
We say a family of functions {fσ :Mm ⊃ Aσ →Mn}σ∈Σ is a definable family if the following family of sets:{

Sσ := {(a, b) ∈ Aσ ×Mn : fσ (a) = b} ⊆Mm+n
}
σ∈Σ

is a definable family of sets. In other words, there is a definable function f : Mk+m ⊃ A → Mn such that for
all σ ∈ Σ, we have:

dom fσ = {a ∈Mn : (σ, a) ∈ A} = (dom f)σ ;

fσ (a) = f (σ, a) , ∀a ∈ dom fσ = (dom f)σ .

The concept of structure and definability originates from the model theory. We choose to follow the presen-
tation in [90] and only mention the bare minimal concepts required from model theory. The key fact we will
be using is the following:

Remark B.4 (Relation to first order formula). Fix a structure R on M . Let ϕ (x) be a first-order formula
with free variables x ∈ Mn built from predicates P (a) of the form a ∈ A for some definable set A (and thus,
including formulas R (f1 (x) , . . . , fn (x)) composed of definable functions fi and definable relations R). We
have that

{x ∈Mn : ϕ (x)} ∈ Rn.

Technically speaking, the term “definable” means “definable with parameters” throughout the current paper.

As a direct consequence, we have the following closure properties of definable functions:

Proposition B.5. Fix a structure R on M . Let functions f, g be definable.

• If A ⊆ dom (f) is definable, f |A is definable.
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• If f is invertible, f−1 is definable.
• If dom (f) ⊃ img (g), f ◦ g is definable.

Definition B.6 (O-minimal expansion of ⟨R,+, ·, <⟩). R is an o-minimal expansion of ⟨R,+, ·, <⟩ if it is a
structure on R that satisfies the following additional properties:

(5) + and · as bivariate functions are definable;
(6) < is a definable relation;
(7) A ∈ R1 if and only if A is a finite union of open intervals (bounded or unbounded) and isolated points

in R.

Henceforth, we fix an o-minimal expansion of ⟨R,+, ·, <⟩.

Remark B.7. One may easily verify that the following are definable functions:

• the additive inverse R → R : x 7→ −x,
• the multiplicative inverse R \ {0} → R : x 7→ 1/x,
• the binary maximum R× R → R : (x, y) 7→ max (x, y),
• the absolute value R → R : x 7→ |x|,
• power functions (0,∞) → R : x 7→ xr for r ∈ Q.

Proposition B.8 (Derivatives are definable). Given a definable function f : Rm ⊃ A→ Rn, the set of points
Aj ⊆ A where ∂jf exists is definable.20 Additionally, the function ∂jf : Aj → Rn is also definable.

Proof. Without loss of generality, we may assume j = 1 and write e1 := (1, 0, . . . , 0). Observe that the relation
∂1f (x) = y can be expressed as a first-order formula D1 (x,y) composed of only definable relations and
functions:

∀ϵ > 0, ∃δ > 0,∀h ∈ R,
[
0 < |h| < δ =⇒

(
x,x+ he1 ∈ A ∧

∣∣∣∣f (x+ he1)− f (x)

h
− y

∣∣∣∣ < ϵ

)]
.

This implies that the following set is definable:

D1 := {(x,y) ∈ A× Rn : D1 (x,y)} ∈ Rm+n,

and thus, both the projection to the first m variables

A1 := πmD1 = {x ∈ A : ∃y ∈ Rn, D1 (x,y)}

and the function ∂1f : A1 → Rn are definable. □

Theorem B.9 (Monotonicity (Chapter 3 (1.2) in [90])). Let −∞ ≤ a < b ≤ ∞.21 Given a definable function
f : (a, b) → R, there are finite points:

−∞ ≤ a = a0 < a1 < · · · < aN = b ≤ ∞

such that for all 1 ≤ n ≤ N , the restriction f : (an−1, an) → R is continuous and is either constant or strictly
monotone.

Corollary B.10 (Existence of one-sided limits). Let −∞ ≤ a < b ≤ ∞. Given a definable function f : (a, b) →
R and x ∈ (a, b), the following four limits exist in R ⊔ {−∞,∞}:

lim
t→a+

f (t) , lim
t→b−

f (t) , lim
t→x+

f (t) , lim
t→x−

f (t) .

20Recall the convention stated in Remark 1.13.
21a, b are numbers in the extended real R ⊔ {−∞,∞}.
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Proposition B.11 (Uniform finiteness (Chapter 3 (3.6) in [90])). Given a definable set A ⊆ Rn × R, there
is a number MA ∈ N depending on the set A such that each fiber of the form:

Ax := {y ∈ R : (x; y) ∈ A} , x ∈ Rn

has at most MA many connected components.

Proposition B.12 (Differentiability (Chapter 7 (2.5) in [90])). Let −∞ ≤ a < b ≤ ∞. A definable function
f : (a, b) → R is differentiable outside a finite set Z ⊆ (a, b).

Remark B.13. The above collection of statements can be viewed under the natural framework of the cell
decomposition theorem. We only state the bare minimum required for our application. Interested readers may
refer to [90] and [29].

Definition B.14 (Polynomially bounded o-minimal expansion of ⟨R,+, ·, <⟩). R is a polynomially bounded
o-minimal expansion of ⟨R,+, ·, <⟩ if it is an o-minimal expansion of ⟨R,+, ·, <⟩ that satisfies the following
additional properties:

(8) For all definable f : (a,∞) → R, there is t0 ∈ (a,∞) and N ∈ N such that for all t > t0, the inequality

|f (t)| ≤ |t|N holds.

One such structure is RR
an introduced in [77]. In RR

an, a large class of functions is definable. This includes all
functions constructed from combinations of power functions xα and truncated real analytic functions through
arithmetic, compositions, and inverses on their natural definable domains. Two typical examples are the class of
generalized polynomials p (t) :=

∑
j cjt

αj and the class of rational functions defined by generalized polynomials.

Appendix C. Variants of shifted maximal operators and Fefferman-Stein inequalities

Definition C.1 (Variants of maximal operators with lacunary scales and bounded shifts). Given a lacunary
sequence Λ := {λk}k ⊆ (0,∞) with 1 < λ∗ := infk λk+1/λk, a dyadic system I :=

⊔
k Ik of intervals with

I ∈ Ik =⇒ |I| = 2k, and bounded sequence Σ := {σk}k, we introduce the following variants of shifted
maximal operators:

MΛ,Σf (x) := sup
k

ˆ
|f | (x+ λk (y + σk)) ⟨y⟩−N dy, N ≫ 1 fixed, (C.1)

MΛ,Σf (x) := sup
k

ˆ 1

0
|f | (x+ λk (y + σk)) dy = sup

k

 
x+λk(σk+[0,1))

|f | (y) dy, (C.2)

MI,Σf (x) := sup
k

sup
I∈Ik

x+2kσk∈I

 
I
|f | (y) dy. (C.3)

The following results are slight modifications of [49, Theorem 3.1].

Proposition C.2.∥∥∥∥MΛ,Σfj∥ℓ2(j)
∥∥∥
Lp

≲
p
log2min(2,λ∗)

(
e+ ∥σk∥ℓ∞(k)

)∥∥∥∥fj∥ℓ2(j)∥∥∥Lp , ∀p ∈ (1,∞) .

Proposition C.3.∥∥∥∥MΛ,Σfj∥ℓ2(j)
∥∥∥
Lp

≲
p
log2min(2,λ∗)

(
e+ ∥σk∥ℓ∞(k)

)∥∥∥∥fj∥ℓ2(j)∥∥∥Lp , ∀p ∈ (1,∞) .

Proposition C.4. ∥∥∥∥MI,Σfj∥ℓ2(j)
∥∥∥
Lp

≲
p
log2

(
e+ ∥σk∥ℓ∞(k)

)∥∥∥∥fj∥ℓ2(j)∥∥∥Lp , ∀p ∈ (1,∞) .
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We observe that Proposition C.2 follows from Proposition C.3 via the relation between (C.1) and (C.2):

MΛ,Σf (x) ≲
∑
z∈Z

⟨z⟩−N MΛ,z+Σf (x) , ∥z + σk∥ℓ∞(k) ≤ ∥σk∥ℓ∞ + |z| .

Next, we claim that Proposition C.3 follows from Proposition C.4 via a standard trick on dyadic system:

Definition C.5 (One-third shifted dyadic system [53, 70]). Let u ∈ {0, 1/3, 2/3}. Define

I(u) :=
⊔
k

I(u)k , I(u)k :=
{
2k
(
m+ (−1)k u+ [0, 1)

)
⊆ R : m ∈ Z

}
.

Remark C.6. For all finite interval J ⊆ R, there is u ∈ {0, 1/3, 2/3} and I ∈ I(u) such that:

J ⊆ I, 3 |J | < |I| ≤ 6 |J | .

For details, see [53, Lemma 2.5] and [70, Remark 3.2].

We now relate (C.2) and (C.3) via Remark C.6. Fix Λ lacunary and Σ bounded. By splitting Λ into
O
(
1 + ⌈logλ∗ 2⌉

)
many subsequences, we may assume λ∗ > 2. For k ∈ Z, we let nk ∈ Z and snk ∈ R be such

that:

2nk−1 ≤ 3λk < 2nk , λkσk = 2nksnk . (C.4)

As a direct consequence of Remark C.6 and (C.4), we may find for x ∈ R and k ∈ Z a choice of u ∈ {0, 1/3, 2/3}
such that there is I ∈ I(u)nk satisfying

x+ 2nksnk = x+ λkσk ∈ x+ λk (σk + [0, 1)) ⊆ I.

By setting S := {sn}n with

sn :=

{
snk n = nk for some k ∈ Z;
0 else,

we have the following relations:

MΛ,Σf (x) ≲
∑

u∈{0,1/3,2/3}

MI(u),Sf (x) , ∥sn∥ℓ∞(n) ≂ ∥σk∥ℓ∞(k) .

Consequently, Proposition C.3 follows from Proposition C.4 via triangle inequality. To address Proposi-
tion C.4, we begin with an observation:

Remark C.7. Given bounded sequence S := {sk}k in R, we associate S to a pair of bounded integer sequences
⌊S⌋ := {⌊sk⌋}k and ⌈S⌉ := {⌈sk⌉}k. By design (C.3), we have the following trivial relations:

MI,Sf (x) ≤MI,⌊S⌋f (x) +MI,⌈S⌉f (x) , ∥⌊sk⌋∥ℓ∞(k) , ∥⌈sk⌉∥ℓ∞(k) ≤ ∥sk∥ℓ∞(k) + 1.

Hence, for the purpose of proving Proposition C.4, we may assume S ⊆ Z. Following the treatment of
[49, Theorem 3.1], Proposition C.4 reduces to a weighted estimate analogous to [49, Lemma 3.2]:

Lemma C.8. Let S := {sk}k ⊆ Z. For any locally integrable ω ≥ 0, we have:

∥MI,Sf∥L1,∞(ω) ≲ log
(
e+ ∥sk∥ℓ∞(k)

)
∥f∥L1(MI,−Sω) + ∥f∥L1(Mω) .

The proof of Lemma C.8 follows from a direct modification of the proof of [49, Lemma 3.2].



CORNER-TYPE SMOOTHING INEQUALITIES 77

Appendix D. On twisted paraproducts

Given a symbol m = pK ∈ L∞ (R2
)
, we associate to m the following operator:

Tm (f1, f2) (x) :=

ˆ
f1 (x1 − y1, x2) f2 (x1, x2 − y2)K (y) dy (D.1)

=

ˆ
F (1)f1 (ξ1, x2)F (2)f2 (x1, ξ2)m (ξ) e (x · ξ) dξ. (D.2)

Observe for positive definite diagonal matrix Λ ∈ GL2 (R) the following rescaling identity:

Dilp3Λ TDil∞Λ m (f1, f2) = Tm
(
Dilp1Λ f1,Dilp2Λ f2

)
,

1

p3
=

1

p1
+

1

p2
. (D.3)

As a direct consequence, any Hölder type bound for Tm will be preserved under dilation m 7→ Dil∞Λ m. One
sufficient condition for such Hölder type bounds that respect in part the above rescaling properties is the
following symbol condition:

Definition D.1 (Anisotropic Mikhlin-type symbol condition). Given α ∈ (0,∞)2 and m ∈ L∞ (R2
)
, we say

m satisfies the α-Mikhlin-type symbol condition up to order N ∈ N ⊔ {0} if:∣∣∣∂βξm (ξ)
∣∣∣ ≲
N

1/ ∥ξ∥βα , β ∈ {0, 1, . . . , N}2 , ∥ξ∥βα :=
(
|ξ1|1/α1 + |ξ2|1/α2

)β·α
. (D.4)

Theorem D.2 (Twisted paraproduct estimate with anisotropic scaling [23]). For any symbol m = pK satisfying
the α-Mikhlin-type symbol condition up to some sufficiently large order N , the following estimate:

∥Tm (f1, f2)∥Lp3 ≲
m,pj

∥f1∥Lp1 ∥f2∥Lp2 (D.5)

holds whenever the exponents satisfy the following condition:

p1, p2 ∈ (1,∞) ,
1

2
<

1

p3
=

1

p1
+

1

p2
. (D.6)

For our purposes, we consider symbols that possess additional structure. To elaborate, let Φ := {Φk}k ⊆
C∞
c

(
R2
)
be a sequence of smooth bump functions and M := {Mk}k be a sequence of positive definite diagonal

matrices. For any sequence of complex numbers ϵ := {ϵk}k ∈ ℓ∞, we define:

mϵ,Φ,M (ξ) :=
∑
k

ϵkΦk (Mkξ) . (D.7)

We remark that the proof of Theorem D.2 involves a reduction step that morally reduces m to symbol of the
form (D.7) with 1-bounded sequence ϵ, Φ satisfying the regularity condition∣∣∣∂βΦk (ξ)∣∣∣ ≲ 1(1/2,2) (|ξ|) , ∀k, ∀β ∈ {0, 1, . . . , N}2 , (D.8)

and M of the following particular form:

Mk :=

(
2kα1 0
0 2kα2

)
. (D.9)

In fact, direct computation shows that the symbol mϵ,Φ,M satisfies the α-Mikhlin-type symbol condition up
to order N . As one natural extension, we propose the following conjecture for general M :

Conjecture D.3 (Twisted paraproduct associated to M). Given a sequence of positive definite diagonal
matrices M := {Mk}k that satisfies (5.8), there is a constant NM ∈ N⊔{0} such that for any ϵ := {ϵk}k ∈ ℓ∞

and Φ := {Φk}k satisfying (D.8) with N = NM , the following estimate∥∥Tmϵ,Φ,M (f1, f2)
∥∥
Lp3

≲
pj ,M∗

∥ϵk∥ℓ∞(k) ∥f1∥Lp1 ∥f2∥Lp2 (D.10)
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holds for the range mentioned in (D.6).

Via previous discussions and the rescaling identity (D.3), we have that Conjecture D.3 holds and is morally
equivalent to Theorem D.2 for sequences M of the following form:

Mk :=

(
2kα1/λ1 0

0 2kα2/λ2

)
, for some fixed α := (α1, α2) ,λ := (λ1, λ2) ∈ (0,∞)2 . (D.11)
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[70] Andrei K. Lerner and Fedor Nazarov. Intuitive dyadic calculus: the basics. Expo. Math., 37(3):225–265, 2019.
[71] Xiaochun Li. Bilinear Hilbert transforms along curves I: The monomial case. Anal. PDE, 6(1):197–220, 2013.
[72] Xiaochun Li and Lechao Xiao. Uniform estimates for bilinear Hilbert transforms and bilinear maximal functions associated to

polynomials. Amer. J. Math., 138(4):907–962, 2016.
[73] Victor Lie. On the boundedness of the bilinear Hilbert transform along “non-flat” smooth curves. Amer. J. Math., 137(2):313–

363, 2015.
[74] Victor Lie. On the boundedness of the bilinear Hilbert transform along “non-flat” smooth curves. The Banach triangle case

(Lr, 1 ≤ r < ∞). Rev. Mat. Iberoam., 34(1):331–353, 2018.
[75] Walter Littman. Fourier transforms of surface-carried measures and differentiability of surface averages. Bull. Amer. Math.

Soc., 69:766–770, 1963.
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