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SMOOTHING INEQUALITIES FOR CORNER-TYPE BILINEAR AVERAGES:
GEOMETRIC CHARACTERIZATION AND APPLICATIONS

MARTIN HSU, FRED YU-HSIANG LIN

ABSTRACT. We study Sobolev smoothing inequalities for bilinear averages associated with corner-type configu-
rations

Aqp(f1, f2)(21,22) = /fl(l’l +71(t), 2) fa (1, 2 + y2(t))p(t) dt.

In the real-analytic setting, we obtain a complete geometric characterization of the curves v = (v1,y2) for which
Ay ,(f1, f2) satisfies the smoothing inequality

Ao (f1, f)llr S fillg-collf2ll go.—e)

for some € > 0.

For general C* embedded curves, we establish analogous quantitative statement involving purely geometric
conditions that encode certain uniform complexity bounds and allows degeneracies on the various curvature
conditions. For definable families of curves in an arbitrary o-minimal expansion of the real field, the relevant
complexity parameters are uniformly finite, leading to smoothing inequalities that hold uniformly across the
family.

As applications, we obtain bounds for triangular Hilbert transforms along a large family of curves, their
associated maximal operators, and corner-type lacunary spherical maximal operators. We further prove the
existence of configurations of the form (z,y), (z +v1(t),y), (x,y +v2(¢)) inside sets of positive measure, together
with a quantitative lower bound on the gap t.
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Let I C R be an interval, let v := (y1,72) : I — R?, and let p be an integrable function with supp p € I. We

consider the corner-type averaging operator:

Ay, (f1, fo) (x) == /f1 (1 +7 (), 22) fo(z1,22 + 72 (¢) p(t) dt.

For s1, 59 € R, define

(z) :

1
(1 + |z|2> 2

g = [ (60) (€2 F &)

L2(dg)’

(1.1)
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We aim to determine when the operator (1.1) satisfies the Sobolev smoothing inequality:

||~A'y,p (fla f2)||L1 < C’y,p,s ||f1HH(*E,0) ”fQHH(Oﬁe) ) fl,fZ € L2 (R2) ) (1~2)

for some € > 0. The central question of this paper is therefore: which curves v admit the smoothing inequality
(1.2) ¢ Our first main theorem gives a complete characterization in the real-analytic setting.

Theorem 1.1. Given real analytic v : I — R? and non-negative p € C? (R) with [ p(t)dt > 0 and suppp € I,
the Sobolev smoothing inequality (1.2) holds with some 0 < &,Cy . < 00 if and only if img~y is not contained
in any of the following sets

{(z,y) €R* : ax +by =c}, (Line
{(z,y) e R* : ae® + by = c}, (Exp
{(z,y) eR* : a:c+beBy:c}, (Log
{(z,y) eR* : ae’'® 4 beBY = c}, (P-line

for (a,b,c) € R*\ {(0,0,0)} and A, B € R\ {0}.

Remark 1.2. The four exceptional classes are affine lines after applying, independently in each coordinate,
either the identity map or an exponential change of variable. They are genuine obstructions: each class carries
a form of (generalized) modulation symmetry that fixes the left-hand side of (1.2) while the negative Sobolev
norms of suitable modulated inputs tend to zero. In particular, obstructions similar to (W-line), albeit for
smoothing inequalities associated to bilinear averages on R, also appear in the work [25] by Christ and Zhou.
See Hypothesis 2 and Lemma 2.5 in [25].

Beyond the real-analytic characterization, we establish more general results for parametrizations « of curves
I' C R2. These results show that the validity of the Sobolev smoothing inequality (1.2) is governed by geometric
properties of I' rather than by the particular parametrization -+, and they quantify the dependence of the implicit
constant in (1.2) on the relevant geometric and analytic parameters. We begin by specifying the class of curves
under consideration.

Definition 1.3 (Curves in R?). Let N > 0. Wesay I' C R? is a C curve if it is an embedded CV sub-manifold
of R? diffeomorphic to an open interval. By a parametric curve, we mean a C embedding v : I — I' C R?
from an open interval I to R2.

Remark 1.4. If a property P of the parametric curve ~ : I — I' depends on the parametrization, we denote
it by Py; otherwise, we denote it by Pp.

Henceforth, we fix a CV curve I' C R? and a parametrization v : I — I'. The fiber structure of Ay o
naturally leads us to apply Fourier projections and related operators separately in each coordinate. We therefore
introduce the following notation.

Definition 1.5 (Fiber-wise application). Given an operator 7 : LP (R) — LP (R), we define its fiber-wise
application for functions f € LP (RQ) on the plane via the following formulas:

TOf (@) = (Tf(22) (21), TOf(x) = (Tf(21,")) (22).

With the above notion, we can express A, , in terms of its Fourier representation:

Ay (f1, f2) (z) Z/]:(l)fl (&1, 22) FP fo (21, &2) My (€) € ( - €) dE,

where e (2) := ¢*™* denotes the standard character on R, F stands for the Fourier transform, and the multi-
plier/symbol m. , takes the following form:

Mo (€)= [ (6 (0)p(t)dr (1.3)
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The following theorem for the fiber-wise bilinear Fourier integral operator plays a key role in proving our main
theorem for the smoothing inequality:

Theorem 1.6 (A universal bound for the fiber-wise bilinear Fourier integral operator). For a symbol m €
(Ll N LOO) (R2), and functions F, G € (L1 N Loo) (RQ), consider the fiber-wise bilinear Fourier integral operator

T (F,G) (x,y) =11 12 (2, 9) /F (&y) G (z,n) m (&) e (x€ + yn) d&dn. (1.4)
The following estimate holds:

1 4
[T (B, Gl 1 S il lmllg 1E 1l 2 |Gl e

where the two quantities are defined by the following formulas:

= W (p 2 1.
Iralls= |7 (Pym) G| (15)
1
[mlly = H/ D,5)Du,ym(&,m)dE , (1.6)
R L%LgL%

and the multiplicative derivative is defined by

(D ey ) @15+ 2q) i= f(x1+y1,- -+ wa +ya) f(21,- -+, 2q) - (1.7)

To illustrate the connection between the smoothing inequality and the above theorem, we use orthogonality
and introduce the localized multiplier near the frequency X := (A1, A2) € (R \ {0})*:

mwM@f/déﬂmmmﬁHw@Mﬁ

§=1,2

where p € C2° (R) will be chosen to be supported in a short interval around 0 and ¢ € C2° (R) will be chosen
to support in a short interval around 1 (both p, will be rigorously defined in (1.16)). It is enough to prove a
power-decay estimate of the form:

[ Tonyon (FO)| 0 S N IE N [Gl ey N = A 1.

¥5psA Lt ~
YP

By Theorem 1.6, this reduces to establishing the two bounds

— C
Hm%p,AHu N Hm%p,A”U < log™ A
¥:p vop
Estimating these two quantities is the most technical part of the argument. The main difficulty is the oscillatory
structure of the multiplier. Stationary phase suggests the factorization

My px (§) =€ (&7 (£« (£))) Ta (§)

where t = t, (&) solves the critical point equation &€ -4’ (t) = 0. Thus, £ is normal to I" at v (¢, (&¢)). This
geometric interpretation allows us to relate the phase function €7 (¢, (§)) to an expression related to a modified
notion of Gauss map. Such a modification maps a curve I' to the projective space instead of the usual setting
mapping to the 1-sphere.

IWe adopt the convention If (@, 9)llLers = |I1f (@, 9)l 2 for the iterated Lebesgue norms.

||Lg



CORNER-TYPE SMOOTHING INEQUALITIES 5

Definition 1.7 (The projective space). The projective space RP" as a set is given by RP" =R""1\{0} /~ where
E~mn < INER\{0},n=21, VEneR" {0}.
For & := (£1,...,&u41) € R*1\ {0}, we introduce the following notation:
(€= (615 €uga] i= {m € R\ {0} : €~}
We equip RP" with the usual smooth manifold structure and denote RP := RP! for our setting.

Definition 1.8 (The Gauss map). For a C! curve I' C R?, we define the associated Gauss map:
Gr:T' > RP:p— N,I'\ {0}.

Remark 1.9 (Inverse of the Gauss map). Note that a C'! curve I' is homeomorphic to an open interval I C R.
Via the order topology on I, we see that the inverse G ! exists on img gr C RP and is continuous whenever
Or is injective. In other words, an injective Gauss map induces a topological embedding Gr : I' <— RP.

Definition 1.10 (Natural extension of the inverse Gauss map). Assume the inverse Gr L. img Gr — T exists.
We define the extension as below:

r:Cri=| |Gr(p) = T: &G ([€)).

pel

With the above notion, we can now state the key identity vyr (§) = v (¢« (§)) and thus, rewrite:
My px (§) = e (€ (§) ¥a(§).

The quantities ||m pall, and ||my,all; can be computed through oscillatory integrals. We estimate them
using a variant of van der Corput’s lemma stated in APPENDIX A. Although neither the first nor the second
derivative of the phase is uniformly non-vanishing on the entire integration domain, at every point at least one
of the two derivatives is nonzero. The relevant version of van der Corput’s lemma therefore requires a uniform
bound on how often the dominant derivative can change. This complexity is measured by the following quantity.

Definition 1.11 (A uniform finiteness characterization). Given a C! curve I' with injective Gauss map, let
Ar = (Yr,1,7r,2) be the associated extension of the inverse Gauss map. We define:

C E}g ER: EA(O7 )81’71—‘ 1; Egy ; - w%g )
= . C(EeER : (Ai0dare) (0,8 =wy),
T v T o ({eeR (A Auwndiir) En) =w)), | (1.8)
P(s,0) C ({f eR : (A(S,O)A (v,u) 82’71“ 2) (7] f = w})

where C (B) denotes the number of connected components of a set B C R with the convention that C' (&) = 0,
the symbol A, .,y stands for the finite difference given by the formula A, f (2,y) := f (v +u,y +v) — f (z,y),
and the notation p (s, v,7) stands for the sign condition expressed by the following formula:?

mn+sn+vnts+v>0)Vpn+sntvntstv<0). (1.9)

Remark 1.12 (Interpretation of the equality). For a function f : A — B, we interpret the formula f (a) =b
as a shorthand for the following formula:

(ac A)A(beB)A(f(a)=b).

Remark 1.13 (Domains of the functions). Given a function f : R™ D dom f — R", a vector z € R™, and an
index j € {1,...,m}, we interpret the domain of the functions A, f and 9; f as:

domA,f:={x € R™ : x,x+ 2z € dom f}; (1.10)
domo;f :={xcR™ : JyeR", Ve > 0,30 >0,Vh € R, Dy ;(y,€6,6,h,x)} (1.11)

2(1.9) is equivalent to the sign condition sgn (1) = sgn (n + s) = sgn (n + v) = sgn (n + s + v).
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with the formula Dy ; (y,€,0, h, z) expressing the differentiability as below:

fathe)= 1@ ).

Under the above interpretation, we shall allow functions with empty domain.

0<|h| < = <ac,:v—|—hejedomf/\ (1.12)

The oscillatory estimates also require quantitative nondegeneracy conditions on the phase & - yr (§). We
encode these conditions in the following notion.

Definition 1.14 (A-admissibility). We say v : I — I' is A-admissible if v € C* (I) and satisfies:

~) (t)\ <A AN @) AN @) X AXG (), VEel, j=1,2, k=1,2,3,4, (1.13)
where the function X is defined by the following formula:
! A
Y17
Xy: {tel iy )Ny (1) #£0} 5 R*: t— (A/IIA;/) ) -~ (t).
Remark 1.15. As a direct consequence of the mean value theorem, for P € C|[zy,..., 211] and A-admissible
~: T 5T with A>> 1, the following expression:

1 1 1
F:=P 717"")/”7727"'7”/777)
( ' 2T A A
as a function F' : I — C satisfies the following control on the image:
dia (F (U)) < A%"W dia (U), UCI.

Equivalently, it says that F' is a Lipschitz map with the Lipschitz constant Ly < A9P @,

With the above notions, we are ready to make the previously mentioned argument precise. If v : I —» T
is A-admissible, the compactness of supp p permits a finite decomposition of I and p, reducing the analysis to
the following short-interval regime.

Definition 1.16 (Short-interval condition). The tuple (v, p) satisfies the (A, C)-short-interval condition, if
v:1:=(-A" A% T is A-admissible, and p € C? (R) satisfies suppp C A72°I and ||p||o2 = 1.

We now formulate the key statement:
1.1. Decay estimates and smoothing inequalities.

Theorem 1.17. Fiz a bump function ¢ € CX° (R) satisfying the two properties:
]].[_1 1] <o < ]]-(—1,1)7 d(—2)=0¢(z). (1.14)

23
Define for § > 0 the auziliary bump function:

65 (Q) =0 (T) . (1.15)

For A,C > 1 and (v, p) satisfying the (A, C)-short-interval condition 1.16, consider the symbol given by:
My px (§) = /6(5‘7@))0@) dt T] vs(&5/0y), 6:=A71¢ (1.16)
j=1,2
with the parameter X := (A1, A2) satisfying the following conditions:
A > A% Al €Groy (A7CT). (1.17)

The corresponding fiber-wise bilinear Fourier integral operator satisfies the following estimate:

s _ 1 3
[Ty (B @) 1 S ACWEL X720 log2o (IA]) [|F]l 2 |Gl o - (1.18)

~
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Remark 1.18. Notice that (1.17) implies 1 < |[\1| = |A2]. In other words, the above theorem is addressing
Y v
the diagonal parts of the Littlewood-Payley decomposition. See Lemma 2.8 for the proof of this fact.

Once we establish the above decay estimate, it becomes standard procedure to produce our main theorem
regarding the Sobolev smoothing inequalities for A, ,:

Theorem 1.19. There are universal constants c,e > 0 such that for all A-admissible v : I —+ T C R? and
p € C%(R) with supp p € I, the Sobolev smoothing inequality (1.2) holds with:

1
C. < A =10 .
¥, ~ MAX ( * dist (supp 0, IC)> ‘ ’ Hp”02

In other words, we have:

1
HAwp<ﬁ,ﬁn|Llsrnm<<A,

dist (supp p, I¢)

)uvwm%wmmsmmmm@ (1.19)

We also provide a geometric interpretation for Theorem 1.19. Consider the following auxiliary map:

Definition 1.20. Let N > 2. Given an oriented C curve I', we define the following CN~2 map:
> tA1tAz > tA1 p) tA2 (p)
i pel s k(@) £0} B pos (.02 () = i) LR
K K (p)

where £ (p) := (tAl (p) , L2 (p)) denotes the directed unit tangent at p € I and & (p) the signed curvature at p € T.

The following observation formally relates the map Xr to the function X,:

o <7 Ay ) -~ ity
X, = —— . L / t-—= | ovy=Xron. (120)
T Y |7 EANNEZE K

As a consequence, we have charI' := img Xt = imgX,. Furthermore, if I' has non-vanishing curvature and
imgGr C RP\ {[0:1],[1:0]}, the map Xr : ' — charI' C R? is an embedding of ' into R?. We thus
call charI' the characteristic curve of I' whenever such an embedding exists. With these notions, we may
reformulate Theorem 1.19 and provide a qualitative but purely geometric statement:

Theorem 1.21. There is a universal constant € > 0 such that given any C* curve I' C R? satisfying the
following conditions:

(1) imgGr contains neither [1: 0] nor [0 : 1];

(2) both T' and char ' have non-vanishing curvature;

(3) the uniform finiteness condition Zp < oo holds,
the Sobolev smoothing inequality (1.2) holds with some finite 0 < C, ,. < oo for any C* parametrization
~: I =T and any bump function p € C2 (I).

Indeed, take I' satisfying the above three conditions and any C* parametrization v : I — I". We may relate
the three conditions to the notion of A-admissibility for 4. On the one hand, we note that

condition 1 < #; (p) #0, to (p) #0, VpeTl «— "yi (t) ; (t)‘ >0, Viel.

Furthermore, since v : I — I and X : I — charI', we have

//\ X/ X//

il /z (t),} | ) >0, Vtel
o4 X |°

"I (), XL AXD| () >0, Vtel

//|

condition 2 <=

= |¥ Ay
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On the other hand, for any p € C? (R) with supp p € I, we may use the compactness of the support to find
a finite open interval J C R such that suppp € J &€ I, and restrict the domain of v to J. Given the two
equivalent statements of condition (1) and (2), the compactness of J implies that there is a large enough A4 > 1
such that v|; is A-admissible. Theorem 1.21 thus follows from Theorem 1.19 once we invoke the following
key lemma:

Lemma 1.22 (Monotonicity of Zr). Given a C' curve I' C R? with injective Gauss map, if a curve I is a
subset of I, the following inequality holds:

= <Er+0 (1) SJ =r.
Note that the second relation follows from the trivial lower bound 1 < Zp.

Return now to the discussion of the quantitative statement Theorem 1.19. Due to the polynomial de-
pendence on the A-admissibility condition, with little effort, we may generalize Theorem 1.19 to cover
cases where the A-admissibility fails but in a controllable manner. One such example is the parametrization
~ (t) = (cost,sint) for the unit circular arc near t = 0. To formulate the result, we first weaken the notion of
A-admissibility by introducing the following function:

Definition 1.23 (Admissibility function). Given C* parametric curve 4 : I —~» I, we define the function:

Ay (t) = 4] ¢ T
~ (1) max(k?7%§747 ()7ﬁ?§|%| (t),

X, AXA| T (t)> : (1.21)

where we assign oo as the value whenever one of the above expressions is not defined.

,7/ /\71/‘—1 (t),

Notice that the notion of A-admissibility coincides with the condition [|A ||, « (y < A. This fact suggests
that we consider the following natural generalization:

Definition 1.24 (Weak type control on A). Given 0 < p < oo, we set:
1
1Ayl e = 1Ay ooy = ig%)\ {tel : A, (t)> 7. (1.22)

Note that for all 0 < p < g < oo, we always have 1 S || Ay 0 S | Ayl g0
Lp Lp,q

Since the above quantity provides no structural information about the set of poor admissibility, we remedy
this issue via a notion controlling the number of connected components:

Definition 1.25 (Fluctuation control on Ay). Given 0 < a < oo, we define:

|Ay|, = iup ANCH{tel « Ay(t) > A}). (1.23)
>1

Note that for all 0 < a < 8 < 0o, we always have 1 < ]AA,\B < A4,
With the above notions, we provide Sobolev smoothing inequalities adapted to this general setting.

Theorem 1.26. For all 0 < p < oo and 0 < a < oo there are co, > 0 and €po > 0 such that for all c4

parametric curves v : I — T' C R? with injective Gauss map, and p € C? (R) with suppp € I, the Sobolev
smoothing inequality (1.2) holds with:

1 @ 2
Covpipe S Al e s 1A = =
oena 5 05 (1Al Al g ) DS ol
Remark 1.27. When A := [|A,||;w.« = \\A7\|Lw(1) < 00, the parametric curve v : I — T is A-admissible.

Therefore the endpoint p = oo case follows directly from Theorem 1.19.
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1.2. Finiteness and uniformity via o-minimal theory. Up to this point, the finiteness of Zp and [A,|,
are assumed either explicitly or implicitly. Although one may check for specific examples:

~ (t) = (tv t2) ) (COStv sin t) ’ (Pl (t) ’PQ (t))
that Zr,|A,|, < 0o, it is more desirable to have an easily checkable criteria for the finiteness. Below, we shall
provide such criteria via notions from o-minimal theory®

Fix an o-minimal expansion R of (R,+,:,<). Let v : I — T be definable (in R). If Gr is injective, both
Er and |A4|, are finite. In fact, we will prove the following stronger statements:

Lemma 1.28 (A uniform finiteness property for Zr). Consider a definable family {T's}, .5, of C' curves in
R2. If for all o € ¥ the Gauss map Gr, is injective, the following uniform bound holds:

sup &r, < oo.
oex

Lemma 1.29 (A uniform finiteness property for |A|,). Consider a definable family {'70 :RDI, =T, C ]RQ} .
oc

of C* parametric curves. The following uniform bound holds:

sup | A, |, < oc.
oEY

These lemmas demonstrate certain uniformity regarding the boundedness of the two quantities. As a direct
consequence, we have the following variants of the Sobolev smoothing inequalities:

Theorem 1.30 (Smoothing inequalities for families of curves). Consider a definable family

5= {%:RDL,%FUQR?}
ceEX

of Ag-admissible parametric curves. For p, € C2° (R) satisfying supp p, € I, the Sobolev smoothing inequali-

ties (1.2) hold uniformly for all o € ¥ with

1 (&
C S Ag, I|-
”“’p"%m‘”‘< o e ) o ol

for the universal constant c,e > 0 as in Theorem 1.19.

Theorem 1.31 (Strong smoothing inequalities for families of curves). Consider a definable family § :=

{70 R>I, =T, C R2} of C* parametric curves whose Gauss maps are injective. For all 0 < p < oo

oeX

and p, € C% (R) with supp p, € I, the Sobolev smoothing inequalities (1.2) hold uniformly for all o € ¥ with

1 0
C. S A 0oy T3 I
e (e R

for co and €, defined as in Theorem 1.26.

Below, we provide a list of o-minimal expansions of R, := (R, +, -, <) and some examples of curves definable
in the individual structures:

e R,j; consists of semi-algebraic sets. Polynomial curves v (t) = (P (t), P (t)) are definable.

e RE expands with power functions: t%, a € R. See [77] for details. Specifically, ~ (¢) := (|t|*", [t|*?) is
definable.

e R,, expands with all truncated real analytic functions. See [40, 63, 6, 64, 41| for details. For example,
v (t) == Ly /2./9 (t) (cost,sint) is definable.

e Reyp expands with e’. See [57, 92, 93] for details. For example, ~ (t) := (log (t) ,et) is definable.

3For readers’ convenience, we include the required background knowledge in APPENDIX B.
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® R exp combines the previous two bullet points. See [91] for details.

Notably, the sufficiency of the condition in Theorem 1.1 is one direct consequence of the o-minimality of Ry,
and Theorem 1.31. Details are given in SECTION 4.3

1.3. Applications. We next describe four applications of the smoothing estimates: singular integrals, maxi-
mal operators, spherical maximal operators, and the detection of corner-type patterns. To place these results
in context, recall that the systematic study of singular and maximal integrals along submanifolds was initiated
by foundational work of Stein, Wainger, Nagel, Christ, Seeger, and Wright [89, 79, 21, 22, 16, 24]. In paral-
lel, Coifman—Meyer multiplier theory [26, 28] and Lacey—Thiele’s resolution of Calderon’s conjecture [65, 66]
established central tools and model problems for modern multilinear harmonic analysis.

Singular Integral. A broad class combining multilinearity, singular kernels, and Radon-type behavior is given
by

1@ = [ T oo (124
j=1
Question 1.32. For which exponents (p,p1,--- ,p,) € R""! does the estimate hold

1H (Al S Tl 2 (1.25)

J=1

The available methods divide naturally according to whether the projection maps II; are flat(linear) or
curved.

In the flat setting, the natural multilinear extension of Calderon—Zygmund singular integrals is the class
of singular Brascamp-Lieb forms [38]. For instance, the bilinear Hilbert transform is a special case of a
one-dimensional trilinear singular Brascamp-Lieb form. Demeter and Thiele [31] systematically analyzed the
two-dimensional trilinear forms and established bounds in most cases. A notable special case is the twisted
paraproduct, whose boundedness was established by Kovaé¢ [58] and later generalized by Durcik [35, 36].
Among two-dimensional trilinear singular Brascamp—Lieb forms, the principal remaining case with no known
boundedness at any exponent is the form associated with the triangular Hilbert transform:

| s tnpey+ng. (1.26)

A broader classification of trilinear singular Brascamp-Lieb forms was obtained by Becker, Durcik, and the
second author [3] using quiver representations. At the next level of multilinearity, even the trilinear Hilbert
transform, the basic quadrilinear singular Brascamp—Lieb form, remains open.

In the curved setting, oscillatory integral methods become available. The boundedness of the bilinear Hilbert
transform along a parabola was established by Li [71], and generalizations to other non-flat curves were sub-
sequently pursued by Lie [73, 74]. Trilinear Hilbert transform along moment curve was studied by Hu and Lie
[51, 52].

Moving to higher dimension, let v := (71,72) : R — R? be a parametric curve in the plane. We define the
triangular Hilbert transform associated to ~ as*

dt

T, (1, £2) (@) = p.v. [ il 91 (0)0) fo(or,0 92 1) -

Under this notation, the triangular Hilbert transform is T(, ;) (f1, f2) (z). Christ, Durcik, and Roos [23] obtained
the first nontrivial boundedness result in this corner-type family by treating the parabolic curve v () := (t, t2).
A crucial component in obtaining these bounds is the smoothing inequality. In [23], the smoothing inequality is
derived via sublevel set estimates. Chen and Guo [18] later treated polynomial pairs v := (P;, P») with distinct

4We henceforth omit the p- v. notation whenever the proper interpretation is clear from the context.
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leading and lowest degrees by related methods. Our approach is different: inspired by the sparse—uniform
analysis of Gaitan and Lie [43], it applies to broad geometric classes of curves.

We will utilize the uniformity statement for our Sobolev smoothing inequality provided by Theorem 1.30
to generalize the above results.

To formulate our statement, we first introduce the following preliminary notions:

Definition 1.33 (Symmetric punctured neighborhood of 0 and oo). For r > 0, we define:
Up(r):={teR:0<t|<r}, Ux(r):={teR :r<|t|<oo}.
Sets of the form Up (r) (resp. Us (1)) will be referred to as symmetric punctured neighborhoods of 0 (resp.

o0). When the specific value of r > 0 is irrelevant, we simply write Uy and Ux.

Definition 1.34 (Positive homogeneity). A function h : R\ {0} — R is positively homogeneous of degree
a€eRif h(st)=sh(t) for all t # 0 and s > 0.

Definition 1.35 (Asymptotic homogeneity). Let x € {0,00}. A function f : R\ {0} — R is asymptotically
homogeneous near * if it can be approximated by a positively homogeneous function h: R\ {0} — R\ {0} of
non-zero degree via the relation f () /h (t) = 1+ O(|t|*) for some 8, € R satisfying limyy It = 0.

Definition 1.36. Let x € {0,00}. Given an o-minimal expansion R of (R,+,-, <), we say a function f :
R\ {0} — R is definable near * if f|;; : U. — R is definable for some U, = U, (7). In other words, f is germ
equivalent to a definable function at .

Given v = (71,72) : R\ {0} — R?, we introduce the following two easily checkable conditions:

L MY
Vx € {0,000}, hﬁiﬁlﬂt' / ‘7/ e (t)>0 (1.27)
Vx € {0,00}, liminf|y; (t)] = co <= liminf |y, ()| = oo. (1.28)
[t]—* [t]|—=

With the above notions, our result regarding the operator 7% can be formulated as below:

Theorem 1.37 (Triangular Hilbert transform along asymptotically homogeneous definable curves). Let R be
an o-minimal expansion of (R,+,-,<). For j = 1,2, also let v; : R\ {0} — R be asymptotically homogeneous
and definable near both 0 and co. If (1.27) and (1.28) hold, the operator T satisfies the following estimates:

1 1 1 1
1Ty (frs f)llpes S Wfallpes [1f2llpee s YP1.p2 € (Lioo), S <—=—+—<1 (1.29)
P1.p2sY 2 p3 p1op2
The asymptotic notions involved in Theorem 1.37 are motivated by the following observation: the bound-
edness of T’ is dictated by the asymptotic behavior of the parametric curve v near 0 and co. To be precise,
the truncated operator satisfies the following trivial bound:

dt
/ fr(@e+m (1), 22) f2 (21,02 +92 (1) — < 2log (roo/70) [ f1ll Lov [I.f2]l Lo (1.30)
TOSltlgToo Lp3(d9:)
for p; € [1,00] with p% = p% + p%. As a result, studying the boundedness of T, reduces to understanding
truncated operators:
dt
Ty (f1, f2) (%) = /U ( )fl (21 +71 (1), 22) fo (21,22 +92(8) - * € {0, 00} (1.31)

of which the exact definition will be introduced in SECTION 5.3.
In the cases v := (P, P») considered in [18] with P; being polynomials of the form:

Py (t) = ag;t™ + ag, 115 4 4 a1t +ae 9, ag;,ae; #0, (1.32)
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we see that P (t) is asymptotically homogeneous near 0 (resp. oo) of degree e; (resp. dj). With Theorem
1.37, we allow real-valued exponents in (1.32) given suitable interpretation of the power function t* for o € R
and some other well-behaved perturbations.

More generally, the asymptotic homogeneity assumption on +; is natural in the case where the o-minimal
expansion R of (R, +, -, <) is polynomially bounded (see Definition B.14). The detailed discussion is included
in SECTION 5.3.2. As one direct application, we provide the boundedness result analogous to Theorem 1.37
for real analytic v (see Corollary 5.13.)

Mazimal Operator. The bilinear maximal operator

r

1
sup— |f1(z +t)fo(x —t)|dt (1.33)
r>021 J_,
was initially studied by Lacey [67], and subsequently generalized and investigated by Demeter, Tao, and Thiele
[30] in the connection with pointwise ergodic theorems. Curved analogues have been studied by Li, and Xiao
[72] and Gaitan and Lie [42]. In our corner-type setting, for v : R \ {0} — R?, define

M, (f1, f2) (x) == Sup ' fi(xr+ 7 (1), 22) fo (x1, 22 + 72 (1)) di| . (1.34)

T

Theorem 1.38. Let v be as given in Theorem 1.37. The operator M, satisfies the following estimates
My (f1s f)ll e < Ifallpen 12l Lo

YsPj
for the following Banach range
1 1 1
1<p,pp<Lo0o, —=—+4+—<1. (1.35)
p3 P11 P2

The endpoint p3 = 1 is already nontrivial. Determining the optimal quasi-Banach range p3 < 1 lies beyond
the scope of the present paper.

Spherical Maximal Operator. Another maximal operator of interest arises from taking certain supremum
over the spherical averages:

Avg, (f) () == f@—ty)dH"" (y), xeR™ (1.36)
Sd—1
Stein [88] introduced the classical formulation of the spherical maximal operator
§(f) (@) = swp|Ave, () (@)], f & 17 (R (1.37)

and proved the LP boundedness result for d > 3 and p > diil. The more difficult d = 2 case was resolved a
decade later by Bourgain [13]. These LP boundedness results have direct connections to almost everywhere
convergence of solutions to certain PDEs for LP initial data. Subsequent work has considered multilinear
averages and restrictions of the dilation parameter to lacunary or fractal sets.

By replacing Avg, with the following bilinear analog:

BAvg, (f1, f2) (z) := /SM_I fi (& —tyn) fo (@ — ty2) dH** (y1,y2), xR (1.38)
one obtains the bilinear spherical maximal operator:
BS (fi. f2) () = sup BAve, (f1, o) (), f; € 177 (R). (1.39)
>

The operator (1.39) was first studied in [44]. Following [2, 46], Jeong and Lee [55] obtained the sharp range for
d > 2 by a slicing argument. The one-dimensional case was resolved independently by Christ and Zhou [25]
and Dosidis and Ramos [33].
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Restricting the dilation parameter to dyadic scales gives the lacunary spherical maximal operator

Slac (f) (m) ‘= sup AVgt (f) (m) , BSlac (fb f2) (w) ‘= sup BAVgt (fla f2) (m) : (1'40)

te2z tc2Z

Compared with their full counterparts (1.37), (1.39), lacunary spherical maximal operators typically admit
a larger boundedness range. The linear theory was developed in [15, 27]. In the bilinear setting, Borges and
Foster [9] established bounds for d > 2, while Christ and Zhou [25] treated d > 1.

Bhojak, Choudhary, and Shrivastava [5] subsequently introduced twisted/corner-type variants by replacing
Avg, with

CAvg, (f1, f2) (@1, 22) := /Sle fi (@1 — tyr, @2) fo (w1, 09 — ty2) dH* " (y1,92), x; € R (1.41)
They study both the full and lacunary maximal operators associated with these averages:
CS (f1, f2) (1, @2) = sup CAvg, (f1, f2) (1, 22), (1.42)
>
CSac (f1, f2) (1, 2) := sup CAvg,; (f1, f2) (x1, 22) - (1.43)
te2

Related work treats more general dilation sets [34, 86, 87, 85, 1, 10]. In the linear setting, Roos and Seeger [84]
characterized the LP improving region up to endpoints. Variants associated with surfaces other than spheres
appear in [75, 17, 47, 20, 10, 54, 68]. For a recent survey of bilinear spherical averages, see Borges [8].

Our smoothing inequalities yield the following corner-type lacunary maximal estimate. Given v : I — R2,
define the following maximal operator

My (f1, f2) (z) := sup
keZ

/fl (961 + 25 (t) ,$2> ) (1:1,LE2 + 2k, (t)) p(t) dt‘ .

Theorem 1.39. Let v : I — R? be a real analytic function with img~ not contained in the four classes (Line),
(Exp), (Log), or (¥-line). The operator M., satisfies the following estimate

HM’Y(flva)HLpa 5 ||f1||LP1 ||f2HLP2

~sPj

for the same range as in (1.35).

Corner-Type Pattern. Finally, the smoothing inequality can be used to detect configurations of the form
(z,y), (x +7(t),y), (x,y + 12(t)) in subsets of Euclidean space. This problem belongs to the broader study
of arithmetic progression initiated by Roth’s and Szemeredi’s theorems. Major quantitative advances include
work of Gowers [45], Green and Tao [48], Bloom and Sisask [7], Kelly and Meka [56], Leng, Sah, and Sawhney
[69].

A complementary direction replaces linear progressions by nonlinear patterns x,z + y1(t), -+, + Ym/(t).
Bergelson and Leibman [4] obtained a qualitative result for polynomial progressions, and a substantial recent
literature has developed quantitative versions in several ambient settings.

Over finite field, Bourgain and Chang [12] obtained a quantitative bound for z,x + ¢,z + t2. The result
was extended to more general three-term polynomial progression by Peluse [80], Dong, Li, and Sawin [32].
Later, a breakthrough was made by Peluse [81], giving a quantitative bound for arbitrary length of polynomial
progression x,z + Y1 (t), -+ , & + Ym(t) where 1, -, v, are linearly independent polynomials.

Over the integers, Peluse and Prendiville [83] established the first quantitative three-term result, and Peluse
[82] extended it to arbitrary-length polynomial progressions with distinct degrees.

In the real setting, Bourgain [11] obtained a quantitative bound for x,z + ¢, x +t?. This result was extended
by Durcik, Guo and Roos [37] to z,z + t,z + ¥2(t) for polynomial 75 and by Chen, Guo, and Li [19] to
z,x + y(t),z + y2(t) where 71,72 have distinct degrees. Krause, Mirek, Peluse, and Wright [61] recently
obtained arbitrary-length results with distinct polynomial degrees over general local fields.
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The PET induction and degree-lowering mechanisms in [61] are powerful enough to handle arbitrary mul-
tilinearity, but they exploit the algebraic structure of polynomial curves. Their extension to general analytic
curves is therefore not immediate. Our method has a complementary strength and limitation: in the bilinear
corner setting, it replaces polynomial structure by geometric conditions on the curve, but it does not presently
extend to arbitrary multilinearity. Understanding how these method relates to each other and whether these
approaches can be combined is beneficial and a natural direction for future work.

Recently, there are also several results considering finding nonlinear progression in fractal sets [94, 62, 14,
39, 76, 60, 50].

In higher dimensions, the corresponding corner-type configuration is x,z + e1y1(t), -+ , & + epym(t) for
x € R™ where ¢; is the i-th standard unit vector. In the two-dimensional case, our smoothing inequality gives
the following quantitative existence result.

Theorem 1.40. Let ~ := (v1,72) be real analytic in a neighborhood I of 0 with « (0) = 0. If none of the four
classes of forbidden sets (Line), (Exp), (Log), and (V-line) contains « (I), there exists C-, cy > 0 such that

for any E C |0, 1]2 with positive measure, there exists (r1,z2) € R? such that

(z1,22), (@147 (), 22), (z1,22+72(0) €E (1.44)
for some t € I satisfying the gap estimate
t > exp (—exp (Cy |E|79)) . (1.45)

Remark 1.41. We note that whenever

log vy (t) — log 5
iy 10871 (1) —log 7, (1) 40,
t—0 logt

or equivalently (1.27) with % = 0:
ty' (t) ANy (t
YA,
=0y ()73 (1)
the gap estimate (1.45) can be further improved with one less exponentiation

t>exp (—Cy |E|7).

2. DECAY ESTIMATE FOR FOURIER INTEGRAL OPERATORS

Proposition 2.1 (Control by U-norm of the multiplier). For T,,(F,G) defined as in (1.4), we have the esti-
mates:
[T (F, Gl g < Ml (1l g2 G (m) |y ge (2.1)

1
1T (F, )2 < Il IF (&9l 200 (IG @l 1Gla) ™ (2:2)
Proposition 2.2 (Mixed Norm Interpolation). Let cg,c1,co > 0. If a bilinear operator
T: (L' N L®) (R x [0,1]) x (L' 0 L®) ([0,1] x R) — L*® ([0, 1]2)
satisfies the following support size L° control:
supp F CRx P, suppGC QxR = |suppT (F,G)| < ¢ |P|-|Q| (2.3)

and the following two mized-norm estimates:

1T (F, Gl < e [Fllp2 |G (@ m)ll i ge s (2.4)

N

HT(Fv G)HL2 < e HF(&y)HLng (”G($777)HL%L% HG||L4> ) (25)
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then the following estimate holds:
21 4
1T (F, )l S egeres [Flz Gz - (2.6)

Proposition 2.3 (Factorization of m. ,). Assume (v, p) satisfies the (A, C)-short-interval assumption 1.16.
For all § € Cp (i.e. [&] € img@Gr), the oscillatory expression m~ , (§) (1.3) admits the following factorization

My () =€ (&7 (8)) - ¥ (€) (2.7)
into a purely oscillatory term e (&€ - r (€)) and an amplitude term U € C' (Cr) satisfying the estimates:

() < AW g2, [V (g) < A°W g2 (28)
Definition 2.4 (Chirality). We define formally the following quantity:

"ol

3 Mntrn e Y AY”
2 ,.y/ /\ ,.y// ,.y/ /\ ,.y// ,.Y/ /\ 7// :
The quantity detects a certain chirality of the curve since © (y2,71) = —O (71,72). Moreover, when ~ : I =
(A=Y, A7%) =5 T is A-admissible for some A,C > 1, we deduce from the estimate |© (v1,72)" (t)] < AC)
and the mean value theorem a control on the diameter of the image®
dia ® (y1,72) (I) S A°WD dia T = AOW=C « 1,

As a result, when A, C > 1, at least one of the following must hold:

©(v) =0 0n1,72) = (2.9)

O(m,y) () <5, Vel (2.10)

O (y2,m) () <=, Vtel.

Henceforth, after potentially interchanging the order of the pairing (7y1,72), we will always assume (2.10).

Proposition 2.5 (Gowers norm calculation for m.~ , x). Let (v, p) satisfy the (A, C)-short-interval condition.®

Given the two conditions (1.17) and (2.10), the symbol m~ , x given by (1.16) satisfies the following estimates:
S B
[mapall, < APWER N log (1) (2.11)

—_ 1
Imypally < APMER logs (|A]) (2.12)
With Proposition 2.1, 2.2, 2.3, 2.5 above, we will prove Theorem 1.6, 1.17 in the next subsection.

2.1. Proof of Theorem 1.6 and Theorem 1.17. We begin with the proof of Theorem 1.6. Observe that
the fiber structure and the localization in (1.4) suggest that it suffices to consider the case with supp F' C
R x [0,1] and supp G C [0, 1] x R. Moreover, since T,, satisfies the relation:

supp F CRx P, suppGC QxR = suppT, (F,G) CQ x P,
we deduce that 7, satisfies (2.3) with ¢y = 1. Applying now Proposition 2.1 and 2.2, we deduce:
2 1 4
[T (F, G 1 S 15 [lmlfa lmllg [|F)l 2 1G]l g2 -
This concludes the proof of Theorem 1.6.

53ee Remark 1.15.
6Recall Definition 1.16.
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To prove Theorem 1.17, we recall that it is harmless to assume (2.10). By Proposition 2.5, we deduce
the two estimates (2.11) and (2.12). Apply now Theorem 1.6, we deduce:

1
5

4
T (.62 5 (4202 N 10t (D) (490 g% (A)) 1712 161
By direct calculation, we obtain the desired estimate. This concludes the proof of Theorem 1.17.

2.2. Proof of Proposition 2.1: Control via U-norm. We begin with proving (2.1). Applying Fubini’s
theorem, we first integrate over &, followed by 7, and apply a L! bound in 1 to obtain

Tonl(F.G) ()] < H [ P& pmiemetyie- e

(2.13)
Ly

Note that taking the L'(R?) norm of 7,,(F,G) is the same as the L'([0,1]?) norm. Applying Fubini theorem
once more, we reorganize the iterated integral as

(2.14)

1Tl Gl < HH | Flenmiemetaeiac - e
L1
Oy o)
Factoring out G(x,n) from the innermost integral and using the nesting properties of the LP norms on the
space [0, 1], then applying Holder’s inequality, we may further estimate

| [ Flewmenaga G (2,15
- flioD L3l 21 o
< ‘ [ Fewmie netee)as Q@i (216)
- KA L3(0,1))
We introduce a measurable function 7 : [0,1] — R to linearize the norm || - ||z and equate (2.16) with
HH [ FepmEneneae] el (217
& L. LL([0,1)
Applying Holder inequality once more, we bound (2.17) by
[ Femmie et NGl (218
R Lz, ((0,1)%)

Next, we build up several properties related to multiplicative derivative. Beside the definition (1.7), we also
define the partial multiplicative derivative

ngxk) (f(xl’ N 1 AR ,xd)) = f(x17"' 7xk_+y’... 7$d)f(x1’... N AR 7xd). (219)
Lemma 2.6. For u,v € R, 1 <p < o0, the following properties of multiplicative derivative hold:
2
[ #ads| = [ DO y)duds. (2.20)
R R2

17wl = [P, - (2.21)

DI (f(z,9) = (Do) ) (@, 9) (2.22)
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2
[ tawds| = [ D fay)dudsdy. (2.23)
R L2(A R2
D) (H (z, > 125 (fr(z.v) (2.24)
k=1 k=1
DIIDY f(z,y) = 59)775 ' f(z,y), (2.25)

P9, w))

S 1 )l 2o - (2.26)

Proof. For identity (2.20), expanding the square and making the change of variables 2’ = = + u, we obtain
9 -
[ s = [ s pas / F(o,y)ds (227)

/ flx+u,y)f(z,y dud:z—/ D ))dudz (2.28)

For identity (2.21), expanding the right-hand side of (2.21) and with the fact that integration is invariant under
translation , we obtain

[P, =+ wnrew], (2:29)
- HHf(x +uy)f@y) , (2:30)
wllLr(z)
= 1F @ +w )l - F@ )l = M)y - @ )] (2.31)
= £ )l - 1wl = 1£ @ vy (2.32)

For identity (2.22), by the definitions of multiplicative derivative (1.7) and partial multiplicative derivative
(2.19), we obtain

D (f(x,y) = fla+uy) fle.y) = fz +uy+0)f(2,9) = (Do f)(@.y). (2.33)
For identity (2.23), expanding the L2 norm and by (2. 20) we obtain

/f eop)dal j /Rf(x,y)d:c

For identity (2.24), expanding the definition of multiplicative derivative, we obtain

D) (H fk(ifay)) - (H frlz + u7y)> <H fk(rc,y)> (2.35)

dy :/ D (f(z,y))dudzdy . (2.34)
L2(A A JR?

—kaeruyfkl‘y HD (fr(z,9)) (2.36)

For identity (2.25), expanding the deﬁmtlon of multlphcatlve derlvatlve, we obtain
DEDY f(a,y) = D) (f(,y +v)f(2,y)) (2:37)
= (fe+uy+0)fetuy) (f@y+o)iy)) (2.38)

(Fla+uy+0)f@y+v) (fo+uwyiey) (2.39)
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= DY (f(@+u,p)(@,y)) = DODE f(z,y).

(2.40)

For inequality (2.26), expanding the definition of multiplicative derivative and by Holder’s inequality, we obtain

[P9 ], =

To show (2.1), it suffices to show the following estimate
| [ Pemmientaetaeras < Il 12
R L3, ((0,1]%)
y (2.23), and (2.24), the square of the left hand side of (2.42) is equal to

// RZD L y)m(&,n(x))e(x€)) dédudzdy

_ /0 /0 RZpgp(F(g,y)).pq(p(m(g,n(g;))e(xg))dgdudzdy

By Fubini theorem, we rewrite this as

/]R? (/ DY) dy) (/ Dy ))e(xé))dx) dédu.

By L2, x Lgu — Léu Holder inequality, (2.45) is bounded by

1 1
i DO (F(€,y))dy i DO (m (&, n(x))e(x€))dx

LZ

LZ, Eu

y (2.26) and (2.23), the first term in (2.46) can be estimated by
2
< [P (1Fewliz) |, = 1€ iz,
By (2.23) and (2.25), the square of the second term in (2.46) is equal to

[ 2 (ta @D (€. n))e(w))) dudeds
R

=|1F|7--

= [ DIDE (119 1)(z)m(é,n(x))e(x€)) dvdzdEdu
R4

= D< D) (1o 1) (x)m (&, n(x))e(@)) dvdrdidu

2
/ DO (11 (x)m(€, n(x))e(x€)) dé

2
va

Expanding the multiplicative derivative, (2.51) equals to

L Loy(@ + o)Ly (@) -m(&n(z + v))m(E, n@))e((@ + v)§ — 2€)dg

H/ D(o.m(a+v)—n(z)m) (& n(x))e(v€)dE 2

L3 ([=2,1—a]) LZ([0,1])

2

= | FOD@ a0 n(x))m)(v,n(ﬁv))‘ 2 )

1@+ ) F@ 9oy < 1+ )l 1)l 2w = D (£ )l 20

(2.41)

O

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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Hence (2.54) is bounded by

oo

<[l m

L

sn

L3([~x,1-2])L2((0,1]) ESill Lz (-1,

which completes the proof of (2.1).
Last, we prove the inequality (2.2). By (2.23), (2.24), we obtain

1T (F, G)| 72 Z/RG(D(uo )& 9)(D0,0) @) (@, 1) (D) m) (&, me(ru + yv)dadydEdndudv

— /IR 4 <(]—"(2)>—1 D(U,O)F> (&) <( ﬂl))-lp(o,v)G) (1w, M)(D(u,pym) (€, m)dEdndudv

1
— L&w

X Lguv Holder inequality, (2.57) is bounded by

() Paor) o) | [ () Pon) @n@mic

By Plancherel identity and (2.21), the first component in (2.58) equals

By L?

Euv

L2

Lgu’u Euv

:|F

(Do) €. =

HD F(g, y))‘ L2

B 2
= [IFE v

Eullp2

Next, by (2.23), (2.24), the square of the second component in (2.58) equals

-1
/R 5 (Dm,S) () Dw,@G) (1) (D(0,5)Deaoym) (€, m)dndsdédudv .

Then by qum x Loy — L}m Holder inequality, (2.60) is bounded by

/IR (D(0,5)Du,ym) (&, m)dE

-1
(D(o,s) (]—"(1)> D(O’U)G> (u,n) ‘
LL, L

un L1

= [lm]la

2
(55 y) ||L§L§ '

19

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

Note that by Cauchy-Schwarz inequality and Plancherel identity, the first component in (2.61) is bounded by

-1
<D(0,s) (]:(1)) D(O,U)G> (u 77)
-1
< H ((}"(1)) D(o,v)G) (u+s,1m)
2

() 2 |

Hence, (2.61) is bounded by
(o) @) (,m H/ 0.9 P(uny™) (6:1)d

Then by L2 x L? — L} Holder inequality, (2.65) is bounded by

L%‘

2, H <<I(1)> h D(O,v)G) (u,n)

2
L3,

= 1PenG) .,

Ly Lt 1

[11Pow@) @},

|/ P e

LunL.s

L2

= H <<}'(1))1 D(O,U)G) (u+s,m)- <(7(1))_1 D(O,v)G) (u,)

Ll

un

(2.62)
(2.63)

(2.64)

(2.65)

(2.66)
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By the definition (1.6), the second term in (2.66) is exactly the quantity |m||f;. By Minkovski’s inequality and

L2 x LY — L2 Holder’s inequality, the first term in (2.66) is bounded by
€T x T

2 2

=< H!\G(m,n +0)ll s -G(:c,n)\ )

L4 L

2
xn

HH (Do.»)G) (%U)Hign

. = |leean+ v

xn

2
= [l o)lzy - NG ml]

<G, )y, - 1G] Fas
which completes the proof of (2.2).
2.3. Proof of Proposition 2.2: Interpolation. For s € (0,00), we define the following level sets
S = {(90777) €[0,1] xR = s|[G (2,7)]| 2, < ]G(a:,n)}7 QL= ([0,1] xR)\ Q%.
n

By Chebyshev inequality, we obtain the following estimate

G (1'777) —1
1os (z, < H s .
oz e llis = et s s =
As a direct consequence, we obtain the following estimate
102G @m0 < [[I1tex @], 16 @l 3|, <57 162

Applying (2.4), we deduce

T (F, 10 G)

I < ctllFlle 1 G (2, m)| 1y < cts™ IFll 2 1G]l 2
n-x

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

It remains to control T' (F s Lgs> G) via (2.5). To estimate the more complicated mixed-norm expression involved

in (2.5), we introduce a further dyadic decomposition. For j, k € N, we define
Py = {y c0.1] = IF &yl < ||FHL2}’
Pi={yel0,1] : Y7l < IF (€9l <2 P2}
Qo := {:1: €[0,1] : |G (@ m)llz < HG”L?}’

Qi ={w€(0,1] - 27V Gllpe < G ()l 5 < 211Gl 2}
Correspondingly, we define
o0 oo
F= ZFj, Fj:=1pypF, G= ZGk, G := 1o, xrG.
j=0 k=0
By Chebyshev’s inequality, for j, k € N, we have the estimate
. 9 2 iy
P < @FL) " [ (1€ ly) dy < 272,

J

@l < (21671”(;”“)_2 / (||G($,77)HL%,>2d:c <272,

Qk

Also note that Py, Qo C [0,1]. Hence for j, k € N1 {0},

1Pl S27%, Qi S 277

(2.72)

(2.73)
(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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Below we estimate three relevant mixed-norm expressions in (2.5). By the upper bound estimate in the

definition of (2.72) and (2.73), we have

1 1 1 . 1 .
185 (€l zzy < N5 (€)1 0p5 IF5 (60320 < IFUG (27 1F2)* = 272 1P o

Similarly, by the upper bound estimate provided by the defining formula of (2.74) and (2.75), we have:

1 1 1 1
2 2 2 k 2 k
G (@ m)l25 < Gk (2 ) Ea g G (&) e < IGNEs (2501611 22)* = 272Gl o

For the L* expression, we use the upper bound estimate in (2.69) and deduce

1

15l <|[toz (w’”)H; [tesceen

L (Qw)

1 1
< |16 @z, (516 @ m)l.3)°

= s'2 |Gy (@ m)lzzpa -
L3 (Qk)

Observe that (2.3) implies the following estimate

3 Lo 1
< s T (Fy, 10 Gi )| |7 (B 102G ) |, < 6 1P17 1Qul?

|7 (510261

Lt L
Applying (2.79) and (2.5), the above term is dominated by
1 1
ES . 2
S22 el €y (1o G|, , 106 L)

By the trivial estimate ‘]IQ; Gk‘ < |Gg| and (2.82), we further dominate the above by

N

1
S277 7 g er ||y & llrzrs (HGk (@)l gzps - 52 |G (56777)||L2,L;§)
Finally, combining the two estimates (2.80) and (2.81), we conclude

<979/ k/2026281/4 [E 2 NGl 2 -

|7 (5310264,
Summing over j, k € NU {0}, we have
1
HT (P.10:G) HL < cZeas || F| 12 |G e -
Combining (2.71) and (2.83), we have

Tt
IT(F, Gl < ||T (F1g:G)||,, + HT (F 1gs )H (e1s™! + 2 east) | Fll 2 Gl e -

4/5
Taking s = ( C Y 202_ 101) , we obtain the desired conclusion: (2.6)

_1/2 _ —4/5 1 _1/9 _ 1/5 1
IT(F,6)ll % ( (2 er) ™ 4 cgen (e e er) ) IF e NG ~ cgefcs I Fll e IG5

r (Fj’]lQSZGk)‘ L

(2.80)

(2.81)

(2.82)

5 .

(2.83)

(2.84)
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2.4. Proof of Proposition 2.3: Decomposition of the multiplier. We now perform the decomposition
(2.7). We begin by analyzing the phase function. The critical point of the phase is given by the inverse of the
function 0 := —~1 /4,

te (§) = 07" (&2/61), (2.85)
which is well-defined for & € Cr due to (2.104) and (2.105). Note that t, solves the equation
£~ (1.(&) = 0. (2.86)
With this in hand, we extract the principal oscillation and obtain the decomposition
o (€)= ¢ (€7 (1. (€) [ e (& vlig) plt)dt, (2.87)
where ’y|§*(§) :=(t) — v(t« (§)). Due to the relation given by the geometric interpretation of solving (2.86),
Y (£« () = (§) - (2.88)

It remains to show the amplitude term

w(e) = [ (&) o0t (289)

satisfies the desired estimate whenever £ € Cr. Applying Van der Corput’s lemma A.1, we obtain the estimate

2

¥ @15 (infle- 7" O]) (ol + 1) < (intle-r o))

It remains to estimate the term within the infimum.

Lemma 2.7 (Non-degeneracy of curvature). For € € Cr we have the following identities:

£ (t.(€) = (-1)'& <” ,C,? ) (t (€)), {ij}=1{1.2}; (2.90)
J
& @0l =16l (P57 . @, (291)
Moreover, under Assumption 1.16, the following estimate holds:
€+ (t)] > AOWg|, vtel (2.92)

Given Lemma 2.7, the first estimate in (2.8) follows. We now prove the lemma.

Proof of Lemma 2.7. Recall (2.86). Simplifying the following expression

"

£ (b (6) = €+ (12 (€)) — €+ (12 €))- (Z) (t. (¢))
gives exactly (2.90). As for (2.91), we observe that (2.86) implies also the relation
e— g (220) o).
for the correct sign. Taking now the inner product with 4" (¢, (€)), we deduce
€. @) = =16l () (€)' (@) = 716l (YT ) (1 90
The identity (2.91) thus follows. Finally, to show (2.92), we start with the triangle inequality
€4 ()] > |-~ (8 (€))] = [&] - [ (1) =" (£ (€))] -
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By (2.91) and Remark 1.15, we bound the above from below with

=1 <|7 = |> (£ (€)) — [€] - 17"l oo 111 > A2 ] — ATC[g] > A0 ¢]

ol
and conclude the proof of (2.92). O
Next, to prove the second estimate in (2.8), we pass the derivative inside the integral
VU (€)= /e (€7l e)) -2 | Ve (€ vle)) | (0 dt: (2.93)
Note that the characterizing equation of the critical points (2.86) implies that
Ve (E e L(g)) =7 i*(g) + (f Y (L (E))) Vit (§) = ’Y‘L(g) : (2.94)

We may thus simplify the formula for V¥ and write

V(€)= [ e (& i) - 2minlhig p (O

Apply integration by-parts and the fact (2.86). We equate the above with

—/e (E : 7!@(&)) -0 (Eﬁ(g) -p(t)) dt. (2.95)

t
Vo)

This suggests that we consider the function

Yoy  Ji At (€) +0(t — . (€))) b

Ag (t) == e = — ” . (2.96)
5' Y ‘t*(g) fo 6'7 (t* (£)+0(t*t* (E)))d@
Applying Van der Corput lemma A.1 to (2.95), together with (2.92), we obtain the estimate
1
. 2 1
v @) 5 (nle 7 O1)  (1Aeo) -+ [(Aen) ) £ A I Al (207
To complete the proof of the second estimate in (2.8), it remains to show the following estimate
Aoy < A%V 1€, vEecr. (2.98)

Recall (2.96). By direct computation, we obtain

AL ()= Y (GO Ot (€)6d) o Jo & (1 () +0 (0~ 1. (€)) 0
T e (OOt (©)d8 T [TE A (8 () 0 (t 1. (€)) dE
o Jo " () + O (-1 (8)) 0%d0 Jo &7 (1 (&) + 0.t — 1. (£))) 6°d0

AL () =5 Ag () 705

Jo & (£ (€) +0.(t — 1. (€))) db Jo & (. (€) +0(t — 1. (€))) db

Jy € (8 (€) + 0t — 1. (£))) 0d

Jo €7 (0 (&) + 0t — 1 (€)))d0
Applying now the A-admissibility assumption (1.13) and (2.92), we deduce

[Ag (1) < AW g1 AL (1)) < AW Jg]71 + AW | A, (1)

—2A (1)

| AL ()] < AW 1g]7H + AW (|Ag ()] + AL ()]) -
Combining the above estimates gives (2.98). This completes the proof of (2.8). ]
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2.5. Proof of Proposition 2.5: Calculation of the u- and U-norms. We will first prove the inequality
(2.11). Our first step is to obtain the following point-wise estimate

FODggymy i (2,m)| < APWEp (14 [Aa]) "2 . (2.99)

Recall again (1.16). To control the above oscillatory integral expression, we shall first extract the main oscil-
latory mode of m~ , x. This can be achieved by Proposition 2.3, once we know for X satisfying (1.17), the
following implication holds:

Vs (§/M1) vs (n/X2) #0 = [ :n] € imgGr.

Below, we provide the following lemma which not only ensures the above property but also describes the image
of Gauss map and the dichotomy between the stationary and the non-stationary phase contributions:

Lemma 2.8. Let A := (A1, \o) € (R\ {0})%. We have the following implication

Al €imgGr = A2 < |\/)\| < A% (2.100)
and for & satisfying |§; — Aj| < 0 |A;| the following dichotomy:
[A] € Gro~y (A_CI) = dtel, £€-4'(t)=0(i.e. [£]€imgqr); (2.101)

A ¢ Groy (ACI) = Vtesuppp, |-+ (t)] = A7 |N]. (2.102)

Proof. Via rescaling, it suffices to assume A := (1,\) for some A € R\ {0}. As an immediate consequence of
the given assumption on €. We have:

52 62 - A A — )\51 26

>\ < + < S < AOM—AC N 2.103
R e E A (2109

Next, we describe the image of Gr o+. Let U C I and set 6 := —v} /4. Due to the following identity
Grov(U)={[nt):—n®)]=[1:0@)]:teU},

we can identify the image of Gr o v with the image of 8 via the relation

[1:Ne€Groy(U) < Aebd(U). (2.104)
Notice that, by direct computation, the A-admissibility assumption on ~ : I — I gives
/ "
0 = 7( A/)Z , AT < A AT <0 < AL (2.105)
72

This has various implications. On the one hand, combining (2.104) and (2.105) yields immediately (2.100)
A :=[1:N€imgGr=Gr(I) = A€ 0(I) = A2 < |\ =] /]| < A%
On the other hand, we deduce that § must be monotone and satisfy a refinement of Remark 1.15:
B(O@),A3r) CO(B(t,r) CB(01),A"), B(tr)CI

As an immediate consequence, we have the following nested relations:

0 (suppp) C 0 (A72°T) C B (0(0), A**°) (2.106)
CB((0),A32¢) Co(ACI) C B(0(0),A* %) (2.107)
CB((0),A %) Co() (2.108)

whenever C' > 1. We are now ready to prove the two statements (2.101) and (2.102).
Starting with (2.101), let [A] :=[1: A] € Gr oy (A=CI). By (2.104) and (2.107), we deduce that:

A€ (ACI)CB(0(0),A ).
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By (2.103) and (2.105), triangle inequality gives:

572 _ (0)‘ < fj _ )\‘ + |>\ - 9(0)| < A472C +AO(1)74C — AO(l)fQC'

&1 &
Together with (2.108), this shows that:

£cp (9 (0) ,AOHHC) CB((0),A ) Co()

&
for C > 1. Finally, by (2.104) again, we conclude (2.101):

€] = [1 : gj € Gro~(I)=1imggr.

To show (2.102), we let [A] :=[1: A] ¢ Gr o~y (A=CI) and ¢ € supp p. We observe that:

)
€2—'9(7¢)"|€1|‘!'y§(t)}2 52_9(75)'.114>A—2 Z

&4 ()] = 3 0 >

It suffices to prove the following estimate:

—G(t)‘.

& _ (t)‘ > A0 |y (2.109)

&1
to conclude (2.102). To show (2.109), we start with the triangle inequality:

52_9@)‘ > [A=0(0)]—16(t) —6(0)] —

&1
By (2.103) and (2.106), we bound the above from below with:

&2 ‘

2.

&1

> |A—0(0)] — A13C — A0MW—AC )| (2.110)

We now investigate two cases:
e the || < A“ case: since A ¢ 6 (A1) by (2.104), the relation (2.107) implies:

(2.110) > A~372C _ 44-3C _ O(1)=3C _ 4-0(1)-2C

In other words, we conclude (2.109):

?_ (t)‘ Z A*O(l)*QC 2 A*4C ’A’
1

for large enough C' > 1.
o the |\| > A case: we perform another triangle inequality:

(2.110) 2 ]\ = [0 (0)] — 43 — 4OW~1C |y

and utilize the estimate (2.105) to conclude (2.109):

? - <t>' > ATOW A = A9 > A7OW ) = A7OW |
1

for large enough C > 1.
This completes the proof of (2.102). O
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With Lemma 2.8 and Proposition 2.3, we may write

FODg gy o (2,1) = / e (Do) (&) - Ar (£,m)) + &) DI (15 (£/A1) s (n/A2) W (€,m)) dE.

We now perform the change of variables:

E=NE =l s=A5 A=AA=Al (M ). (2.111)
This produces the following identity:
FOD g o) = [(IN- @ (567)) T (A5E7) &, (2.112)
where
o (m,§,£ﬁ> = A (({ ﬁ) Ap ({, 77)) s (2.113)
U (A5.67) = D (s (/A1) vs (7/32) w (IME A7) (2.114)

Our next step is to estimate ||¥||z and H(?glflﬂ 1. For the sake of discussion, we introduce a super set:

Asp = {5 e (R\{01)? : [¢] cimgGp, 1-106<¢| <1+ 105} (2.115)

of the following set:

> U {eer us (@) v (e/%) 0}
[X]Ggﬂ;'rizf_c])

Recall (1.15). By the estimates (2.8) and the fact that ‘X‘ = 1, we obtain

~ ~ N2 N2
19 <IN 6o || (\A§,|)\|n>HLOO(A”> < AL (490 [A72) " = 400 (2.116)
and, by product rule, the following estimate
~ ~ 2
[og®]],, = 2ol o (e WA
#2A oA Lol v (WENR) | e (Newa)| L
< IAJACD X724 | A2 ACD=0©) |x]72 A00) |x]75 < 400, (2.117)

Hence, we finish the estimates for the amplitude function 0. Next, we establish estimates for the phase function
®. To proceed, we first introduce relevant derivative identities related to yr and t.. Recall (2.86) and (2.88).
For the sake of clarity, we will suppress the £ input dependence when it is clear from the context.

Lemma 2.9 (Derivative identities). Let € € Cr (i.e. [£] € imgGr). We have the following identities:
V(€ ) =70 =7(). (2.118)

i, gl ( e (w)? ) ()= L ( ) i ) (). (2.119)
1

,.y/ A ,.y//’ ,.y/ A ,.y// 52 ,.y/ A ,.y//’ ,.y/ A ,.y//
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Proof of Lemma 2.9. Starting with (2.118), we utilize the fact (2.88), apply chain rule, and invoke (2.86):
V() =91+ (&7 (t)) - Vit =r.
This justifies the identity (2.118). To prove (2.119), we begin with the derivatives of (2.86):
Y (ta) + (€7 (1)) Vi = 0.
By the first identity (2.90) in Lemma 2.7, the above can be rewritten as:

¥ () + (1€ ('7' A?”) (1)t =0, {i.j}=1{1,2}.

7j
Solving for Vt, gives exactly (2.119). This concludes the proof of Lemma 2.9. O
Returning to the discussion on estimating &), we provide the following lower bound estimates

Lemma 2.10. Let A |z| > 4 and (§,n),(&,n+s) € Asp. Assume also the correct chirality (2.10). The phase
function defined by (2.113) satisfies the following estimate:

max(‘)\agé x,8,6,m ‘ ’)\35 x,8,&,1)

) > A=0W \g|2 . (2.120)

Proof of Lemma 2.10. To prove (2.120), it suffices to show that the following upper bound:
06 (w,5,€,m)| < |2/A2 (2.121)
implies the following lower bound:

033 (2,5,€,m)] > 400 |z (2.122)
under the chirality assumption (2.10). Assume (2.121). We start by rewriting (2.121). Indeed, we deduce from
(2.118) the following:

O (w,,6,m) = 2 + Do, (b (€,m) = @ + e
As a result, we obtain the following relation:

s 1 1 1
p4 e < /A2 < /A7 - (A a] /4)? = || /2.

This implies

t«(§m+s)
|l | = 1al /2. (2.123)
On the other hand, by chain rule and (2.119), we also obtain the following identities:
t*(gan+s)
3 1 (11)° 74 L ()
2 1) 2 1) 72
agcp (xﬂ 876777) = EA(O,S) (7/ A '7” (t* (6777)) = g ' 7/ A 7//
We now rewrite the above expression:
F O CT i . tu(Em+s)
— *(S,N T8 «(&,MTs
R [lien | hiien
T e

By Cauchy’s mean value theorem, there is a value ¢y between the two values t, (£,7) and ¢, (£, + s) such that:

_ 1 N2\ 5
08B (v, 6m) = ¢ ((Eji,j) /vi)( o) i),
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Applying the relation (2.123), the fact that (£,7) € Asr, and the property (2.100), we deduce:

()™
(71A7’?> P

We perform the explicit computation and invoke the chirality assumption (2.10):

02 (,5,€,m)| > 4700 ] (t0).

2 /
((vi) vé) / 32271’7%7175_ M YA

,-7/ A ,-Y// ,-7 A ,-Y// ,-y/ A ,-y// ,-Y/ A ,-y//
3 ,yI/,Y/ + ,y ,.)/ ,Y/ ,_y/ ,y/ A ,_ylll 1 1
=35 L= /2/ 1_ /12//' / //_7:@(’71772)_7§ n
2 Y Ny Y AN Ay 2 2 4
This concludes (2.122) and finishes the proof of Lemma 2.10. O

We are ready to show (2.99). Consider the two cases: |Az| < 4 and |Az| > 4. For the former, we recall
(2.112), (2.114), and (2.116) and perform trivial estimate to conclude (2.99):

(2.112)] < fol (A,'g,g,ﬁ)‘ < || o < A°D < AW (1 + |Az) 72 .

L (d€)
For the latter case |Az| > 4, we shall utilize Lemma 2.10 and apply Proposition A.6, a reformulation of

Van der Corput lemma. Indeed, for the purpose of proving (2.99), it suffices to consider those values of s, §~, n
such that (2.114) does not vanish. We may thus apply Lemma 2.10 to deduce:

inf max ‘ag;p\y o (x,g,g,ﬁ) 75 gm0 Az|z, Ji= {Ee R : 5 (E/X1> ” o}. (2.124)

gegi=12
On the other hand, due to (2.118), we have the following identity:

020 (v.3.8,71) = Dosderra (£7)
Coupled the above with the sign condition sgn (77) = sgn (77 + 3) given by the support of (2.114), we deduce:”

M (02N ® (2,5, 7)) = M (1N A1 (+7) = M (Ao zdem (7)) < = (2.125)
With (2.116), (2.117), (2.124), and (2.125), Proposition A.6 yields the desired estimate (2.99):
2
2112)] 5 - (H HLOO(J H )Ll(J)> Zr (14 |Aa)) 2.
inf max ‘8j IA| (x 3¢, 77)
fegi=12

Using now (2.99), we finish the proof of (2.11):

[y p Al

= Hf YDoympa (@ ”)‘ L2, L2([-1,1)

1
1 1 2 1 1
< A0z / < AOW=p X2 log? (|A]).
A r( ; 1+|A|xd$ <A r |A|72 log2 (|A])

Finally, we will prove the estimate (2.12). We start by showing the following point-wise estimate:

AWz, s (u,v 2
’/D(O:S)D(uzv)m%p)\ (&n) df‘ ST (1 + HIM)) . (2.126)

"Recall Definition 1.11.
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Recall again (1.16). By Proposition 2.3 and Lemma 2.8, we may write:

[ Do Pl (€1 d = [ ¢ (@0 A 60 - (€ DIDED (v (£ ) s (L) wiem) ae
We now perform the change of variables (2.111) along with
u=|Alw, v=|A7v.
This produces the following identity:

/ D(0,)Dlu) My (6:77) dE = / e (1A ® (5.3,5,67)) ¥ (A51,5,67) d, (2.127)

where
@ (5.3.5.67) = Ao dan |(E7) - (€77)] (2.128)
B (2 50.5.87) = NDPDED (s (€/3) v (/%) w (1AIEIN7)). (2.129)
Our next step is to estimate ||¥| 1 and ||8~\I!||L1. Utilizing (2.8), we perform computation similar to (2.116):
1)), < - | (116 M) gy S (A0 AITE) = 4001 (2.130)

and computation similar to (2.117):

Joc®] < 1x1- 11 e (NENT)]

(Asr)
F4A 6ol v (INE )| wtaen)] HW<I>\\£P\I77)H )
< IAJAOW A 72 4 (AP ACD=OC) |72 A% |A]7E < 490/ | (2.131)

This completes the estimates for the amplitude function v, Next, we establish an estimate for the phase
function .

Lemma 2.11. Let A|s (u,v)| > 1 and U C Asr conver with dia (U) < A~C. Given that

&mn), (En+s), €+un+ov), E+unt+s+v) €U, (2.132)
the phase function defined by (2.128) satisfies the following estimate:

1
e (M% (3,0, € )|« |NOED (5, ,v, )] ) > A7OW s (u,0)]2 . (2.133)

8§<D (s,u,v,&,1m)
0? <I>(8 u,v,&,m)
Since derivative commutes with difference, we have
a&% (S, u,v, é-a 77) _ <A(O,S)A(u,v)8§ [(57 77) " (57 77)])
a§2q> (57 u, v, ga 77) A(O,S)A(u,v)ag [(51 77) T (é? 77)] '

Moreover, we may utilize the identity (2.118) and equate the above with

A(0 s)A(u v)IT,1 (5777) )
= ’ o . 2.135
<A(0,s)A(u,v)3§7F,1 & n) ( )

Proof. We will first prove

> AW |5 (u,v)] . (2.134)
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We claim that for a C? function f : Asr — R, there is (£;,7m1) € U such that the following identity for
iterated finite difference holds:

A5y D) f (€n) =5V, f (&1,m) - (Z) : (2.136)

The above claim holds because: By the mean value theorem, we have
(A0, Q@) (€)= (D@ )(En+8) = (D@ f)(En) (2.137)
=5 OpApuu)f (En+018) =5 A p)Onf (€ n+015) (2.138)

for some 07 € (0,1). Then by another application of the mean value theorem, we can further equate the above
with
=5 (Opf (§+u,n+01s+v) = 0pf (§,n+015))

=5 VO, f (§+ O2u,n + 615+ O2v) - <Z>

for some 6 € (0,1). In other words, we may take ({1,m1) := (£ + O2u,n + 015 + O3v) € U.
With the claim above, We obtain the following identity:

85(?/ (57 u?”?&?’r]) — (2135) =5- < varﬂ/l“,l (517771) > . <u) .

P (s,u,v,&,1) 0:V o (§2,m2) v
We may force a main term to have its entries sharing the same input a the cost of a small error term. That is,
via telescoping, we identify the above with:

(€1,m)
= S- < anvr}/l—"l > . <u) +s- 877V,‘YF71‘(£;’77;) . <'U/> =:S- Mmain . <u> +s- Merr : (u> .
O0¢0p V1 (€ama) \V 0 v v v

We claim that it suffices to show the following upper bounds:

[ Minsinllgp < AW, || M|, < A9 (2.139)

and lower bound
|det Miyain| > A~OW (2.140)
to prove (2.134). Indeed, assuming both (2.139) and (2.140), M,ain admits a singular value decomposition:
-1\4'main:-P<0-1 O)Q*u o1 > 02 > 0.
0 (o]
Using the following facts:
g1 = ”MmainH

we deduce the following lower bound:

u
‘Mmain . (1})

Combing this with the trivial estimate:

op> 0102 = ’det Mmain| )

- |det Mmain‘ )

= u,v)| > A7OW |(u,v)|.
P |00) (u,0)

> a2 - |(u, )]

u _
Mo ()] < 1Ml - 00)] < 40 (0, 0)]

S'Mmain'<z>’_ S'Merr'<Z)’

> |s] - A7 |(u,0)] = |s] - APD 7| (u,0)] = AW |5 (u, v)) -

we conclude the desired estimate (2.134):

((95(5 (s, u,v,ﬁ,n))

>

63(5 (87 u7 U7 57 /’7)
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Return to the proof of (2.139) and (2.140). To proceed, we shall perform a few explicit calculation via identities
provided by Lemma 2.9. Let the input variable be € := ({1, &) € Asr. We have:

VAry =9, (t.) Vt, = Vlg*) : <773A”i”, ;ffﬁ,,) (t.) = 511 Xy (t) (2.141)
Vs = ; X () Oyt = &152 XL (t.) (;ﬁ) () (2.142)
g [ o, (E o (. o

Given the three identities (2.141), (2.142), and (2.143), the main term estimate in (2.139) follows from the
A-admissibility assumption on v : I —TI*:

| Minainlop < V2max (|(2.142)],[(2.143)]) < A9,
To prove the error term estimate in (2.139), we apply fundamental theorem of calculus to the entries:

1
(E1,m) _ _ . . OOy Vr 1
VTl 6y ) = /0 (& —&,m —m2) < PVr.
By (2.143) and the A-admissibility assumption on v : I — T', we deduce:
0Vl

This justifies the error term estimate in (2.139):

deo.
(&2,m2)+0(&1—E2,m —n2)

< AW (&1 — &, m1 —m2)| < AW - dia (U) < AP,

| errHOp > ‘8 Vo, 1|€§;’Z;)

Finally, to prove (2.140), we shall utilize the alternating nature of the determinant expressions. Observe that
identities (2.142) and (2.143) give

Lo % U [y 0%y (i pikp)
det Mimain = _a Xy () - (,Y/ A (t) A 52 Xy =Xy ~ AN - Xy Ay (ts) - A (ts) -

By removing all parallel vector pairs, the above identity can be simplified into:

1 1\
s (A% (1) (2 (1),
Invoking the A-admissibility assumption on 4 : I —~+ I, we conclude (2.140)

3
(t.) > A~OW),

det Main =

N
,-Y/ A ,-Y//
Now that (2.134) has been proven, we shall now deduce (2.133) from (2.134). Let

|det Munain| > A=W X, A XY (ts) -

M = max <‘)\85<I> (s,u,v,ﬁ,n)‘ , ’/\852&) (s,u,v,&,n) 2> i

65&; (37 U,Ua§,77)
O2® (s,u,v,&,n)

We have the following trivial estimate:

(M2 + M4)% > A > AW | \s (u,v)| > A7OW.
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This implies the trivial estimate M > A~9() and thus:

ACW N2 > (M2 4 M7 > A~OW) s (u,v)].

After rearrangement, we conclude (2.133). This completes the proof of Lemma 2.11. O
We return to the proof of (2.126). Consider the two cases:
el g o pa )
For the former, we recall (2.127), (2.129), and (2.130) and perform trivial estimate to conclude (2.126):
- _1
2127 < |9 (A 5a05.87)| | g = ¥l = 4%/ 10 < ’(;\)’“F <1+ |5(‘2;:’v)\) :
For the latter case ‘s(&‘v | = IA| - |$ (w,v)| > 1, we shall utilize Lemma 2.11 and apply Proposition A.6
again. Note that for the purpose of proving (2.126), the support of (2.129) naturally imposes condition (2.132)
(&7), (E7+5), (§+a7+7), ((+aq+5+7)eU (2.144)
with the convex set U given by
U= {(&7) € B s (&/A) s (7/2) # 0} € Asr (2.145)

Consider now the interval
={&er vy (E/30) s ((€+7) /N) # 0}

By Lemma 2.11, we have:

1
inf max (agw o (”g 7, 5,g,ﬁ) 7> ATOW Nz - 5 (@, 0)|2 = A7OW .

fesp =12

(2.146)

On the other hand, due to (2.118), we have the following identity:
028 (5,0,3.67) = Ao dandema (67)

Couple the above with the sign condition sgn (77) = sgn (7 + 5) = sgn (7 + v) = sgn (17 + 5 + v) given by (2.144)
and (2.145), we deduce the following estimate:®

M (8§«|M®(§ U, , - ﬁ)) (WA 0 @n 9 (- Tﬂ) <A(0"’)A(1‘Ii; dgrr (-, 7“7)) S, (2.147)
With (2.130), (2.131), (2.146), and (2.147), Proposition A.6 yields the desired estimate (2.126):

e NN (), ool ) <25 ()
inf niaxl(?ﬂ)\\@ (g,ﬂﬁ,f?ﬁ) ’ ’
feg i=121 ¢

Using now (2.126), we finish the proof of (2.12):

Hm'y,p)\ U~

/D(O,S)D(u,v)mv,p,)\ (57 77) dg

LgSn Ls L ([s],|vI<IAL)

8Recall again Definition 1.11.
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_1
NN
RY Al

L(ds,|sI<IAD | L2 (do,|v]<|A])

= A%Wzy,

|+ sz

LHES RIS | 22 (dw, jol< )

A (1)_p . ! d % A (1)\—1“1 2 A
< o)z < o)z 2 .
/0 1 v v 0og (| |)

This completes the proof of Proposition 2.5.

3. SMOOTHING INEQUALITIES FOR AVERAGING OPERATORS AND THEIR VARIANTS

Before entering the analysis, we shall first the key statement Lemma 1.22 that allows us to reduce the
argument to the analysis on smaller segments of curves.

3.1. Proof of Lemma 1.22: monotonicity of =r.

Proof. Recall Definition 1.11. Let s,u,v,w,n € R be such that satisfy p (s,v,n). By symmetry it suffices to
establish the following two inequalities:

C{EeR : Ay (En) =w}) <C({EER : Ag g (&n) =w})+O0(1); (3.1)

C{EeR : A Ay (En) =w}) <C{EER : AggAwpndire (§n) =w}) +0(1).  (3.2)
By invoking Remark A.2, (3.1) and (3.2) can be deduced by finding sets W7, Wa C R with each at most O (1)
many connected components such that the following two identities hold:

{€eR : Ay (En) =wh={eR : Ay (En) =w}NWi; (3.3)

{€eR : A A (6n) =wh ={E€R : AgoAwndiyr (&n) =w}NWs. (3.4)

To proceed, we first study the various relations between Gr and Grr. Recall Remark 1.9. By assumption,
we have a topological embedding Gr : I' < RP. Since I'' is an open connected subset of I' under the topology
equipped by I', we have not only the identity:

grv = gF’F, T — RP

but also img Gr» = Gr (I) as an open connected subset of the open connected subset img Gr C RP under the
topology equipped by RP. As a direct consequence, their continuous inverses are related in the following way:

Gr' = Gr gy 1 0 (I) — T (3.5)

This suggests that we express v in terms of ~4r via restricting the domain. To be precise, we start by
introducing the following topological embeddings:

t: RS RP\{[1:0]} CRP: £ [€:1].

Consider the following open set:

U:=:YimgGr = ¢! (imgGr \ {[1:0]}) CR. (3.6)
Via the embeddings ¢ and the open set U, we rephrase the extension of the inverse Gauss maps G Las:
A (&m) =Gt oty (E/n). (3.7)

On the other hand, the relation (3.5) suggests that we also consider the following open subsets:

V=6 () =1 (Gr () \ {[1:0]}) CU CR. (3.8)
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For similar reasoning, we deduce the following expression
v (61) = Gt o iy (§/m) = Gr o el (€/n) - (3.9)
As a consequence of the two expressions (3.7) and (3.9), we have:
e (m) = v ()l -
Next, we examine the domain of their partial derivatives. By (3.6) and (3.8), we observe that the domains:
dom~yrr (+,m) =nV € nU = dom~yr (-, 1)

are nested open subsets of R. Under our interpretation (1.11) in Remark 1.13, we deduce:

dom d1yrv,1 (-, m) =nV Ndom Ay (m), Ay (5m) = Oyra (0l (3.10)

by examining the formula (1.12) for differentiability criterion. By (3.10), we deduce the two key identities:
A0,9017171 (1) = Ao,6)017m,1 (- U)‘Wl , Wii=Wys=nVN(n+s)V; (3.11)
A0, A w0171 (1) = A0, A dirr (g, s We = W 0 (—u+ Wss) (3.12)

which produces the two identities (3.3) and (3.4) as an immediate consequence. It remains to show the two
sets W1, Wa C R defined in (3.11) and (3.12) have at most O (1) many connected components.

Recall (3.8). Since Gr (I'") € RP is connected, the set Gr (I'V)\{[1 : 0]} has at most two connected components.
Via the homeomorphism ¢ : R = RP\ {[1 : 0]}, we deduce the inequality:

C(V)=C (" (Gr (M) \{[L:0]}) <2.
Apply now Remark A.2. We conclude:
CW)=CWys) =CVNn+s)V)<COV)+C((n+s)V)=20(V) <4
C(W2) =C(Wys N (—u+Wyios) < C(Wys) + C(—u+ Wiis) = C (Wys) + C(Wyo,s) < 8.
This concludes C' (Wy),C (W3) = O (1) and thus the proof of Lemma 1.22. O
3.2. Proof of Theorem 1.19. Suggested by Remark 1.15, we shall benefit from restricting the analysis to

only smaller segments of the curve. With Lemma 1.22, we can indeed impose the short-interval condition via
the following reduction:

3.2.1. Reduction to short-interval case. Observe that an A-admissible parametric curve v : I — T is also A'-
admissible for every A’ > A. Therefore, it suffices to prove (1.19) assuming A > . For convenience,
we also assume A > 1.

We claim that it suffices to prove Theorem 1.19 under the assumption that (v, p) satisfies the (A, C')-short-
interval condition 1.16 for some universal C' > 1.

Indeed, assume that Theorem 1.19 holds for all (v, p) satisfying the (A, C)-short-interval condition 1.16.
Recall the function ¢ € C2° (R) that satisfies (1.14). Consider the sub-interval of I:

Ji={sel :dist(s,I°)>A""/2}

and for s € J the interval I, := (s — A% s+ A*C), the function:

ps (t) = p (£) A0 (A%C (- 5))
and the sub-curve 5 := v|; : [ 3Ty of v : I =5 T. Observe the identities:

Ay (Fis f2) (@) = Hmlu - /J Ay (1, f2) () ds

1
dist(supp p,I¢)

105l 2
- - A T—s Vs, IT—s ps/||ps f 7f x)ds. 3.13
/{S’GJ:ps/;TéO} gl e sl loz 1 f2) (@) (3.13)
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Notice that (Tr—s s, Tr—s ps/ || ps||c2) satisfies the (A, C)-short-interval condition 1.16 by design. We may thus
utilize our assumption and apply Theorem 1.19 to deduce:

HATY—S%vTY—sPs/Ilpchz (fl,fQ)’

By Lemma 1.22, we further dominate the above with:

3
S AYOEE |l e [ ll o -

On the other hand, we deduce via direct computation that:

L5 A0©) :ﬁg 11l =0 [ f2ll preo.—e) -

lesliee
o1l

Combining (3.13) with the above two relations, we recover Theorem 1.19 for the general case with the
universal constant ¢ = O (C'). Henceforth, we shall assume that:

o (7, p) satisfies the (A, C)-short-interval condition 1.16.
To prove Theorem 1.19 under the above assumption, we start by analyzing the Fourier representation:

Y ipll2

Ay o (f1, f2) ( /]: f1 (&1, m2) FO fo (21, 62) mey p (€) € (- €) dE, (3.14)
where the symbol/multiplier is given by the following oscillatory integral:
o ()= [ e(€ 7 () p(0) . (315)

We note that m~,, may exhibit distinct behaviors depending on the size [£] and the ratio &; : {&. This motivates
the following cone decomposition.

3.2.2. Frequency decomposition. Let ¢ € CZ° (R) be the smooth bump function satisfying (1.14). We consider:

Definition 3.1 (Littlewood-Payley decomposition). Let ¢ € C2° (R) be the smooth bump function satisfying
(1.14). Given ¢ > 0, let s be as defined in (1.15) and:

1
¢):=1 (—}—/ C/A cs = ||vs (€ 3.16
e O =10 @+ [ O = Ol (s, (3.16)
and Littlewood-Payley projections for A # 0 and f € L? (R):
Poaf (€) =15 (€/N F (&), Qsaf (€)== w05 (€/N F(£). (3.17)
By construction, we have the following identities:
1 dA 1 dA
f=o [ Paff Q@uf=o [ Pafh de>o (3.18)
¢s Jr\{0} Al 0<[A|<Ao Al
We can now pre-compose the A, , with the Littlewood-Payley projections and obtain®:
Ayp (f15 f2) = Ayp (Q((s,l,zofl, Qf;?iofg) (3.19)
b [ A, (PR QB ) + Ay, (R 1 PER) 5 (3.20)
¢s Jro<in ° ° [Al
1 (1) ) dA1 d)o
+ Ay, (P 1P L2 3.21
o3 /Aosm b ( ot 5’A2f2> A1l [Az] (820

9Recall Definition 1.5
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For the rest of the section, we will set:
6=47C N=a% RYe{P. o} (3.22)

and suppress the d-dependency whenever it is clear from the context. Suggested by the above decomposition
of Ay, (f1, f2), we introduce the following three propositions:

Proposition 3.2 (The trivial case).

[As (RO ARE L) < A 1Al 2 22 (3.23)

Proposition 3.3 (The off-diagonal case). Suppose |A1|, |A2| > 1 and either of the two pairs of conditions:
RM QA and |\a| /A > A%, A > 0; (3.24)
Rg\ll) = 73)(\11) and [A1: X € Groxy (A_CI) : (3.25)

The following estimate holds:
|40 (RO 1. P2 )| 5 4% 10027 Uil 12 (3.20)

Proposition 3.4 (The diagonal case). There is a universal constant o € (0,1) such that whenever [A1 : Ao] €
Gro~ (A_CI), the following estimate holds:

HA‘W (73)(\?]01’ Pﬁi)fb) ’
We shall now assume Proposition 3.2, 3.3, and 3.4 and finish the proof of Theorem 1.19.

Proof of Theorem 1.19. We aim to dominate the L! norms of (3.19), (3.20), and (3.21) with the right-hand
side of (1.19) under the short-interval condition:

Ao )Hw I fill zre—e.0) 1f2ll o, —e) »

where € > 0 only depends on the universal constant o > 0 given in Proposition 3.4. To begin with, observe
that (1.14), (1.15), and (3.16) give the following projection property:

PRG, =74, o = o) 25
As a direct consequence, we may insert the appropriate Littlewood-Payley projections to the right-hand side
of (3.23), (3.26), and (3.27). This produces the trivial estimate:

1 2
[RSnd]| L S NI leor s |REMS L SIS loe s 0o <1, 1 <AL (3.29)
Starting with the treatment of (3.19), we apply (3.23) and (3.28) to deduce:
(1) (2) -3¢ || A(D)
[ (25305, @31 ), = 47 [ il
Applying (3.29), we further dominate the above with:

S AN N Al greor el oo = A% fill e Lol oo

for any € < 1. This completes the treatment of (3.19).
To treat (3.20), we start by estimating the expression within the original integral:

Ay, (p(l)fI’ Qf AOf2> + A, (le))\ofl’ pgh) : (3.30)
We have two cases. When |\| < A?)\g, we apply (3.23), (3.28), and (3.29) to deduce
13-30)[1 1 < A% || full greon 1 F2l oo - (3.31)

3
S ACZE A, M) il e [ el e - (3.27)

Ll

25)\0'][‘2‘ 2 "
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For the alternative |A\| > A%\ case, we invoke symmetry of the indices, apply the (3.24) case in Proposition
3.3, and follow it with (3.28) to obtain:
L2) '

_ 1
133012 5 130, M7 A% ([PGhA] , | Q5Fa 2| + || Q551 .
Utilizing again (3.29) and the fact that [(Ao, )| > |A|, we deduce for e < 1 the following:

7)2((25,),\f 2

13-30) 12 S AT A% fill e 1 foll ro—s) - (3.32)
Suggested by the two estimates (3.31) and (3.32), we shall split (3.20) into low and high frequency parts:
1 ax 1 d\
(3:20)] <+ B30 T+ [ 30l
Cs Jao<|N<A2N ‘ ’ A2 <A ’ ’
and dominate the above expression accordingly:
A0(©€) A€ dC A0(C) dC
sE— [ EMlaeo fellmos + == [~ ¢ E Mfilaicn el
Cs 1 Cs A2) ¢
Via direct computation, we domlnate the above with
A0 0,1
<= . o, €€(0,1).
< =g hlaceo 1o, c€O.)
To address the constant ¢s5, we deduce from (1.14) the following:
_ 246 +3 dq¢
A0 <log [ =— ) = / = <. .
<tor(375) =), ¢ < (3.33)

We may thus absorb é into a A9(©) factor. In combination, we complete the treatment of (3.20):
132011 S A% N il gz I f2ll oo
3

for any choice of ¢ € (0, 1).
To treat (3.21), we first combine the (3.25) case in Proposition 3.3 and Proposition 3.4 to deduce:

[ (PO 1P R, 5 47OE 1002 il 1l (3.3
for [A1], [Aa] > Ao. With (3.34), we apply (3.28) and (3.29) to deduce:

A0z 10 Y d\1 d)o
1320l § ——— / O A2)77 Al ol 55 vt i e |2l oo
G oz Al D]

Using (3.33) and the fact that (A1, A2)| > |A;|, we dominate the above with

3 oo
< 40Oz ( A 3 f) T T

Finally, direct computation completes the treatment of (3.21):

3
0(C)=S
13:21)]| 1 S APDED | fill e | foll oo

£,0

for any choice of € € (O, %) In combination, we complete the proof of Theorem 1.19:

Meyp (s f2)ll e < 1329+ 113:20) | + [[(3:21) | S A "10 Hlem <o) [l fall ro-o -

€,0
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It remains to treat Proposition 3.2, 3.3, and 3.4. Observe the following identity:

FORYf (€ej +wer) =05 (/0 FOF (€ej +wer), ;€ (s s}, {ik} = {12},
for the suitable choice of ¥;. Combining with (3.14), we write:

Ayp ( W, AQfQ / FOf (G, z) FOfo(w1,8) | [ 95 &/N) | map (€ e(x-£)de. (3.35)

=12

The distinction among the formulation of Proposition 3.2, 3.3, and 3.4 is a consequence of the different
behaviors of the localized symbol (3.15):

mx0y 05 (§) 1= My pxon.0s () =y (€) T 95 (/) (3:36)
J=12
as A := (A1, A2) € (R\ {0})? varies. We identify the following three key cases:

e the non-oscillatory regime |A;| < A9(©): this corresponds to Proposition 3.2.
e the oscillatory regime |\;| > AC(©) consists of the two scenarios:
— the non-stationary phase case (3.24) and (3.25): this corresponds to Proposition 3.3.
— the stationary phase case [A\1 : A2 € Gro~y (A*CI): this corresponds to Proposition 3.4.

3.3. Proof of Proposition 3.2: the non-oscillatory regime. When (3.36) exhibits no oscillation, we
discard the frequency information completely and perform trivial estimate:

A (RO R )| | = H [RO 1 (1 31 (8),02) RS fo (1,02 + 32 (8)

L1(dx) P L1(dt)

—3C
<A full 2 1 foll e -

()
< lell TT [[RE 5],
j=1,2
This completes the proof of Proposition 3.2.

3.4. Proof of Proposition 3.3: the non-stationary phase case. Recall now (3.35). Via Fourier inversion,
we deduce:

Ay, ( M ', P N f2> /fl r1 + 21, %2) f2 (T1, T2 + 22) M 9y 45 (2) dz.
Due to the trivial estimates:
Ay (RO PEL) | < Inixarsslln 1l 12l ze
proving Proposition 3.3 reduces to show the following estimate:

oyl S A2 AT (3.37)

In fact, due to the trivial fact
Mey,p (E) =e€ (‘E Y (0)) Mey—~(0),p (5) )

we may translate the L'-norm expression in (3.37) to impose the normalization ~ (0) = 0.
To proceed, we assume either 11 = s with (3.24) or ¢ = ¥5 with (3.25) and show:

V1 (€1/M) s (€2/X2) #0 = Vt €suppp, [€-7' (1)) = A AL (3.38)
Indeed, by the construction (1.15) and (3.16), we have for X' > 0 the following:
05 (E/N) #0 = Ine (=N, N)\ {0}, vs5 (§/A) #0 (3.39)
and for A # 0 the following:

U5 (§/A) = [E =A< I[Al. (3.40)
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Consider now the case with ¥; = ¢s and (3.24), we combine (3.39) and (3.40) to deduce:

s (E1/A1) W5 (€2/X2) # 0 = 3N} € (=A, M)\ {0}, & — X[ SO [M[, 62— Ao| < [N
By assumption (3.24), we have:

A2/ A1| = A2l /A1 > A%
By contrapositive of (2.100), we deduce from the above the following:
= [A X ¢imgGr = [N : 2] ¢ Gro~y (A CI).
Applying now (2.102) and the trivial fact 2 |(A], A2)| > |A|, we deduce from above the conclusion of (3.38):
£ (1) = AU (N Ag) | 2 A7 A

The case with ¥ = 15 and (3.25) is a direct consequence of (2.102) and (3.40). Given now (3.38), it suffices
to study the oscillatory expression m. , (§) assuming

£+ (1) > A0 Al

The assumption allows us to perform the standard integration by-parts argument:

= V1t € suppp,

Vt € supp p,

d 1 2 .
a1 Hao — RPNY(3) I . — t 2miry; ()™ | dt
371052 my () /e<s v (#)) <dt “omiE 4 (D) > Pl )jfl[2( mi; (t))
and deduce, via A-admissibility of v : I — I" and the normalization ~ (0) = 0, the following estimate:
091052 m, , (6)] < AP N2, 0< ap, 09,01 +ag < 2.

Invoking the assumption |\;| > 1, we obtain for the truncated symbol (3.36) the following:

< A9 |X|72 |\ Ao} [supp 04} [supp |t < AO(©) A7

~

L2

A
Hmk,ﬁh%H[ﬂ = 1- An2 M 91,95

Using now the Fourier characterization of H? norm, we conclude (3.37):

1
_— 2 — o -1
Hm}"ﬁl’%HLl = H (1 + |Z| )mA’ﬁl’% (Z)‘ 2 ‘ S ||m>\,191,1/15||H2 SA ©) |)“
12dz) || 1 + |2[*[[ 1 (dz,R?)
This completes the proof of Proposition 3.3. O

3.5. Proof of Proposition 3.4: the stationary phase case. Let A := (A1, \2) be such that [A] € Gr o
~ (A_CI). To beat the trivial bound provided by Proposition 3.2, we may assume |A| > A® throughout the
rest of the discussion. We will first demonstrate a physically localized version of Proposition 3.4. We then
utilize a standard trick to recover the general statement.

Recall (1.4) and (3.36). We begin with the following observation:

1[0,1]2%,;;( PP fz)— N (f(”fl, f2)= mm(f<1>f1,f<2>f2), (3.41)

where m. , » are defined as in (1.16). Under the short-interval condition, we may apply Theorem 1.17 and
deduce from (3.41) the following:

|4 (P17 12) = Al el e (3.42)

<
Lr(fo,*) ~
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This establishes the physically localized version of Proposition 3.4. To prove the statement in full generality,
we first apply the same translation trick to impose the normalization « (0) = 0 and then utilize the small
support of p to propagate the physical localization to the two input functions:'°

Loy (PO AP R2) = Ay (020 101) P 1, (Lo @ 02) P o) (3.43)

The following standard trick further passes the outer physical localization through the frequency projection
with a well-controlled error term:

Lemma 3.5. Assuming |[\1|,| 2| > 1, we have the following point-wise approzimation:
Lgqp2 (®) Ay p (PA1 f1. P2 fo ) () = Ay, (Pﬁ) (2@ 1) £1) . P (L1 ® w2) f2)) (z) (3.44)

AO(C)
+m0 (A'y,|p\ ((‘PZ ® 11[0,1]) Wy, ( (0,1] ® 902) (2)f2) (53)) ) (3.45)

where the operator M stands for the standard Hardy-Littlewood mazximal operator.

Applying the estimate (3.42) to the first term (3.44) and trivial bounds to the second term (3.45) produces:

H-A'y,p (Pﬁi)fm?ﬁ?fz) < A9 1)~10 AT (2 @ 1)) fill 1o || (Lo © @2) fa|

LY([o,1*) ™
AO(C)

7

min (|A1], [A2])

Using the property (2.100) and the fact that 0 < g, Lip,1) < 1[_2), we further deduce:

H(<P2®]1[o1] le H Lo ® 2) M fy L

[4ve (P17 1) < A%O=E A ] (ufjup([ o) +[MOg

Li([o,1]%) ~ Sh % L?([—4,4]2)> ’

Invoking now the translation symmetry of the formulation, we obtain for z € Z? the following:

[Avs (P 11,2 12)| < A%O=p N ] (HfjHLQ(zH w2y + [ MO 5]

L (z+[0,1]%) ™ Pty - L2(z+[4,4]2)> '

Finally, by summing over z € Z? and an application of Cauchy-Schwarz inequality, we recover (3.27):

[ (P11 PE) = 3 e (PR 1 P2
z€EZL

L (z+[0,1]%)

S AO(C)E;% A7 Z H <Hfj||L2(z+[—4,4}2) + HM(J‘)fj‘

ZEZQ J:172

L2 (z+[—4,4]2)>

2 (z€Z2)>

L) S ACOZE N Al el e

< A0 ”10 A7 <H|fj”L2(z+[—4,4]2) + HHM(j)fj‘

2 2
=12 02(z€Z?)

L2(z+[-4,4]%)

< A% N I (Iillge + | MO,

Jj=1,

This completes the proof of Proposition 3.4 assuming Lemma 3.5, which we address below.

10For 5, we mean (3.16) with § = 2.
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Proof of Lemma 3.5. Suggested by the fiber-wise structure of the operator, we shall begin with the analysis of
commutator between the multiplication of @9 denoted as M, and the Littlewood-Payley projection Py f (§) :=
Vs (€/X) f (€) for functions f € L? (R) and parameter |A\| > 1. By direct computation, we have:

[Mg,, PAl f (z) = @2 (x) Prf (x) = Pa (p2f) (x) Z/M/b\a (A2) f(x + 2) (p2 (2) — @2 (2 + 2)) dz.

Via mean value theorem and the trivial bound ’1//1\5 (z)‘ < A( ; 5), we obtain the following point-wise estimate:
AOC)\
Mgy, Prl f ()| < || ——5-F (z + 2) || 65|, 2
(2) e
With some further simplification, we dominate the above with
AP || A AO(C)
< ~—af(z+2) < M (z).
AL 1T (Az)? Lwd@ Al
In other words, we have the following approximation:
AO(C)
@2 (2) Paf (z) = Pa (p2f) (z) + A O (Mf(2)).
The same statement holds fiber-wisely for functions f; € L? (R2):
. , A0(0) .
#2 (a) P13 (2) = (PAM) 9 £ (2) + =50 (MO f; )

Inserting the above identity into (3.43) yields:

Lo (@) Ay (P11, PR ) () = (3.44)
AO(C)
!
+A20 (A (028 o) MO 1, MEPE (1021 ) 1)) @)
AO( )
|)\1)\2|
Finally, applying the trivial fact

(M, PAM)Y) f; (2)

and triangle inequalities conclude the proof of Lemma 3.5. O

(Aw lol ( 7),(\1) ((p2@ 1) f1), (Lo ® ¢2) M(Q)f2> (:1:))

(A*y 10| ((802 @ 1o 1)) MO, (Lo ® ¥2) M(Q)f2> (37)) :

< A% (M, MM,,)Y) f; (@) < A%y (27) MY ()

3.6. Proof of Theorem 1.26. Assume the finiteness of the following quantities:

1 —_
My = max (Al e il gy )+ S <00

and make the normalization ||p[/,. = 1. By Remark 1.27, it suffices to consider the 0 < p < oo case. Recall
now the Littlewood-Payley projection Definition 3.1. We take Q := Q;/5; and P, := Py 5, and perform the
standard decomposition.

A p (f1: f2) = Ay p (Q(l)fh (2)f2) (3.46)
+L ‘A’Y7P (Q(l)flﬂp)(\Q)fQ) + A’y,p ( f1> Q(Q)f2)

C1/2 J1<|A|

o (3.47)
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1 (1) (2) dA1 d)o
T o (PO PO 1) 058 (3.48)
ci o 1<y Are (P A2 ) Il el
Via the simple estimate (3.29), we dominate the first term trivially:
|40 (@V 11, 0210)|| | <lipl: ||Q@VA]| , [@@%] , S 1IATLCeo 1ol gas  (349)
for all 0 < ¢ < 1. It remains to address (3.47) and (3.48). To provide a unified treatment, we write:
Al <L
R :—{Q A= 1; (3.50)
Py else.
For each fixed A := (A1, A2) with [A1],[A2] > 1, we aim to show:
3 —C
A (R ARG E) || | M (D ER N A1l g2 el 2 for some = ¢ (p,a) > 0. (3.51)

To prove (3.51), we decompose the operator into a main term, where Theorem 1.19 applies, and an error
term with a |A| power decay. Let A\ := |A| and ,d > 0 to be decided later. Consider:

S = {t €T : Ay (t) >\ ||A7||L,,m}. (3.52)

Notice that the condition S = @ implies that v : I — I' is Ay := A° ||A4||,, . -admissible. In this situation,
(3.51) is a direct consequence of Theorem 1.19 whenever 0 < § < . Henceforth, we assume

0<d<e, S#0o. (3.53)
By Definition 1.24 and 1.25, we have two estimates regarding S
S| < AP, C(S) < X[ A4 e A4, -

Define now the auxiliary open set:
Se=Jt—dt+d). (3.54)
tesS
By construction, we have C' (S;) < C (S). As a result, the set S; can be decomposed into N < C(S) many
disjoint unions of open intervals {(ay, bk)}ivzl arranged in ascending order by < ajy1. By choosing:

\—d(a+p)

d:= _ , (3.55)
[ Ayl 70.00 [Ay ]y
we deduce from (3.53) the following upper bound:
d<A?/C(8) < AP <1
and the following size estimate:
N
[Sal = Y |1kl < 18]+ C(8) - 2d S X7 4+ X0 | Ay |5y [ Ayl d S A (3.56)
k=1

We now introduce smooth bump functions x5 € C2° (R) adapted to the intervals (ag, by) in the following sense:

Loy r2d/3.00—2d/3) < Xk < Liapraszpe—dsz)y,  Ixullez S (1/d)* = d™2 (3.57)
This allows us to extract the parts of the operator where Theorem 1.19 does not apply due to defects of ~y ()
for t € S4. Explicitly, we consider:
N N
2 1 2 1 2 ~
Ao (RUARER) = Ay (RVARD L) + 3 Ay (RUARD L), 5i=p—pd xe (359)
k=1 k=1
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Apply trivial estimates to the summand. We deduce:

N N
> A (RUALRE L) <3 loxellon 1l 1ol o
k=1 k=1

Ll

< [Sal Al 2 12l S AP\ full e ol 2 - (3.59)

We now treat the remaining contribution. Due to (3.57), p can be further decomposed into N 41 many smooth
bump functions p; € C° (R) with disconnected supports. More precisely, we have:

supp po C (=00, a1 +2d/3) Nsuppp, supppn C (by — 2d/3,00) Nsupp p; (3.60)
supp p; C (b —2d/3,a;41 + 2d/3) Nsuppp, 0<I<N. (3.61)
Correspondingly, we decompose the operator:
N
1 2 1 2
A’Vvﬁ (Rg\l) fl’ Rg\g) f2) = Z A'Y»pl (qu) fl’ Rg\z) f2> (362)
1=0
and consider sub-intervals of I defined below:
Iy:=(—oco,a1 +d)NI, Iyn:=(by—d,00)NI; (3.63)
L= —d,ay1 +d)NI, 0<I<N. (3.64)

As a consequence of the design of p;, I; and construction (3.54), we have the following relations:
lolle S1+d P +d?~d 2 suppp CL, CI\S, dist(supppy,If) > min (d/3,dist (supp p, I°)) (3.65)
whenever p; is not identically zero. Given such an [, we restrict curves to the sub-interval I;:
Y=l — T, CT. (3.66)

By (3.52) and (3.65), we have as a direct consequence that +; is Ay := A° | Ay||},.--admissible. We can thus
apply Theorem 1.19 to estimate (3.62):

Ll

6, <3 [ A (R 12 R 1)
=0

N . c 3
N max | Ay, 71210
- ; ( » dist (SUPPPZ,If)> 1Ll =gy Nl

Recall now the choice (3.55) and the relations (3.65). We dominate the above with:

Rf\ll) h HH(feﬁ)

(2)
R

< max (A || A, AP | A 1%, | A ! C]I] max Zp o
] TILPe s THLpee 1Y e digt, (supp p, I€) 0<I<N !

2
(N A5 144, ) A e el
By direct computation and Lemma 1.22, we further dominate the above with
3
c 5(C —e (7| =10
5 Mpg,a+3) max(l,a))\ (C+2) max(1,a+p)—e |I‘ ‘:'ILO Hf1HL2 Hf2HL2 )
Finally, we take:
¢o = (C'+ 3)max (1, @)

and solve § > 0 for
—0pa =0 (C+2)max(1l,a+p) —e = —0p.
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we deduce: ,
S My A7 [TIER || fill o (1 F2ll o - (3.67)

"

1 2
b ()00
Combining this with (3.59), we conclude (3.51). Finally, direct computation yields:

1 d\
- -Aﬂy,p (Q(l)fl7p§\2)f2> + A’y,p (P)(\l)fh Q(z)f2) T
€172 J1<|A| R I
1 / (1) (2) dA d)g
+|5— Ay, (PO, PP fy) 22122
iy J1<pn| 7p< M 2> Al el

e

S My (1) E

,Q

2
dA\ d\
)\26p,a—op,a7+ / )\epya—ap,a/Qi f o £, L
/1§|/\| ‘)“ <1§)\| ’)\’ H HH( p,a,0) H HH(O’ poa)

3
SJ M;ﬁy <|I‘> E]_llO ||f1HH(—5p,onO) ”f2HH(O7—5p,o¢) ’ vgpva € (O’ O—P,a/z) :

Op,as€p,a

Together with the trivial estimate (3.49), this concludes the proof of Theorem 1.26. 4
4. SMOOTHING INEQUALITIES AND O-MINIMAL THEORY

Observe that a definable family § := {’ya R>OI, —T,C ]R2} . of C! parametric curves induces a
oc

definable family {FU - RQ}U s of C! curves. This is a direct consequence of the fact that projection preserves
definability. Indeed, recall Definition B.1 and B.3. We associate the family of parametric curves with a
definable function F : ¥ x R D dom F' — R? such that the following relations hold:

Yo (t) = F(o,t), Vtedomvy,={teR : (0,t) €domF} = (domF),_. (4.1)
Consider now the set:
S={(o,7) €S xR? : HHel,,v=7()}.
By construction, we have that:
Io={v€eR?: (0,7) €S} =5, VoekX.

To show that {I's}, .y is a definable family, it now suffices to show the definibility of S, which can be seen by
the following fact:

SzPermow{(*y,a,t)ERQXdomF : F(ot)=~}, 7n(v,0,t):=(y,0), Perm(y,0)=(0,7).

By Definition B.1, the definability of .S thus follows from the definability of F'.

Combining the fact that all A-admissible curves have injective Gauss maps and the above observation with
Lemma 1.28 and Lemma 1.29, we deduce the uniformity result Theorem 1.30 from Theorem 1.19 and
uniformity result Theorem 1.31 from Theorem 1.26.

4.1. Proof of Lemma 1.28. Recall Definition B.3. We may thus associate the family of curves with a
definable set S C 3 x R? C R*¥*2 via the following relation

Io:={v€eR*: (0,7) €S}, o€

For each o € ¥, the natural extension of the inverse Gauss map ~r, of I', exists. As a result, the function
F (0,€) :=~r, (&) exists on the natural domain:

dom F := {(0,¢) e £ xR? : € € dom~r, =Cr, }.
We claim that such function is definable. Consider the first-order formula ¢ (o, &,~):

Ve>0,30> 0% R, (((0.0)eSA0<y—¢l<d) = [(&v—¢)l<ely—¢l).
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The following set is definable:

{(0,6,7) € T x (R*\ {0}) xR* : (0,7) € SA¢(0,€,7)}

and coincides with the graph of the function F'. Consequently, the relation F (o, &) = = and thus, the function
F = (Fy, Fy) are definable. To control Zr_, we consider the auxiliary functions G; := Oy4;F; for i = 1,2. By
Proposition B.5 and B.8, G1, Gy are definable. Furthermore, the following four functions:

hy (U> s, &, 77) = (A(O,s)alﬁyra,l) (5777) =G (Ua§777 =+ 8) -Gy (@5;"7) )
ha (0,5,6,1) = (A¢s,0)0271,,2) (1,€) = Ga (0,1 + 5,8) — G2 (0,1,€),
H,y (07 5,u,v, &, 77) = (A(O,S)A(u,v)al’yrg,l) (6777) =hy (07 s, +u,m+ U) —h (07 376777) )

Hj (0,5,u,v,§,n) == (A(S,O)A(v,u)82‘yf‘m?) (1,€) = ha(0,5,§ +u,m+v) —ha(0,s&mn),

are definable by Proposition B.5 and Remarks B.7. Introduce now the following auxiliary sets:
AW = {(U,n,s,w,g) eEY xR : (0,8,&,m) = w},
B .= {(U,n,s,u,v,w,ﬁ) €L xRS : H;(o,s,u,v,&n) = w}.
By Remark B.4, A, A@) BM B®) are definable sets. We finish the proof by applying Proposition B.11:

() (%) , _
sup Sr. < g sup s (C (A 00) € (Boisnan) ) < 25 (Moo, Maro) < o0
717’

4.2. Proof of Lemma 1.29. By Proposition B.11, it suffices to demonstrate the following family of sets:
{Sor={tel, : Ay, (1) > A} C R}(U,)\)EEX(O,OO) (4.2)

is a definable family. By Definition B.3, there is a definable function F : ¥ x R O S — R? such that for all
o € X, the relations (4.1) hold. Consider now the following definable sets:

C%

{aAt €% x (0,00) xR }8’“ (o, )’>)\}
k=1

= U {(oc,\,t) € x (0,00) X R : |0:Fj (0,t)] <1/},

=12

W= {(0,\,t) € x (0,00) xR : |9F NOFF|(0,t) <1/A},

X = {(0,\t) €X x (0,00) x R\ W : |8 Xp AO;Xp]|(0,t) <1/A}
with the function X defined on the set {&gF NO2F # O} with the explicit formula:
6tF18tF28tF
X 1) = ————5— t).

It is easy to check that:
Sox = (UUVUWUX)U,A.

This demonstrates that {S, \} ) is a definable family and thus, concludes the proof.

(o,A)€X % (0,00
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4.3. Proof of Theorem 1.1. Fix v : I — R? real analytic and p € C2? (R) with suppp € I. We begin with
the following trivial geometric fact:

Y A" =0 < imgvy C (Line) (4.3)

for some (a,b,c) € R3\ {(0,0,0)}. Assuming now that 4/ A~y” # 0, we shall demonstrate the following slightly
more involved geometric statement:

X, AXS =0 <= (img~vy C (Exp) or img~y C (Log) or img~y C (¥-line)) (4.4)

for some (a,b,c) € R3\ {(0,0,0)} and A, B € R\ {0}. Details are reserved in SECTION 4.3.1.
As a direct consequence of (4.3) and (4.4), whenever img -y is not contained in any of the four: (Line), (Exp),
(Log), or (¥-line), none of the below expressions

Vi YA XGAXD, G =1,2, (4.5)

are zero functions. Since 71,7y,7 A" are real analytic, and X/, A X7 is real meromorphic, we deduce that
when none of (4.5) are zero functions, they can only vanishes up to some finite order at finitely many points in
supp p. After suitable partition of p, we may isolate each points where any of the expressions in (4.5) vanishes.
Thus, with the above partition and changes of variables, it suffices to consider a function v : I := (—1,1) — R?
with a real analytic extension on a neighborhood of the closed interval [—1,1];'* additionally, the following
expressions have at most finite vanishing order at the single point ¢ = 0:

@), Y A @), X AXE| () 2 ", Viel:=(-1,1),j=1,2. (4.6)

After the above reduction, a direct computation shows that the admissibility function A, as defined in Defi-
nition 1.23 satisfies the estimate

”A'YHLl/n,oo([) 5 1. (4.7)

Using now the definability of v in Ry, (see [40, 63, 6, 64, 41]), we aim to apply Theorem 1.31 to conclude the
sufficiency of the condition in Theorem 1.1. Unfortunately, v may have self-intersection and other undesirable
geometric pathologies. To remedy those issues, we perform further surgery on «. This is the content of SECTION
4.3.2.

Finally, we demonstrate the necessity of the condition by explicitly constructing functions f; \ such that:

[f1all o 12l go-o S AT TS Ay, (fra o)l VA>T, 6> 0. (4.8)

The existence of these functions is a result of certain generalized resonance phenomenon/modulation symmetry
which we elaborate in SECTION 4.3.3.

4.3.1. Proof of (4.4): the non-linear ODE. Consider the non-linear ODE:
XL, () AXL () =0, Vtel. (4.9)

Due to (1.20), for the purpose of understanding the geometry of the solution to (4.9) under the assumption
~' A+" £ 0, it suffices to consider the case v (t) = (¢, (¢)) to simplify the calculation. By direct computation,

0y AY'=9", Xy=0-(1,7), 0:=7"/7"
We thus deduce the following:
0= X, AX] =2 ()2 + 007" — 09"".

Since 7" # 0, the above is equivalent to the following:

2(0')* e’eﬂ—ee”zo 4.10
()" + 0075 =0. (4.10)

HThis makes sure the function ~ : I := (—1,1) — R? is definable in R, (see [40, 63, 6, 64, 41]).
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Utilizing now the following identity:

10101 7

g1 Y

(T
we further deduce an equivalent formulation of (4.10) involving only 6 and its derivatives:
o' (0" +1) — 06" = 0. (4.11)
As a consequence, two family of solutions to (4.9) arises from solving:
=0 and 0 +1=0.
Recall now 6 := +//+". Standard argument shows that there are A,a # 0 and ¢ € R such that:
=0 < 7(t) = c1e” + c3 for some ¢1,co # 0, c3 € R;

0 +1=0 < ~(t) =cilog|t — co| + c3 for some c; # 0, c2,c3 € R,

In other words, we deduce the following geometric conditions:
0 =0 < img~v C (Exp); # +1=0 <= imgvy C (Log).

It remains to solve (4.11) assuming ¢’ # 0 and 6 + 1 # 0. We may thus divide (4.11) by (¢’ + 1)? and obtain:

o’ 06" 6 !
O e <9’+1> |

Standard argument solving for 6 yields:

A (t) /4" (8) =: 0 (t) = ¢1 4 c2e'/t for some ¢y, ¢y # 0.

Finally, it remains to solve for ~:
() — Y
c1 + caet/a
We multiply the above by the factor cie~%/! + ¢y and deduce:
/

0= (cle*t/cl + 02) A () — ety (t) = ((cle*t/cl + @) v (t)) .

As a result, we solve 7/

c3 t/cl
’Y/ (t) = o = e2” for some ¢y, c2,c3 #0
1,€2,C3
cre~t/e 4 e —Z; + et/e1 Y

Cgeclt

= ——— for some other ¢y, cz,c3 #0
et + ¢

and thus
v (t) = c3log ‘eclt + 02‘ + ¢4 for some ¢1,¢9,c3 # 0, ¢4 € R.

This concludes the last case:

0\ . :
(9/“> =0 < img~vy C (U-line).
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4.3.2. Proof of sufficiency: reduction to Theorem 1.31. Let ~ : I — R? be real analytic. Recall that it suffices
to consider the case satisfying (4.6). Decompose now the domain into positive and negative parts. By avoiding
the pathology at ¢ = 0, condition (4.6) implies the splitting of the domain produces two genuine real analytic
parametric curves:

vy Iy =(0,1) 5Ty CR? ~_:I_:=(-1,00 =T_ CR?

with both Gr, and Gr_ injective. As a direct consequence of Theorem 1.31'2 and the definability of v+ in
Ran, the Sobolev smoothing inequality (1.2) holds for some 0 < ¢,C, ,. < co as long as 0 ¢ supp p.

To address the 0 € suppp case, we recall the frequency decomposition (3.46), (3.47), (3.48), the trivial
bound (3.49), and the notation (3.50). Following the discussion in SECTION 3.6. It suffices to establish for
A :=|A] > 1 the following decay estimate:

[ (R5) 1. 73212)

o S A Al [ felle - (4.12)
Y.

Let ¢ be as in (1.14) and 6 > 0 to be decided later. We decompose p into three C? bump functions:
P = pPx— 1T Px0+ Pr+
with each given by:
pro(t) = ¢ (A‘;t) pt). prx=(p=pPro)lp, -
On the one hand, we have the trivial bound:

HA%PA,O (Rg\ll)fh Rgi)h) ’

-9
S loxollpr 1fillze 12l 2 S AT LAl ge 1 f2ll 2 - (4.13)
p

"

On the other hand, since 0 ¢ supp py + € I+, we recall (4.7), calculate:

dist (suppmi,fj[) > A0, loallce S N2,
2 P
and apply Theorem 1.31 to obtain the following quantitative estimate:
<o

1

A R(l)f ,R(2)f H S max A n,oo 3
H . ( a1 Ry, 2) L H ’YiHLl/ 7 st (Suppp)\,i’[jc:>

(1) (2
STRTIN T TN 0 I
S ACFOZE o || f 2 | foll 2 (4.14)
n7’77p
Taking 6 = 6314200 > 0, (4.13) and (4.14) yield (4.12) and conclude the proof.

4.3.3. Proof of necessity: resonance obstructions. We claim that each of (Line), (Exp), (Log), (W-line) corre-
sponds to certain forms of resonance phenomena. The resonance for the (Line) case is quite well-known. See
[3, 59]. However, for readers convenience, we sketch the standard argument below:

Assume that img~y C (Line). That is,

am (t) + b2 (t) =G ((I, b) # (07 0) , c€R. (415)
Let ¢ € C2° (R) be given as in (1.14). Consider the standard linear modulation:
Mode f (z) i= ¢ (& - @) f ().
Due to (4.15), the following resonance relation holds

e (eA) - Mod(q,p) Ay (f1, f2) = Ay,p (Mod(gy 0) f1, Mod o py) f2) (4.16)

12\e take ¥ := {0} to be singleton here.
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for all A € R. To see (4.16) forbids (1.2), we consider:

Jix = Mod 40 WZ ® ‘$|2, Jax = Mod gy ’@g‘g ® }%’2
On the one hand, (4.16) implies

1= |y, (19 © 9P 13 o 3P)|
On the other hand, direct computation shows that

[l gen S @), lfeallgo—o SO, VA1

This with the condition (a,b) # (0,0) produces (4.8) and forbids the Sobolev smoothing inequality (1.2) for
any € > 0.

As for the three remaining cases, since (Exp) and (Log) are mirror image to each other, it suffices to
demonstrate the resonance obstructions for only the two cases: (Exp) and (U-line).

We continue with the more symmetric (W-line) case. Assume that img~ C (U-line):

2
)

o Ay, (f1xs fa)ll 1 -

aeM® 4 peBr) = ¢ g b A B+0,ceR. (4.17)
What follow are constructions inspired by [25, Lemma 2.3]: consider the following generalized modulation:
Modyexp, 5 f () 1= e (AeA1H572) f (z). (4.18)
Due to (4.17), the following resonance relation holds:
Moderexp, 5 Ay (15 f2) = Ay (Modanesp, , f1, Modinesy, , ) (4.19)
for all A € R. To see (4.19) causes the failure of (1.2), we take ¢ € C2° (R) to be given as in (1.14) and consider:
Jix i=Modarexp, , @ @@,  fox:=Modprexp, , ¢ ® ¢. (4.20)

Observe that (4.19) implies:
15 Ay (0@ 6,0 @)1 = Ay, (fins f2 )l VAER.
On the other hand, we claim that
[fiall o s Ifoallgo-o S A5, VAS L (4.21)

In combination, the relation (4.8) forbids any Sobolev smoothing inequality (1.2) for any € > 0.
To demonstrate (4.21) and for the sake of discussion, we introduce the single variable variant of (4.20):

b5 = e (A7) ¢ (). (4.22)
Observe the two identities:
1 Fiall ey = ’H(ﬁAﬂeBzzAHHﬁ <Z>(x2)‘ L2(day)” 1f2xll ro.-e) = H<Z>(x1) 16 5.peazir]] - L)
Using the fact that e eB% <1 for 2 € (—1,1), we reduces (4.21) to the following estimate:
= O b <INTE, VAL 4.23
957 l57-2 1= (6 65x @),y ST VIS (4:23)

To proceed, we shall estimate the Fourier coefficient:

¢/S,\>\ &)= /6 (A" — €2) ¢ (2) da.

Suggested by the (non-)stationary phase principle, we consider two cases:
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e min (|£], |\]) <§ max (|€|,A) the non-stationary phase case: standard integration by part argument

yields:
652 (8)] 5 (max(ig],[AD) 7 (4:24)
S,N

e [£] =~ A the stationary phase case: since there is no degenerate critical point, we have:
S

1652 (©)| S 1/, inf A(eS™ — ga)" = N7 (4.25)
’ S ze(—1,1) S

Combining (4.24) and (4.25), we conclude (4.23):

I95all- 5 (€€ 7]

+ [ @z

+ @ 1e™|

L2(|€]<[AD) L2([€]=IA]) L2([]>[A])

S AN AT AN S
N,e

This concludes the demonstration of the resonance obstruction for the (W-line) case.
The (Exp) case exhibits new resonance phenomenon that relies on the corner structure of A, ,. Let now
img~y C (Exp):
a1 Ly () =¢, a,b,A#0, ceR. (4.26)
Consider the following joint modulation:

Mody 4 f (z) = e (Az2e™™) f (z).
(4.26) produces the following more elaborate resonance relation:
Mod. expa o MOdb/\,A -A'y,p (fla f2) = -A'y,p (MOda)\ exp 4o f1, MOdb/\,A f2> (4'27)
for all A € R. We now consider:
fix = Modarexp, , @@ &, fax 1= Modyy 4 ¢ @ ], (4.28)
Similar to previous discussion on the (¥-line) case, (4.27) implies:
1% [ Ay (92 0,02 108) | | = 1 (s for) s

Moreover, the analogous statement of (4.21) also holds. Indeed, on the one hand, (4.23) implies the following
decay estimate:

1Al geo = l0aarlly— 10l S AT, VIAI> L.
On the other hand, by design, we have:

1200 = ||6 (@) [ Modypea 16

—E&

L2(dz1)

< H¢(331) 146 L (—a0) (€ — b)\eAxl)HL'Z(dg)’

SIS VAL
L2(dz1)

In combination, we deduce (4.8) and thus conclude that no Sobolev smoothing inequality (1.2) can hold for
any € > 0 in the (Exp) case.
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5. APPLICATIONS

Recall the following operators:

dt

7, (ot @) = [ T] £+ e, (51)

7=12
My (i, £2) (@) 1= sup ][ H fi (5 () e5) ] (5.2)
My (i) (@)= sup | [ T £ (2 +29 () (01| (53)

ez |) 29

By considering the standard partition of unity:
Loy = DilFp=3 > Dilfps, p=Dil¢—¢ ps:=1lr.p, (5.4)
keZ k€Z +e{+,-}

we obtain for fi, fo € % (RQ) the following relations:

Ty (f1, f2) ( ZADH o v/t (f15 f2) () (5.5)
kEZ

My (f1, o) (@) S sup Az, 0 (1, f2) ()] (5.6)

Mo (f1,£2) (2) = 50p | Ay, (1. £2) ()] (5.7)

The occurrence of the corner-type averaging operators suggests a common framework. Under suitable assump-
tions on -, we expect the existence of a sequence of diagonal matrices M := { M}, },:

o (Mga O
M '_< 0 Mm)

whose diagonal entries {Mj, 1}, and {Mj 2}, are positive lacunary sequences:

1< M, < Héf Mk+1’j/Mk7j7 j=12 (58)
such that the rescaled parametric curves:

Y (1) = M,y (2’%) (5.9)

satisfy certain admissibility conditions: Definition 1.14, (1.22), (1.23) in a uniform manner. Regardless of
the above assumptions, we reduce (5.5), (5.6), and (5.7) to the following two types of operators:

Z AMk'Yk:P (f17 f2) (m) ) Sl}ip |AMk'Yk7P (f17 f2) (m)| (5.10)
k

for some sequence of {’yk I — RZ} ,, that may or may not arise from (5.9) and some smooth function p €
C° (I); depending on the context, p may be required to satisfy the mean zero condition p (0) = 0. From this
point on, we shall first study the general form (5.10) and later provide specific context to address the three
operators T, M., M~ individually.
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Fix k € Z for a brief moment. We aim to perform suitable frequency decomposition on Ang,~, ,» (f1, f2)

adapted to the scaling given by Mj. We recall Definition 3.1, fix a small § = 1/5, omit the -dependency.
Suggested by the dilation relation:

bt (P ) = Ditg Ay (DIl DI fo) Dy f (&) i= ldet (M| £ (M), (510

we perform the frequency decomposition:

dA1 dX
clss M, el Ao
dA1 d)g
1/5 / AMk'Yk,P ( /\I/Mk 1f1’ /\Q/Mk 2f2) |)\1| ‘)\2‘
We now consider the two frequency regions:
Hi={xe®\{0)? : \], 1l 21}, Li= (R\{0})?\ H (5.12)
and define the corresponding frequency projected averages:
U _ (1) 2) dAr dAs
We obtain for (5.10) the following two preliminary estimates:
(1) 2 dA1 dAz
ZAMk»yk,p fii f2) ( ZAMm p (f1, f2) ( // HAMW%P 73/\1/Mk 1f1’7?/\2/Mk 2f2) (@) k) M) el
L (1) (2) dA1 dA
SUp | Aty (1 f2) (®)] S sup (ARt (f1 F2) ()] + //H HAMm,p (le/Mk,lflv%/Mmf?) @y o Dl

We claim that the common term shown in the above two estimates admits LP! x LP?2 — LP3 boundedness for

all p1,p2 € (1,00) and p13 = p% + p% < 1, once we verify the following quantities related to (1.2):

By := sup H%SB)H , Cei=supCy, pe (5.14)
0<B<N L (supp p) k
k

are finite and positive for some € > 0. This requires two key statements which we state below:

Proposition 5.1. Let By be defined as in (5.14). We have the following estimate:

< log" (e + Bo|AD I fill e I1f2] oo

H HAMWk,p (77,(\?/]\/[,6’1 f1, Pg)/Mm f2)

gl(k) LPr3 pj,M*
for the following range
1 1 1
p3  p1 P2

Proposition 5.2. Let C. be defined as in (5.14). We have the following estimate:

S Ce (ANl gz 12l 2 -

01 (k)

HHAM}&%W( Al/Mklfh /\2/Mk2f2)
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Indeed, when 0 < &, By, C- < 00, we derive from interpolating Proposition 5.2 and 5.1 the following:

S AT LA e (12l e

H HAMmk,p (P/(\?/Mk,l fi, Pg)/Mm f2)

E Rl Les Ce,Bo,pj, M-
for all p1,p2 € (1,00) with p% = p% + p% <1 and some €, 5, > 0. As a direct consequence, we conclude:
dA1 dXg
A (P PO 2) | o < .
"% H Mk’ylmp Al/Mkylfl )‘2/Mk,2f2 él(k) ‘)\1‘ |A2’ s CE’B(;\;pJ7M* ”fl”LPl HfQHLPQ

The treatment of the remaining two terms:

) Sl]ip‘A]L\/Ik'y;c,p (flva) (w)‘

Z A%\/Ik'yk,p (fh f2) (w)
k

requires specifications on My, vk, p depending on the associated contexts (5.5), (5.6), and (5.7).

Proposition 5.3. Given the following list of conditions:

(1) p has zero mean;
(2) Congjecture D.3 holds for M := {M}},;

(3) Bny,io is finite'3;
(4) there is A > 0 such that 1/A <

Vi j (t)‘ forallteI, ke Z, and j =1,2,
the following estimates hold:

for the range stated as in (1.29).

5 HleLPl ”fZHLpz

P3 (da:) AaBNM+27M* Py

Z ‘Aﬁ/lmk,p (f1, f2) (z)
k

Remark 5.4. In particular, Conjecture D.3 holds for sequences M given by

o 2ka1/)\1 0
Mk = < 0 2ko¢2/)\2> ’

for some fixed o := (a1, ) , A := (A1, A2) € (0,00)%. Our main result Theorem 1.37 for (5.1) only uses this
specific case. See (D.11) and its surrounding discussion.
Proposition 5.5. Given the following list of conditions:

(1) By is finite;

(2) there is A > 0 such that 1/A <

Vs (t)( foralltel, keZ, and j=1,2,

the following estimates hold:

S HleLPl Hf2||LP2
LP3(dx) A,Bo,Mx,p;

Sl;p ’Aﬁ/[mk,p (f1: f2)] ()

for the following range:

1
1<pip2<o0, —=—+—. (5.16)

I3Recall Nas € NU {0} in the statement of Conjecture D.3.
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Proposition 5.6. Given that v is real analytic, and both 1,2 are non-constant, the following estimates hold:

sgp ‘Aﬁ/[k.y,p (f1, f2)] () S

S fallpe (12l e
LP3(dz) ¥ Mx,pj

for the range as in (5.16).

5.1. High-frequency components: proof of Proposition 5.1 and 5.2. We begin with the proof of Propo-
sition 5.1. Recall (1.14), (1.15), and Definition 3.1. By the fact that:

Psaf (x) = PasaAPsaf (x /me (x + y) Mbas (Ay) dy,

we deduce the following identity:

AMmk,p (P)(\l/Mklf17 ,\2/Mk2f2 /H )\/Mk]f] $+yJeJ)KkA( )dy (5-17)
7j=1,2

with the kernel defined as below:
N — (Nj(y; — My (1))
K = / J < J \JJ R t) dt.
kA (Y) j:l 1|2 My, Vos My, p(t)

Using now the trivial estimate ‘1?2\5 (y)) < (y>7N, we deduce the following point-wise bound

~

N
‘Kk,)\(y”% / H Dil}wk’j/Aj TE s (1) )™ | p(t)dt. (5.18)
j=1,2

With the relation (5.18), we derive the following

[BUIE s (2 552 4 s O)) [ ) Vs lo e, (519

7j=1,2

This suggests that we introduce a variant of shifted maximal operator (C.1) to further simplify the above
expression. More precisely, by setting

Aj =AM/ N} Z5 () = { Xy (O} (5.20)

we may reformulate and simplify (5.19) into:

1 2
At (P 1P f2) @) S o) TT MY s Py, 15 (@)

j:172 Ll(dt)

Take now the ¢! (k)-norm, apply Cauchy-Schwarz inequality

. (5.21)

L (dt)

HAMWW (Pﬁ)/MkylfhP)(\?/Mk,Qf?) (5’3) N H H 2 RO M ol (z)

(k)

and finally apply LP3 (dx)-norm and Holder’s inequality

152D sy < || &) T

7=1,2

(4) )
HMAjijj(t)PAi-/Mk,j fi ()

E®) [ LPi (dar)

L (dt)
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Applying Proposition C.2 and Littlewood-Paley theory, we dominate the above with

< oo I o, (e Py Ol P05

2(k)
]_

LPi
L(t)

< log* (e + Al Bo) | fill pon | f2ll o2 -

H log3;. (e + |A| Bo)
LPi M »Pj

7j=1,2

PO 5

This concludes the proof of Proposition 5.1.
To prove Proposition 5.2, we utilize the identity (5.11) and the following commutation rule:

2(k)

12 () — pl) 2 '
DﬂM,;l 7D/\J-/M,w- fi= 73,\j DﬂM];l fi (5.22)

to deduce via (1.2) the following chain of relations:

(1) (2) _ 2 ()
HAMI@'WWP <,P)\1/Mk,1f1773)\2/Mk,2f2>‘ I = A’Yk,p @2 DllMl;l P)\Z/Mkdfj
J=1 Ll
I p(y Dil2, .y < Coyppe pg) Di]?v[k,l leH( 2) Dil% lszH(o .
7=1,2 Lt
A T [P Dt ], = 000 T [P 51,

We finish the proof of Prop051t10n 5.2 by taking ¢! (k)-norm

H HAMxnk,p (IPS)/MM fi, Pg)/Mk 2f2>

applying Cauchy-Schwarz, and invoking orthogonality
=0 T1 |5

5.2. Low-frequency components: proof of Proposition 5.3, 5.5, and 5.6. We start with the treatment
of Proposition 5.3. Observe the following identity

)

o) ||

S Ce (AN A2 1 f2ll 2 -

2lle2(k) 1

L (1) (2) dA
AMWk,p (f1,f2) = c1ss Jia<t A (Q)\/Mk 1fl» ,\/M f2> + Ay vip (PA/Mkala Q/\/Mk,ng) W (5.23)
b [ Aut (@ 1P o) + Avtis (P S0 Q0 ) T (520
c1/5 Jia>1 k,1 k,2 k,1 k,2 ‘)\|
It suffices to prove the following two estimates:
2

> Astine (Vs PO ) S N Uil I falle s NS AB (5.25)

P3 B1,M*,pj

2 _
(9 F1 PO ) S T il ol N> ABy (5.26)

LP3 J\;BNM+27

M Mi,pj
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for the range stated as in (1.29). Indeed, by symmetry, (5.25) and (5.26) imply the desired estimate'?

dA _1 dA
S ([ e [ T il el = Al Wl
IAl<1 Al IAI>1 Al

ABy g2
Lrs NMJ%TPZJ‘

To show (5.25) and (5.26), we express both sums on the left-hand-side as operators of the form (D.1)

associated with symbol

Z A%\/Ik*yk,p (fla f2)
k

A0
ma(§) =) / ¢ (€TAMyyc () p (1) db- o 20 (ME), A = (01 )\2> : (5.27)
k
where, more precisely, we have the following identities via formula (D.1) and (D.3)
1 2 . . .
Z AMvip <QE\1)/Mk,1f1’ Pﬁ\g)/MMf?) = Tpitge my (f1, f2) = DIl Ty, (Dily f1,DillY f2) . (5.28)
k
(5.25) and (5.26) can thus be further rephrased respectively as
[T (F1s P2 llos S AL fallzon [ F2llpee s [ALS AB; (5.29)
B1,Mx,pj
[T o) S AT Uil el s N> ABy. (5.30)
LPs AB
BNpr+2
NM,M*,])]'

Therefore, under the condition that Conjecture D.3 holds for M := {M,},, it suffices to check that my and
my ) from (5.29) and (5.30) above can be formulated in terms of (D.7) with respective coefficients € := {ex},,
of desired ¢*° sizes.

Starting with (5.29), we consider the following function

Bxi(©)i= [ e (€TAM ) plt)dt- o0 (©). (531)
The mean zero condition on p implies that
] [e(€am) o dt\ - \ [ (e(€mam @) 1) o0 dt\ < |A€] Bo. (5.32)

and direct computation also shows for 8 € {0,1,..., Nas}>\ {(0,0)} the trivial bound

0 [ e (€ Am (1) p(0)at| = ' [ e (€7 Am®) Grwa () G )7 9 0 dt] S (A B (5.33)

In view of (5.32) and (5.33), we deduce that

~J
A,B1,N

A S AB; = ‘6ﬁ@>\,k (f)‘ S ALy (I€), VY, VB € {0, 1,...,Nam)>.
M

Therefore, in terms of (D.7), we may write

mx=mea M, €={Al}y, P:={Pxr/[Al},

and conclude via the validity of Conjecture D.3 for M := { M} the desired estimate (5.29).
As for (5.30), we again analyze the derivatives of the oscillatory expression in the defining formula of ®(; y)

\aﬁ [ €m0+ Xema () 00 dt] o ' [ € 0+ Aerma ()28 () O ()% p (1

14Dye to the integration [+ % in (5.23) and (5.24), our proof do not cover the full L” range (D.6). However, it still suffices
for the application we stated.
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for 3 €{0,1,...,N. M}Q. Suggested by non-stationary phase principle, we equate the above with

B2+1
9 1 B1 B
il : t) (A )2 p(t)dt
2midt - €17y (1) + Ao (1) ) T () O ()6 (0

and dominate the above under the condition that |A| > AB; and ¢ ® ¥ (€) # 0 with

< max (1, 4, By, 2) Y™/ AL
Nnr

— /e(&fyk,l (t) + Aavr2 (1)) (

Consequently, we deduce

|>\‘ > ABl — 813@(1,)\),]6 (E)’ S./ |)\‘_1 ]1(1/2,2) (’6’)7 Vka VB S {07 17 .. '7NM}2 .

A,BNpr+2:Nm

Therefore, following the previous discussion, we shall set
mz) = Me,d M, €= {\A\_l}k, @ = {|\ Par},

and conclude via the validity of Conjecture D.3 for M := {Mj} the desired estimate (5.30). With both
(5.29) and (5.30), we complete the proof of Proposition 5.3.
The proof of Proposition 5.5 and 5.6 follow similar structure. Consider the general form and the identity

Mk"/kp(fl f2) (z) = —AMk’mp< 1/Mk1f1’ 1/Mk2f2>

TAM; A0 (le/)Mk’lfl, f2> + AMys.p (fl, Q9 /Mmfz) : (5.34)

By triangle inequality and the symmetry between the two terms in (5.34), it suffices to study the two operators

Sllip}AMk’yk,p ( 1/Mk1f1’ 1/Mk2f2> ( ) (535)
1
Sup ).AMk’Yk,p (Qg/)Mkylfl, f2) (w)’ . (5.36)
Recall now (3.16) and Definition 3.1. We utilize the following trivial fact
2| 1 = |Qs1/rf (z+ R2)| SMf(z), VzeR, R>0
to deduce the following point-wise estimate
1
[Antin QU i 2) (@) S MOV @) [ 1o @+ Miria (1) ) p (0]
0
and consequently the following as well
1)
‘AMk’Yk:P (Qg/Mklfb 1/Mk2f2) ‘ S M(l)f M( f2( )
Taking supremum over k yields the following two point-wise estimates
(6:35)] £ MU f1 (@) M fs (@), (5.37)
0
6:36)] < MOfy (@)sup [ 12 @+ Marie () e2) p (0] . (5.39)
By

On the one hand (5.37) implies the full range (5.16) boundedness

sup‘.AMmk,p (le/Mklfh 1/Mk2f2>‘( )

S I fallze 12l zee s
LP3(dx) Bo,p;
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which address the contribution from (5.35) in both Proposition 5.5 and 5.6. On the other hand, (5.38)
suggests that we introduce maximal operators of the following form

M, of (@) i=sup [ 1F (o4 T0 () p O] dt, 1 € 17 (R). (5.39)
With (5.39) and (1.5), we rephrase (5.38) as
At (Qhg J10 12) (@)] S MOy () ML) f2 @)

{Mk,zvk,z}kw

sup
k
As a result, to address the contribution from (5.36), it suffices to provide full p € (1, co] range LP boundedness

result for (5.39) under the respective settings for Proposition 5.5 and 5.6.

5.2.1. {T'x}, = {My2Vk2}, with assumptions given in Proposition 5.5. Observe that the condition:
k2 (1) < By, 1/A< |’Y;/€72 (t)} , Vtesuppp

allows us to perform the following changes of variables

dr

1;,2 (’71;5 (7')) ‘ .

By
M(ss oy of @) S ABo ol sup £ 1 (@ Myar)| dr < ABo ol M7 (2).
— Do

Bo
M{pg, s f (@) = s0P / F(x+ Mat)p (7,;5 (T)) (5.40)

k J-Bg

Via a trivial bound, it follows that

This point-wise estimate provides the desired full range L” boundedness.

5.2.2. {T'x}, = {Mg272}, with assumptions given in Proposition 5.6. By previous discussion, we are done
if 44 vanishes nowhere on supp p. Therefore, it is most interesting when 4 # 0 but vanishes somewhere on
supp p. By partitioning p and some standard normalization, we may assume that supp p = [0, 1] and that ~} (¢)
vanishes only at ¢ = 0 with some order n € N such that the following asymptotics hold

O Z 1" e () =2 O] S, vee(o1].

We thus obtain via changes of variables analogous to (5.40) and triangle inequalities the following

M{Mk,m},pf( _sup/‘f (z + My 2 (72 (0) +T))P(’72 (72 (0) +7 )‘ h ( (j;(0)+7))‘
2
S llell e Sup/ | (& + Mp2 (72 (0) +7))| dTL
k ‘T| ‘7’|n+1

S > 2 ”+1sup/ |f (& + M2 (72 (0) £ 7)) | dr.

p j<log, C vt
te{+,—}

Via another change of variables, we then dominate the above with shifted maximal operators (C.2):

) ) +3 -1
Z 27t SUP <33 + 277 My (QI_J% (0) + 5 T 7'))

j<log C
+e{+,-}

dr

_J_
Z ZnH M{Qj_lexQ}k’{Ql_j'Y?(O)Jri3271 }kf (m) .
Jj<logy, C
+e{+,-}
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Thus, by the non-vector-valued result of Proposition C.3, we conclude the desired full range LP boundedness

i , +3—-1
[as M5 3 oo (e+pn@+ 2210 S Wl
M , ~ M, Lp ~ Lp
{ k,Q'YQ}kp Lp D jS;gQC 2 M*,’Vl,"/2(0)
+e{+,-}

Finally, with the two cases in SECTION 5.2.1 AND 5.2.2 established, we obtain the desired full range (5.16)
boundedness for (5.38) in both cases and thus, complete the proof of Proposition 5.5 and 5.6.

5.3. Singular integral operator. Before establishing our main result Theorem 1.37 on singular integral
operators (5.1) associated with curves =, we first provide some basic facts regarding v := (v1,72). Recall
Definition 1.35 and 1.36. Let x € {0,000}, j € {1,2}. The asymptotic homogeneity assumptions ensure the
presence of a homogeneous function h, j : R\ {0} — R\ {0} of degree a ; # 0 such that

Y5 () /hag (£) = 1+ O([t™) (5.41)

for some d, € R satisfying the vanishing condition limy_, \t!‘;* = 0. We shall utilize the definability of v; to
deduce smallness of the error terms and their derivatives. Indeed, we have the trivial estimate:

vj (t) = haj (t) + O (|t O‘*,j+6*> '

To control the derivatives, we begin with the following fact regarding the definability of specific power functions:

Lemma 5.7. The power function (0,00) — (0,00) : s — s is definable.

Proof. We observe that the definability of v; near * and (5.41) guarantees the existence of a r, € (0,00) such
that 'Yj|U*(r*) : Uy (r«) = R\ {0} is definable. Consider now the definable function Fj : (0,00) x Uy (1) = R
given by the formula:
Fj (s,t) := Ny, () (s); (st) /5 (E) -
By (5.41), we have:
5% = lim Fj (s,t) .

t—x
As a result, the graph I'po, € (0, 00)2 of the power function can be expressed as:
Lpow 1= {(s,u) € (0,00)% : u= Pij (s,t)}
—r*

where the limit expression can be expressed in terms of first-order formulas involving only the definable function
F}; and inequalities. This implies that I',,,, is definable and shows that the power function is also definable. [

As a direct consequence, the fact that there is a positively homogeneous function Cy ; : R\ {0} — R\ {0} of
degree 0 such that the factorization holds
haj (1) = Cuj (0) ™7 = Gy (1) - 1%L (0,00) (1) + Clej (=1) - (=)™ L(—oo,0) (¢) (5.42)

implies the definability of A, ; and thus the definability of the error term ~y, ; —h ; near x. Finally, the following
lemma, provides control on the derivatives of the error term.

Lemma 5.8. Let f : U, — R be definable near . If there are a« € R and 6, € R satisfying the vanishing
condition limy, _,, It = 0 such that

[F OIS, Ve, (5.43)
for any N > 1, there is a positive constant r, € (0,00) such that the restriction f\U*(r*) : Uy (r) = Ris OV,

and each derivative f* : Uy (r) = R is definable and satisfies the estimate:

)‘U*(T*)

‘f(k) (t)‘ <P e U, (), k€ {0,1,..., N} (5.44)
N
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for some &, € R strictly between 6, and 0 that satisfy the vanishing condition limyy) ., ]t](sl* = 0.

Proof. Observe that it suffices to establish and iterate the result for N = k = 1. In fact, via pre-composing f
with the reflection map ¢t — —t, it suffices to establish the one-sided result on U, N (0,00). Furthermore, via
pre-composing f with the reciprocal map t +— 1/t, we may assume without loss of generality'® that * = co and
thus, the vanishing condition reads as §, = doo < 0. As a brief summary, it remains to show the estimate

|1 ()] St Vit € (ro, 00) (5.45)
for some 0/ < 0 under the assumption
I (1) S0, Vit e (r,00) (5.46)

for some o < 0 < r. With these reductions, let f be given with the stated assumptions. By Proposition
B.8 and B.12 and Theorem B.9, we can take ro, such that f[;; (roo) 18 definable, C*', and with definable

derivative. Specifically, both f, .y and f'|; . are continuous definable functions. Let now &, € (0o, 0)

be any real number such that 5 := «a + 0., € Q\ {0}. To prove (5.45), we shall utilize the L’Hopital’s rule.
First, we show the existence of the following limit

—o0 < lim 0 < 00 (5.47)

t—oo A1

in the extended real. Indeed, by the fact § € Q and Remark B.7, t — t7~! is definable on (7, 00), and so is
the quotient f’(t) /t°~!. Corollary B.10 thus guarantees the existence of the limit (5.47).
Next, we observe that (5.46) and the fact that 6’ > d imply

f (B S+ S 7% =7, Vit € (roo, 00).
Too
Using also the fact that 3 # 0, we either have limy_,, t* = co or via the above relation, the following condition
li = lim t¥ = 0.
A =l =0
In both cases, we may apply L’Hopital’s rule to deduce
fr@) . BfQR)

li — lim 2
tl{-{.lo tﬂ_ 1 t—o0 t/B

Use again the fact 0., > do and the assumption (5.46). We equate the above with

I e A N I
- Btlggot Cotie 0
This implies (5.45) and concludes the proof of the lemma.
O
Henceforth, 4, will always denote a number satisfying the vanishing condition limj;_,, ]t!‘s* = 0 and be

allowed to vary from line to line. With Lemma 5.8, we deduce:

Lemma 5.9. For all N > 1 and * € {0,00}, we can find v € (0,00) close enough to = such that |y, (. i
definable and CN and satisfy the following relations:

B () = n®) (1) + 0 (|t|a*rk+5*) . VteU,(r),ke{0,1,...,N},je{1,2},

where the implicit constants only depends on ~, rs, and N.

15The definablility of ¢t — —¢, ¢ — 1/t, and their composition with f are guaranteed by Remark B.7 and Proposition B.5.
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The above lemma allows us to compute (1.27) explicitly. This gives:

’71’72
,7 /\ 7//

()<hmmf|t|/’ (t) = a2 — 1] -

Additionally, (1.28) yields the two statements:

ap1 <0 < liminf |y ()| = c0 <= liminf |y, ()] =00 <= ap2 < 0;
[t|—0 [t|—0

o1 >0 <= liminf|y; (t)| = co <= liminf |y, ()] = 00 <= aco2 > 0.
[t| =00 [t| =00

In other words, the two conditions (1.27) and (1.28) can be rephrased as:
ap 102 >0, a1 # ax, Vx e {0,00}. (5.48)
5.3.1. Proof of Theorem 1.37. Return now to the analysis of the operator 7. Fix 6 = 1/5. We recall (5.4)

and perform the standard decomposition (5. 5) To reiterate, we have

Ty (f1, f2) ( ZADﬂ < vt (f1: f2) ().

kEZ

Since, similar to (1.30), we have the following trivial estimate

SH#Z N Allpe ol s 2 S 2
Lr3

Z ADﬂ;‘;k ~.p/t (f1, f2) () -

keZ

for p; € [1, 00] with =~ p = —1 + p%, it suffices to control the following pair of operators:

Z Apite, v/t (1, f2) (), Z Apise, v/t (1, f2) () (5.49)

k<No k>Noo

3

for some fixed Ny < 0 < N,. To perform the general strategy laid out in the beginning of SECTION 5, we first
study the expression Dil32, v and in fact, Dil{y 757 for reasons which will be clear in a moment.

Choose Ny small enough and N large enough such that via Lemma 5.9 and the definability of multipli-
cation in R as bivariate function, we deduce the definability of function

F:domF — R%: (s,t) =~ (st) = Dil77, v (¢)
with its domain described as below
dom F := {(s,t) € (0,00) xR : (s<2Movs>2V=) A (—d<t<—1/4Vv1/4<t<4)}

and the approximation identities up to N-th derivatives

0
(Dﬂ1 °, yj) (£8) = 5203 hl) () + s(20aT0)0 (tao,f—l“f)) L Ve (1/4,4), Vs € (0,2); (5.50)

0
<D111 %, %> (£t) = %= B (£4) + sl0=it=)0 (to‘w’j_l+5°°> . Wte(1/4,4), Vs € (2V°,00)  (5.51)

for each coordinate. This suggests that we consider the definable families of functions

S04 = {‘ys,Jr = (s_o‘o’l Dily5, v1, 772 DIy, 'yg) 1 (1/4,4) — RQ}SE(O,ZNO) , (5.52)
L {757_ = ( ~e04 DIIS, 41, 5702 DIl 72> (=4, —1/4) > R2}S€(072N0) , (5.53)
- {vs,+ = (s—%o»l Dil5S, 71, 5~ Dilgs, 72) S (1/4,4) — RQ}SG(QNOO o (5.54)

T 1= { Yo 1= (57001 DIl 91,5772 Dilgy, 92) : (—4,~1/4) = RQ}Se(sz,m)' (5.55)
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Notice that (5.50) and (5.51) implies the following uniform estimates:

0

(57004 Dilfy, % — o) m)\ S2M%, Ve (1/4,4), Vs € (0,2%); (5.56)
(0

<8*a<xw' Dilyy, v — hooJ) (it)‘ S 2N vt e (1/4,4), Vs € (27, 00). (5.57)

In particular, all of the above estimates hold for all s = 2% with either k < Ny or k > Nu. Thus, via setting

2ka0,1 0
) R k < No,

0  2kao2
M;, = ro (5.58)
2kacer 0 _
0 Qkawg) , k> Noo;

s @01 Dll?;s 1, 5702 Dll?;s 72) ) 0<s< 2NO7

Ys 1= (5.59)

§ %ol Dil(f?S Y1, 8§ oo:2 Dil‘l’78 ’)/2) , 2N <5 < o0,
we may reduce either of (5.49) to an infinite partial sum in k
Z Ay ot (15 12) () Z Ay o/t (f1512) ()
k<No k>Noo

As a consequence of (5.56) and (5.57), for any prescribed N € N and € > 0, we may choose Ny, N such that
N
||‘Ys — (h071, h0,2)HCN((_474)\[_1/471/4]) < €, Vs € (0, 2 O) , (560)

2N 00). (5.61)

From this point on, there is no essential distinction between the two cases k < Ny and k > Ny,. We therefore
suppress the subscripts (-), and (-),, indicating the asymptotic behavior.

Proceed now with the general strategy illustrated in the beginning of SECTION 5. To prove Theorem 1.37
it remains to verify the required assumptions for applying Proposition 5.1, 5.2, and 5.3. Recall (5.14). We
note that by previous discussion, we always have By < co. To show C. < oo for some € > 0, we observe that

Ay, ot (1 f2) = Ay oyt (1 o) + Ay oo je (f1s f2)

As a direct consequence, we have the trivial estimate

||78 - (hco,la hoo,2)‘|CN((_474)\[_1/471/4D <€, Vs € (

C“/s,p/t,s < C’ys,+,p+/tﬁa + C’ys,f,pf/t,e

By (5.60) and (5.61), it is a routine calculation to check that the functions in the four definable families (5.52),
(5.53), (5.54), and (5.55) are A-admissible for a fixed A > 1 that only depends on the positively homogeneous
functions h1, ho. Therefore, we can apply Theorem 1.30 to deduce

sup Oy, pyyre S 1, supCy e S 1
s Syt s .-
for some universal € > 0. In particular, the above holds with s restricted to dyadic numbers {Qk}k cz- Namely,
we have shown that C. < oo. This addresses the required assumption to apply Proposition 5.1 and 5.2. As
for the required assumption for Proposition 5.3, we recall Remark 5.4. In our current setting, the sequence
{M}, falls within the scope stated in Remark 5.4 except potentially both oy, ap < 0. This can be addressed

simply by changing the index k& — —k and replacing a; — —a;. Combining these fact, we complete the proof
of Theorem 1.37.
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5.3.2. Polynomially bounded settings. Recall Definition B.14. Let now R be polynomially bounded (see
Definition B.14). We claim that in such a setting, the asymptotic homogeneity assumption in our main
statement Theorem 1.37 is a mild requirement due to the following result:

Proposition 5.10 (Chris Miller[78]). A function f : (r,00) — R definable in R satisfies the following di-
chotomy:

o either f is eventually zero; that is, there is tg € (r,00) such that f (t) = 0 whenever t > tg,
e or there are C # 0 and ¢ € R such that lim;_, f(t)/t° = C, and in particular, the specific power
function t — t¢ on (0,00) is definable in S.

As a direct consequence, whenever f is not eventually zero, there is a definable function A : (0,00) — R\ {0}
given by h (t) := Ct¢ such that lim;_,o f () /h(t) = 1. Since f/h — 1 is also definable, another application of
Proposition 5.10 implies that either f/h — 1 is eventually zero, or there are D # 0 and d € R such that:

lim 4 = 0. lim £ O/RO -1

t—00 t—00 td

In both cases, we deduce that f (£) /h (t) = 1+ O(|t|°*) for some J € R satisfying limy_ |t]* = 0.

Now applying the changes of variables t — 1/t. We deduce analogous statements as ¢ approaches 0 from
above. Finally, via reflection ¢ — —t, we deduce analogous statements as ¢t approaches —oo and 0 from
below. In other words, excluding the eventually zero and constant trivial cases, the asymptotic homogeneity
assumption serves to ensure the degrees of homogeneity of the function 7; on the positive and the negative
side of * € {0, 00} match and are non-zero. We further provide the following characterization for the degree of
asymptotic homogeneity:

=D.

Proposition 5.11. Let R be a polynomially bounded o-minimal expansion of (R, +,-,<). Let also x € {0,00}
and £ € {+,—}. Given a definable function f : U, — R\ {0}, the number ¢ € R shown in the following limit:

lim 1)

t—>tx ’t’c

=C, C#0 (5.62)

can be computed via the following limit:
tf' (t)
im
t—tx f(t)

=c. (5.63)

Proof. For the same reason as in the proof of Lemma 5.8, it suffices to consider the case * = co and + = +.
By Proposition B.8 and B.12, we may assume f’ exists and is definable on U,. We now have two cases:
¢ # 0 and ¢ = 0. We start by addressing the ¢ # 0 case. Recall that Proposition 5.10 guarantees the
definability of ¢t — t¢. By Corollary B.10, the following limit:

!
t
—o0 < lim I ()
t—oo ct¢™

< oo
exists in the extended real line. By assumption (5.62), the condition ¢ # 0 implies either lim;_,o, t¢ = 0o or
tliglo Ft)= tliglo =0
We may thus apply the L’Hopital’s rule to deduce that:
o fO S0

t—oo t€ T oo cte—1"

As a direct consequence, we conclude:

POy FO 0 1O

t—o00 f(t) tooo ctc—1 1500 tC
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To address the ¢ = 0 case, we follow a similar argument to show that tf’ (¢) is definable, and that the limit
limy o0 tf’ () exists in the extended real. Since lim;_,o logt = 0o, we may apply the L’Hopital’s rule to deduce

f (@) )

T _ _ /
0= M ioge ~ B T — ARV
Finally, we conclude:
) / :
lim = lim tf (t)/tlgn ft)=0/C =c.

t—00 f (t) t—00

Given Proposition 5.11, we may rephrase Theorem 1.37 for the polynomially bounded setting:

Corollary 5.12 (Polynomially bounded settings). Let R be a polynomially bounded o-minimal expansion of
(R, +,-,<). Letv; : R\ {0} = R be definable near * and satisfy lim,_,, % € R\ {0} for both x € {0,00}.
If (1.27) and (1.28) hold, the operator T satisfies the estimates (1.29).

We shall also introduce one specific application of Corollary 5.12 for the polynomially bounded o-minimal
structure R = Ryy,.

Corollary 5.13 (Real analytic settings). Let v; : R\ {0} — R be real meromorphic'® on both Uy and Us. If
(1.27) and (1.28) hold, the operator Ty satisfies the estimates (1.29).

Indeed, take the Laurent series expansion of v; on Uy (r9) centered at 0. Either ’VJ"UO = (C for some constant
C € R, which will be ruled out by (1.27), or there is an integer n € Z such that the function f (t) := t"~; (t)
is real analytic on Uj (r9) with removable singularity at 0. Via a harmless translation that preserves the
operator norm, we may assume without loss of generality that n # 0 and impose that f(0) # 0. Taking

Iy := [-70/2,70/2], we have that f|; is definable in R,,. Consequently, it follows that v; (t) = ™" f (t) as a
function on Uy (19/2) is definable in R,,. Directly compute the following limit:
ty; () —nt () (1) tf' ()
i =1 =— li =— R .
0 7 (1) 50 =10, ntln sy = e R0

Similarly, take the Laurent series expansion of v; on Ux (roo) centered at co. There is another integer m € Z
such that the function g (t) := t"~; (1/t) is real analytic on Up (1/r) with removable singularity at 0. Again,
7 11

T P

via translation,!” we may assume m # 0 and extend with g (0) # 0. Taking I, := [ }, we have that

gl 1. is definable in R,,. Thus, we argue that -, (t) =t"g (1/t) as a function on Us, (2r) is definable in Ray.
Finally, by direct computation, we show that:
s (t t"g (1/t) —t™ g (1/t tg' (t
) g () - g g ()
lt]—oo ¥j (1) [t|—o00 tmg (1/t) t—0 g (t)
Applying now Corollary 5.12 yields the conclusion of Corollary 5.13.

=m e R\ {0}.

5.4. Maximal operator. In this section, we explain how we derive the maximal operator result Theorem
1.38 for (5.2) analogous to Theorem 1.37. In view of Proposition 5.1, 5.2, and 5.5 and the fact that
the requirement for applying Proposition 5.5 is less stringent than Proposition 5.3, the estimates stated
in Theorem 1.38 for the smaller range

1 1 1
1<p1)p2<007 7:7+7§1
b3 P11 P2

16That is, the function coincides with its Laurent series expansion, and all of its singularities near 0 and oo are of finite order.
17The translation here can be different from the previous one. This discrepancy does not cause any issue since one may decompose
the operator to separate the contribution near co from that near 0.
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thus follow from a treatment identical to those presented in SECTION 5.3.1 with the application of Proposition
5.3 replaced by that of Proposition 5.5. To recover the full range (1.35). By symmetry, it remains to address
the p; = oo case.

We begin with the trivial bound

R
My (fu. f2) (@) < || foll oo sUD f o (1, s + 72 (1)) dt
R>0J0

Via standard argument, we dominate the second factor with its lacunary analog

sup 7£R|f2 (st (@) de S sup [ |12 (w27 (21) ) 0)

R>0 keZ
where p is a suitably chosen bump function satisfying p (t) # 0 = t =~ 1. Recall now (5.39). We may equate
the right-hand side of the above with M (2.100 } f2 (x). Invoking notations (5.58) and (5.59), we identify
132,21, 5P

the two operators
M - M
{Dﬂ;ik va}k,pf (z) {Mk’mg}k,pf (x),

whose full range L? boundedness has been demonstrated in SECTION 5.2.1. Consequently, it follows that

1My (1, F2)ll o S Il e (| M fa

et o2l Sl ol WP € (1,00].
) ) k’

r

This addresses the p; = oo endpoint case and completes the proof of Theorem 1.38.
On the same note, due to Theorem 1.19, we remark that Proposition 5.1, 5.2, and 5.5 in combination
actually provide stronger but more technical statements regarding the general form (5.10).

Theorem 5.14. Let {M}}, be diagonal matrices satisfying (5.8), and let {'yk RDT 5Ty C ]R2}k be a

sequence of A-admissible curves. If N, := supy, Er, < 0o, we have for p € C2 (I) the estimates

S Ao 12l e

LP3(dx) M, Ny, A,
PsPj

Sl]ip |AMk'kap (fla f2)| (w)

for the same range as in (1.35).

This follows from a direct modification of the proof presented above. Notably, the treatment of the endpoint
p1 = oo case follows exactly from the result in SECTION 5.2.1. We thus omit the standard details.

5.5. Spherical maximal operator. Continuing on the maximal operator theme from the previous section,
we explain how we derive the maximal operator result Theorem 1.39 for (5.3). Combining Proposition 5.1,
5.2, and 5.6 with Theorem 1.1, coupled with an endpoint discussion similar to those presented in SECTION
5.4 but with the result in SECTION 5.2.2 in place of SECTION 5.2.1, we derive

Theorem 5.15. Let v : I — R? be a real analytic function with img~ not contained in the four classes (Line),
(Exp), (Log), or (¥-line). For any diagonal matrices { My}, satisfying (5.8) and any p € C? (I), we have

5 Hf1||LP1 ”fQHLpz
Lr3(dx) Mx,v.pj.p

Sl]ip |./4Mk‘y,p (flu f2)| (.’13)

for the same range as in (1.35).

In particular, the above holds with supy |Ang,~,p (f1, f2)| (x) replaced by (5.3). That is, Theorem 1.39
follows as a direct consequence.
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5.6. Corner-type pattern. In this subsection, we aim to prove Theorem 1.40. Without loss of generality,
we may assume via changes of variable that = is analytic in a neighborhood of [0,2]. Recall (1.15) and take
d :=1/2. Consider now the following inner product expression

<]1E7~A'y(cr-),1/;1/2 (1g, ]lE)> = /11E () 1g (z1+ 71 (01) s 22) L (21, 22 + 72 (0t)) Y12 (1) dtdz. (5.64)

Note that whenever the above expression is non-zero, we deduce the existence of some z € R? and 0/2 < t < 20
such that the conclusion (1.44) holds.'® As a result, the main task of proving Theorem 1.40 becomes
demonstrating such a number o € (0, 00) can be found in the following range

exp (—exp (Cy |[E|7)) So < 1. (5.65)

In fact, in view of the general discussion at the beginning of SECTION 5, the formula (5.64) suggests that
we study the following general formulation:

(e At (L 18) = [ [ 16 @) L (01 4+ Mo ().22) L (01,82 + Mo (0) p (8 did, - (5.60)
R

where we are given a family of positive diagonal matrices {M,} .5, a family of functions {'yg I — R2}U e

and a fixed non-negative p € C? (I). We aim to identify properties of the pairings {(M,,~,)} scx, that guarantee
the existence of o € ¥ such that (5.66) is non-trivial.

To proceed, we begin with a closer inspection of (5.66) for a fixed o € ¥. For a moment, we omit the o
dependence and simply write

(1g, AMm~,p (1g,1E)) = /3 1g (z1,22) 1g (x1 + Miy1 (t) ,22) LE (21, 22 + Mayo (1)) p (t) dtdzidrs.  (5.67)
R

Standard consideration suggests that we decompose (5.67) into the three parts

(1g, Ay~ (Lg,1g)) = It + Iy + I,

where the exact definition of the low-frequency part Iy, the intermediate frequency part Ips, and the high
frequency part Iy will be specified in a moment. A standard strategy to show the non-triviality of (5.67) is to
demonstrate the following inequality

{(Le, Av~,p (g, 1E))| > L] — [Im]| — [Iu| > 0. (5.68)

This strategy hinges on a non-triviality statement for |I7| and the smallness of |[Ins], |I].
5.6.1. Non-triviality of |Ir,|. We begin with a paraphrase of [23, Lemma 5.1].

Lemma 5.16. Recall (1.14) and denote ®5g := g+Dill ¢/ ||¢||;1 for g € LL_(R). There is a universal constant
co > 0 such that for any non-negative f € L' (Rz) with supp f C [0, 1]2, the uniform lower bounds hold

(@) @0 f () 0 f (@) dz > co|fI7r, Vs € (0,1]. (5.69)
R2

Given Lemma 5.16 and parameters R; € (0, 1] to be decided later, we set

I = (15, Anty, (@515, 95015) ) (5.70)

and compare (5.70) with the quantity

1 2
/Rz 1p (x) @915 (2) 0515 (2) de. (5.71)

18From (5.64) to the existence of the above mentioned 0/2 < t < 20 a change of variable ¢ = ot is performed.
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On the one hand, invoking the fact for f € L} (R) that
1
Buf (2 +2) ~ @nf (@) = o [ FxDilk o/ (o +62) 0,
Rl ¢l Jo

we deduce via telescoping the following error estimate

M M.
5:70) = ol 67D < [ ( o 'H”(;Hg' 4 2o "V;Hif'

) ptydt-||¢] . |E]

M M-
= (Rl * ) Il zeocry (16l 7 9l20) lell o |1

On the other hand, Lemma 5.16 yields the lower bound (5.71) > ¢ |E | . Consequently, the lower bound
12| > co llpll 2 |EFP /2> 0 (5.72)
holds whenever (5.70) can be taken with parameters satisfying

2
co |9l |E]
Al ooy 19']] 1

As a brief remark, the above condition also constrains the sizes of M; that enables the aforementioned strategy.

Rj = Mj/)\L, max(Ml,Mg) S )\L S

(5.73)

5.6.2. Smallness of |Ix|. Let again r; € (0, 1] to be decided later. Suggested by the heuristic
QT (© =2 €N T© = B/ /6(0) F(&) = Biynf (&),

we shall formulate Iy in the following manner
Iy 1= (1, Anty (L, 18) = At (@15, @215 ) ) (5.74)

to cancel most of the low-frequency contribution. With the Sobolev smoothing inequality (1.2) associated with
A », we expect to derive power saving via making suitable choice of ;.
To justify the above heuristic, let Uy := Id —®, and consider the following telescoping identity

Aty p (U, 1E) = Anyp (015, 0D15) = Anty,y (VD 05,18) + Ants, (0015, 9215) . (5.75)
To utilize (1.2) associated with A, ,, we invoke (5.11) and an identities for ®, and ¥, analogous to (5.22)

Dil3; -, 21 = oY

)y, Dilhy g, Dl 001, =0 DI, 1

rj/M;

to deduce the following chain of estimates

Ta| < [/(5.75) ”Ll_HAW( 0y Dl 1, Dil 1) + Ay (@11, Dild, 1,0 Dil3, 1]1E)‘

Lt

< Cope |B/2 ([0 D1 ]9, D) (5.76)

To obtain the key power saving, it remains to study the Sobolev norm expression ||¥,f||;-- for f € L? (R).
Indeed, Plancherel theorem yields the following estimate

r1/Mi

¢ (0) — 6 (s¢)
12d6) || (€)° ¢ (0)

Furthermore, we combine the trivial estimate with the estimate provided by mean value theorem

60) =3 < min (2] 6] ] ) < min (26(0). Il | )

1Al (5.77)
Lo (de)

19 fllg-e = || (1= 6 () /30) F (&)
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to further dominate the factor in (5.77) with

~ ~ ~ ~ —€
¢ (0) — ¢ (s€ —e S|l e . 26 (0
()EAS) <max |2 sup (§) ,HA’(’)L sup €[ /()" | =2 #
(&) ¢(0) Loo(dE) |£‘>S\|Z?|(\(2oo o ( ‘§|§S”Z?‘(‘i)oo s[|¢'[| Lo
In combination, we conclude
20(0) \
s fll = < 2< = > 1fllz2 -
sll¢'ll o=
Applying the above estimate to (5.76) yields
—€
2M;
[Iy| < 4C, - |E| max <&”¢”L> .
P19,
In view of the above and the formerly established lower bound (5.72), we shall take
1 16C e
rj=M/Ag, A= ””) 161 e/ 16122 (5.78)
e 2 <co ol 1EP .
such that |Ig| < |I| /2 and thus, the following lower bound holds
el = Tr| = co llpll g |EI® /4. (5.79)

5.6.3. Energy control on |Ip|. Let Ar, Ay be chosen such that Rj,r; satisfy (5.73) and (5.78) respectively. It
remains to examine the intermediate frequency contribution

Ing = (g, Am~,p, (LE, 1E)) — I, — Iy

— (1) (2) (1) (2)
= (1, Antp (87 )0, 18 @5 0, 1) = Ant (9473 18,05 ) 18) ). (5.80)
In the unlikely scenarios, we could have
1| < collpllz |EI® /4 (5.81)

and deduce via (5.68) and (5.79) the non-triviality of (5.67). In most cases however, the upper bound (5.81) is
too demanding. Nonetheless, a trivial energy control on I;; is available. Observe the telescoping identity

(1) 2) (1) (2
Aty,p (‘I)Ml/AH]lEv (I)Mg/AHﬂE) — AMy,p (‘PMl/AL]lE’ q’MQ/AL]IE)
—_o?

_ 1) (1 (2 (1 (2)
= A, ((q)Ml/)\H - q)Ml/AL) 1g, (I)MQ/AH]lE> + Anyp ((I)Ml/AL]lE’ <(I)M2/>\H MQ/,\L> 113)
Applying the above identity to (5.80) yields the following trivial bound
1/2 (1) 1) (2) (2)
1aal < 1B ol (| (@500 = @500 ) 15| + (| (@500 = @5 ) 12 ,)
Notice that the operator ® 4 — ®p possesses a Fourier multiplier representation with symbol m 4 g given by
sE9) (s€) ds
¢(0) s

mas ()= (949 =3 (89) /60) = | ’

With little effort, we deduce from the trivial estimate

max(A,B) N N
m.os (6)] < min (2, [ s 0 /30 d)

min(A,B)
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the following more refined energy control on Iy,

5 5 _ 2 [M;/AL
e <siEllol Y [ |Gl [
j=127/R? M;j/An

which prepares us for the next step.

58 (s67) /3 0)] e, (58

5.6.4. Bourgain’s energy pigeonholing argument. Instead of aiming to show (5.81) for a single pairing (M, v,) =
(M ,~y), we shall consider the whole families of {(My,7,)},cy, and provide weaker conditions such that (5.81)
holds on average for certain sub-family {(M.,, ¥.)},cq- This would demonstrate the existence of o =w € Q C X
such that the inner product (5.66) is non-trivial.

Following previous discussion, we shall decompose (5.66) into I, 1, Isa, and Iy g, by taking R, ; :=
Moy i/ Ao, and 74 j := My i /Ao g With Ay 1 and A\, g satisfying (5.73) and (5.78) respectively

1/eo
co |19l 1 |E[* 1( 160, ,. .
max Mo < dor <  den 2z g (e ) [/ 1l (5.83)
j=12 i 4 ||7U||L°° H¢/HL1 Co H,O”L1 ‘E’Q H HL L

such that we may leverage the energy estimates (5.82) to obtain for any probability measure dPq (w) on Q C ¥,
the following expectation bound

Eq Lo m|?* < 8|E||pl3: Z/ ’11]; ‘/ BT (01, h st My ] (s)‘sﬁj&(sﬁj)/@(o) %dé’

7j=1,2
<16 |E*||p|/ 7 (H¢,HL1/ H<Z>HL1> Sup Po (Myj/Aom < s < My j/Aor) -
<s<o0

j=1,2
Compare now the above with the desired estimate (5.81). Once we have the following

2| g4
sup Po (M i/ om < s < M,/ o) < M

0<osoo 256 ¢/

(5.84)
I

we may infer the existence of 0 = w € Q@ C ¥ such that |I, /| satisfies (5.81), and thus, the inner product
(5.66) is non-trivial. In other words, with (5.83), the condition (5.84) guarantees the existence of w € Q C ¥,
t € supp p, and (x1,72) € R? such that the following corner pattern exists

(z1,22), (21 4+ Mu1Ywa (t),x2), (21,22 + My2v02(t)) € E. (5.85)

5.6.5. Proof of Theorem 1.40. To adopt the general strategy displayed above, the first task is to choose the
representing pairings { (M., 70)}06(071) for the family of functions {v (U~)}U€(0,1). On the one hand, due to the

analyticity of 4 and the fact that v (0) = 0, we may assume without loss of generality that!”
v () = ajt" + g; (¢ ‘gj ‘ <Otk ke {0,1,...,5), vt € [0,2] (5.86)
for some fixed a; # 0, 1 <n; <ng €N, and C,d > 0. As a direct consequence, we have

75 (ot) = ™ (a;t"™ + o " g; (ot)),
with the error term satisfying

o g; (O‘t)‘ < gtk

This suggests the natural setting to achieve M,~, (t) =« (ot) would be to consider

M,y 0 o™ 0 B
M, = < 0 MJ72> = < 0 0—"?)’ Yo i (1/2,2) = R? 1t — M v (ot).

lgHere7 a change of variable is performed to rescale the domain of « for convenience.
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It is an easy computation to show that, for some fixed constant Cy r, € (0, 1), the following holds

co [[#llp 1B
~ Aol 19l
We may thus make the following choice to fulfill the left-hand side of (5.83)

Cy|E? < Vo € (0,1).

Mo = Cyr|EP, Vo< 0"1 |7 (5.87)

On the other hand, by the assumption that none of the four classes of forbidden sets (Line), (Exp), (Log), and
(P-line) contains img~y, we may proceed as discussed in SECTION 4.3 to obtain a lower bound similar to (4.6)

v @) [ A @), X AXE] () 28", VEe[0,2], 5 =1,2 (5.88)

with some n = n, € NU{0}. To simplify the discussion, we may take n > 0. By direct computation, we infer
that ~, is O (0~ ™)-admissible. Using also the fact that {'yg :(1/2,2) — Rz} forms a definable family in

Ran, we deduce via Theorem 1.30 the estimate on the implicit constant for (1 2) associated to Ay, y, ,

Cy < o Yoe(0,1).

oh1y2.6  ~ )
Y5¥1/2

With further computation, we may show for a fixed constant Cy g € (1,00) that

1 ( 160’70:1/’1/275
2\ co|[¢1)2]| 1 | B

1/e
2) ”¢,”Lw/ ol < C%HU_CH/E |E|72/€-

Finally, by taking

Mosi i= Coyro” 2 |E|7%¢ | Vo € (0,1),
we fulfill the right-hand side of (5.83). It remains to find a probability measure Pg on some subset 2 C (0, 1)
to achieve (5.84). One way to simplify the matter would be to choose € := {w;}n_; € (0,1) such that

{Ik,j = (MWk,j/)‘kaH’ ka,j/)‘Wk,L]}k:1

form disjoint collections of intervals for both j = 1,2. We may further require Pq to assign equal probability
on all w € Q. The condition (5.84) thus suggests that we take

256 ¢'|| .
1
G 1 1] 1
As such, we show the existence of the corner pattern (5.85) for some w = wy, with £ < N. By unwrapping the

identity, it justifies the existence of the corner pattern (1.44) for some ¢ < wy. As for the gap estimate (1.45),
we must show the constructed (2 := {wk}szl satisfies a lower bound of the form

J +1=#Q=N. (5.89)

cofmin > exp (= exp (Co [B]7)). (5.90)

With the aforementioned plan, we shall design € := {wj,}2" w—1 C (0,1) such that
— n;j+cn
k+1 |E| /C'Y L= wk+17j/)\wk+17L < kayj/AaJk,H = wk] e ‘E|2/E /C JH - (5'91)

To further simplify the discussion, we introduce the parameter o =~ |E| given by
v

CyL . _
o ﬁ .|E| < min <0%L,c%}{, |E|) <1 (5.92)



CORNER-TYPE SMOOTHING INEQUALITIES 71

and restrict wy, to the form wy, := a“*. Suggests by (5.87), we shall take
L 2 3
wy = a1 < CoL|E™, Cri=— (5.93)
) nl
as the starting point of our inductive process. Next, substituting wy := a“* turns the requirement (5.91) into
aCr+1mi < ack(”fr%) ) 7C'Y’L . ‘E|2+% )
¥,H

Using (5.92), we may insert an intermediate term to simplify the computation

o Cr1ny < aCk(nj-&-%)—&-Q—&-f < aCk(nj-l—%) . C’Y,L . |E|2+§ )

¥,.H
To make sure the left-hand side holds for both j = 1,2, we require
2 2
Cst i= Ci (1 + c") b= (5.94)
Enq ni Eny

Solving the recurrence relation given by (5.93) and (5.94), we conclude

k—1 k
3 242\ 242
Ck:<1+cn> (+ +€>— +5:0<<1+m>>. (5.95)
ENny ni cn cn Enq

Finally, with (5.95) and (5.89), we conclude (5.90)

. o<(l+ o >o<wl4>)
: — Cn — ~,L . en _ —c
ke{I}%.l.l.l,N} e <C~/,H |E|> - exp( P (07 2] 7))

for some C, ¢y > 0. This completes the proof of Theorem 1.40.

APPENDIX A. VAN DER CORPUT LEMMA

Proposition A.1 (Van der Corput lemma). Let ¢ : [a,b] — R be a C* function and suppose that ¥ (z) # 0
for some k > 1 and for all x € [a,b]. If k =1, we further assume that ¢’ is monotonic. Let 1) : [a,b] — R be a
C! function. Then we have the estimate

b 1
/ e () ¥ (1) dt

(8l e iy + 19 sy - (A1)

S T
k infte[a,b] ‘go(k)ﬁ
Recall that we denote C' (B) the number of connected components of B C R and set C (&) = 0.
Remark A.2 (Basic facts about connected components in R). Given sets A, B C R, it’s easy to show that:
C(AUB),C(ANB)<C(A)+C(B), C(A)<1+C(4A).
Definition A.3. Given a function ¢ : R D dom ¢ — R, we define the following two quantities:
My () = C({t € dome = (1) =w}), M (p) :=sup My (¢). (A.2)
Note that we always have 1, M,, () < M () whenever dom ¢ # &@.
Remark A.4 (Relation to continuous functions). Given ¢ : I — R continuous and w € R, we have:
C{tel:p)>wh)+C{tel o) <wh)=C{tel : ¢t)#w}) <1+ My(p).
Proposition A.5. Let p: I — R be a C' function. We have the following inequality:
M () <2+2My (¢') .
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Proof. Without loss of generality, we assume M (¢’) < co. By Remark A.2; we have:
C({tel ¢ (t)#£0})=CI\{tel: ¢(t)=0})<2+M(¢).

As a result, there is a partition of I consisting of N < 2 4 2Mj (¢’) many disjoint intervals {I; } _, such that
on each I, ¢ is either monotone or constant. As a result, for any w € R, we deduce that:

C{tel;: p(t)=w}) <1
Apply Remark A.2 again. We deduce:

N
P C{tel; : pt)=w}h) <N <2420 (¢).

Taking supremum over w € R gives the desired conclusion. O

Proposition A.6 (Reformulation of Van der Corput). Let k > 2. For any C* function ¢ : [a,b] — R and C*
function ¢ : [a,b] — R, we have the following estimate:
b M (o)
1
[ ete®yvma < )

k

% ’ (kuL‘x’([a,b]) + Hw,H[ﬂ([a,b])) .

inf max ’ @) (1)
telab] 1<j<k

Proof. Let A > 0 be such that:

S

A< inf ‘ () (¢
anf e [ (1)

Consider the sets:

A i={telab] : ¢"(t) =0}, A]:—{te[ab] ‘np(j)(t)‘>)\j}, 1<j<k.
By the choice of A, we have [a, b] = U?Zl Aj. We now construct the following sets:
By:=A1NA,, Bj:=A1\ A, Bj::Aj\UAi:Ajv 1<j<k.
i<j
By design, we have [a,b] = |_|§:0 B;. By Remark A.2 and A.4, we deduce the following
C(By), C(B1) <1+C (A1) +C(A) <3+ My (¢) + M_y (¢) + My (¢")
and for 1 < j < k, the following

C(B;) = (A\UA)<C ((UA))S1+zj:0(A

1<j 1<J

J
<2 +1+ Y My (go(")) +M_yi (W)) .
i=1
Apply now Proposition A.5. We deduce the chain of relations:
M, (go(j)> <M (ap(j)> <2+ 2My (cp(j'H)) SM (cp(j+1)) , weR, 1<5<k.
In combination with the trivial fact M ( we establish the following estimates:

M) > 1,
%M( ) Vi e {0,1,2,...,k}.
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As a result, for each j, we can decompose B; into disjoint unions of N; < M ( (k )) many intervals {ijl}lN:jl.
This allows us to apply the standard Van der Corput lemma A.1 on each ;1 and deduce:

’ M (')
/ e(p(t) ‘ ZZ / Y (t)dt| S ST <||¢||Loo([a,b}) + leHLl([a,b})>’
a 7=0 =1
where the issue with the monotonicity of ¢’ is addressed by the splitting of By and Bj. Sending now A to
1
inf ’ ) (¢ ’j letes th: f. O
. el][%,b] 121;2(16 eV (t)|” completes the proo

APPENDIX B. O-MINIMAL THEORY

Definition B.1 (Structure on M). R := (Ry),cy is a structure on a set M # @ if:
(1) Ry, is a boolean algebra of subsets of M™;
(2) A€ R, implies A x M, M x A € Ry41;
(3) {(z1,...,xn) € M™ : 1 =2,} € Ry;
(4) A € Ryt implies w (A) € Ry, where 7 (21, ..., Znt1) = (T1,...,Zp).
Definition B.2 (Definable sets, relations, and functions). Given a structure R on M, a set A C M™, an n-ary
relation R on M, and a function f: A — M™, we say:
e A is definable if A € R,;
e R is definable if the set {(z1,...,z,) € M"™ : R(z1,...,zy)} is definable;
e f is definable if the n + m-ary relation given by f (z) = y is definable.

Definition B.3 (Definable families). Given a structure R on M and a definable set ¥ C M¥, we say a family
of sets {Sy; € M"} .5, is a definable family if there is a definable set S C X x M™ such that for each o € X,
the set S, C M™ coincides with the following fiber of S
Se ={xeM" : (o,z) € S}.
We say a family of functions {f, : M™ D Ay — M"} 5, is a definable family if the following family of sets:
{Ss :={(a,b) € Ag x M" : f,(a) =b} C M”H'”}UeE

is a definable family of sets. In other words, there is a definable function f : M*+t™ 5 A — M™ such that for
all o € ¥, we have:
dom f, ={a e M" : (0,a) € A} = (dom f), ;

fo(a) = f(o,a), Vae€dom f, = (dom f), .

The concept of structure and definability originates from the model theory. We choose to follow the presen-
tation in [90] and only mention the bare minimal concepts required from model theory. The key fact we will
be using is the following:

Remark B.4 (Relation to first order formula). Fix a structure R on M. Let ¢ (x) be a first-order formula
with free variables x € M™ built from predicates P (a) of the form a € A for some definable set A (and thus,
including formulas R (fi (x),..., fn (z)) composed of definable functions f; and definable relations R). We
have that

{r e M" : ¢(x)} € Ry.
Technically speaking, the term “definable” means “definable with parameters” throughout the current paper.

As a direct consequence, we have the following closure properties of definable functions:

Proposition B.5. Fiz a structure R on M. Let functions f,g be definable.
o If A C dom(f) is definable, f|a is definable.
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o If f is invertible, f~! is definable.
e Ifdom (f) Dimg(g), fog is definable.

Definition B.6 (O-minimal expansion of (R,+,:,<)). R is an o-minimal expansion of (R,+,-, <) if it is a
structure on R that satisfies the following additional properties:

(5) + and - as bivariate functions are definable;

(6) < is a definable relation;

(7) A € Ry if and only if A is a finite union of open intervals (bounded or unbounded) and isolated points
in R.

Henceforth, we fix an o-minimal expansion of (R, +, -, <).

Remark B.7. One may easily verify that the following are definable functions:

the additive inverse R - R : z — —z,

the multiplicative inverse R\ {0} - R:z +— 1/z,

the binary maximum R x R — R : (z,y) — max (z,y),
the absolute value R — R : z — |z,

power functions (0,00) — R: x +— 2" for r € Q.

Proposition B.8 (Derivatives are definable). Given a definable function f : R™ D A — R", the set of points
Aj; C A where 0; f exists is definable.? Additionally, the function 0;f : A; — R"™ is also definable.

Proof. Without loss of generality, we may assume j = 1 and write e; := (1,0,...,0). Observe that the relation
O1f (x) = y can be expressed as a first-order formula D (x,y) composed of only definable relations and
functions:

Ve > 0,30 >0,VheR, [0< |h| <d = <a:,m+hel€A/\ f(x+heé)_f(x)—y’<e>}.

This implies that the following set is definable:
Dy :={(z,y) € AXR" : Dy (x,9)} € Rintn,
and thus, both the projection to the first m variables
Ay =mpDi={x € A: JyeR" Di(x,y)}
and the function 01 f : A1 — R"” are definable. O

Theorem B.9 (Monotonicity (CHAPTER 3 (1.2) in [90])). Let —oo < a < b < 00.?! Given a definable function
f:(a,b) = R, there are finite points:

—o<a=¢qgy<a <---<ay=b< o

such that for all 1 <n < N, the restriction f : (an—1,a,) — R is continuous and is either constant or strictly
monotone.

Corollary B.10 (Existence of one-sided limits). Let —oo < a < b < oo. Given a definable function f : (a,b) —
R and x € (a,b), the following four limits exist in R U {—o00,00}:

lim f(¢), lm f(¢t), lim f(¢), lm f(¢).
t—at t—b— t—xt t—z—

20Recall the convention stated in Remark 1.13.

214, b are numbers in the extended real R L {—o0, 00}
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Proposition B.11 (Uniform finiteness (CHAPTER 3 (3.6) in [90])). Given a definable set A CR™ x R, there
is a number M4 € N depending on the set A such that each fiber of the form:

+={yeR : (z;y) € A}, xze€R"”
has at most M4 many connected components.

Proposition B.12 (Differentiability (CHAPTER 7 (2.5) in [90])). Let —oo < a < b < oco. A definable function
f:(a,b) = R is differentiable outside a finite set Z C (a,b).

Remark B.13. The above collection of statements can be viewed under the natural framework of the cell
decomposition theorem. We only state the bare minimum required for our application. Interested readers may
refer to [90] and [29].

Definition B.14 (Polynomially bounded o-minimal expansion of (R, +,-, <}). R is a polynomially bounded
o-minimal expansion of (R, +,-, <) if it is an o-minimal expansion of (R, +,-, <) that satisfies the following
additional properties:
(8) For all definable f : (a,00) — R, there is ¢ty € (a,00) and N € N such that for all ¢ > ¢y, the inequality
|7 )] <[t/ holds.

One such structure is RE introduced in [77]. In RE ; a large class of functions is definable. This includes all
functions constructed from combinations of power functions x and truncated real analytic functions through
arithmetic, compositions, and inverses on their natural definable domains. Two typical examples are the class of
generalized polynomials p (t) := > j ¢;t* and the class of rational functions defined by generalized polynomials.

APPENDIX C. VARIANTS OF SHIFTED MAXIMAL OPERATORS AND FEFFERMAN-STEIN INEQUALITIES

Definition C.1 (Variants of maximal operators with lacunary scales and bounded shifts). Given a lacunary
sequence A := {A\;}, C (0,00) with 1 < A, := infy \py1/Mg, a dyadic system I := | |, I} of intervals with
I €Iy = |[I| = 2%, and bounded sequence ¥ := {o}},, we introduce the following variants of shifted
maximal operators:

Mpasf(z) = sup/ |f| (z+ X (y + o)) <y)*N dy, N > 1 fixed, (C.1)
Masf (z) = sup / 1+ ey + on)) dy = sup f £l () d, (C2)
x4+ (o5+[0,1))
Misf (s) = s sup ][Ifl ) dy. (C3)
k
m+2kakel

The following results are slight modifications of [49, Theorem 3.1].
Proposition C.2.

[Vl |, S 108hmzny (¢4 lowllimqo) [l |, - ¥ € (1,000,
Proposition C.3.

1355l |, S 108himcany (€ + Nowlem) [ 15l € (1,00)

Proposition C.4.
13255l , S 1087 (e + lowllemi) [ illngy |, ¥ € (1,000
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We observe that Proposition C.2 follows from Proposition C.3 via the relation between (C.1) and (C.2):

Masf (@) S (@) Mazinf (@), |2+ 0kl < okl + 121
2€7Z

Next, we claim that Proposition C.3 follows from Proposition C.4 via a standard trick on dyadic system:

Definition C.5 (One-third shifted dyadic system [53, 70]). Let u € {0,1/3,2/3}. Define

1 =] 1V, 1= {Qk (m+ (—1)*u+ o, 1)) CR:me Z}.
k

Remark C.6. For all finite interval J C R, there is u € {0,1/3,2/3} and I € I such that:
JCI, 3|J<|I|<6|J|.
For details, see [53, Lemma 2.5] and [70, Remark 3.2].

We now relate (C.2) and (C.3) via Remark C.6. Fix A lacunary and ¥ bounded. By splitting A into
O (1 + [logy, 2}) many subsequences, we may assume \, > 2. For k € Z, we let n;, € Z and s,, € R be such
that:

Ml <3N\ < 2 \pop, = 2" sy, (C.4)
As a direct consequence of Remark C.6 and (C.4), we may find for z € R and k € Z a choice of u € {0,1/3,2/3}

w)

such that there is I € 115% satisfying
x+2nk8nk =x+ Aoy, € w+)\k(ok + [0,1)) CI.
By setting S := {s,}, with

Sp, N =ny for some k € Z;
Sy 1=
0 else,

we have the following relations:

Masf(@) S > Mgl @), lsnllpe) = okl -
we{0,1/3,2/3}

Consequently, Proposition C.3 follows from Proposition C.4 via triangle inequality. To address Proposi-
tion C.4, we begin with an observation:

Remark C.7. Given bounded sequence S := {s;}, in R, we associate S to a pair of bounded integer sequences
|S] :={lsk]}; and [S] := {[sk|},. By design (C.3), we have the following trivial relations:

Mysf (z) < My s f (@) + My f(2), 1Lk llgso gy s 1Tk ooy < N8kllgoo iy + 1-

Hence, for the purpose of proving Proposition C.4, we may assume S C Z. Following the treatment of
[49, Theorem 3.1], Proposition C.4 reduces to a weighted estimate analogous to [49, Lemma 3.2]:

Lemma C.8. Let S := {s},, C Z. For any locally integrable w > 0, we have:

IV ey S 108 (€ st ) 1 (at,s) + 173 a1

The proof of Lemma C.8 follows from a direct modification of the proof of [49, Lemma 3.2].
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APPENDIX D. ON TWISTED PARAPRODUCTS

Given a symbol m = KeL>® (RQ), we associate to m the following operator:

T (f1, f2) () := /fl (21— y1,22) fo (1,22 — y2) K (y) dy (D.1)
= /}_(l)ﬁ (&1,22) FO fo (21, &) m (€) e (z - £) dE. (D.2)
Observe for positive definite diagonal matrix A € GLy (R) the following rescaling identity:
1 1 1
DIl Tisee m (f1, f2) = Ton (D2 f1, DIlE? fo),  — = — + —. D.3
A Toige m (f1, f2) (Dil}y" f1, Dil}g f2) 2o T o (D.3)

As a direct consequence, any Holder type bound for T, will be preserved under dilation m ~— Dil{’ m. One
sufficient condition for such Holder type bounds that respect in part the above rescaling properties is the
following symbol condition:

Definition D.1 (Anisotropic Mikhlin-type symbol condition). Given a € (0,00)% and m € L (R?), we say
m satisfies the a-Mikhlin-type symbol condition up to order N € N U {0} if:

Ba
laé*m(s)\;l/usuﬁ, Bef0. L NP, (€2 = (el +leafo) (D.4)

Theorem D.2 (Twisted paraproduct estimate with anisotropic scaling [23]). For any symbol m = K satisfying
the a-Mikhlin-type symbol condition up to some sufficiently large order N, the following estimate:
[Ton (f1s f2)llpes S N2l o 720l oo (D.5)
m,pj
holds whenever the exponents satisfy the following condition:
1 1 1 1
p1,p2 € (1,00 < —=—+—. D.6
mE(x), F<—= (D.6)
For our purposes, we consider symbols that possess additional structure. To elaborate, let ® := {®}, C
Ccx (]RQ) be a sequence of smooth bump functions and M := {M},}, be a sequence of positive definite diagonal
matrices. For any sequence of complex numbers € := {¢}, € £*°, we define:

mea m (§) =Y ex®y (M) . (D.7)
p

We remark that the proof of Theorem D.2 involves a reduction step that morally reduces m to symbol of the
form (D.7) with 1-bounded sequence €, ® satisfying the regularity condition

Py (&) S Lo (€), VE,VB€{0,1,...,N}?, (D.8)

and M of the following particular form:

2ker

In fact, direct computation shows that the symbol me & ps satisfies the a-Mikhlin-type symbol condition up
to order N. As one natural extension, we propose the following conjecture for general M:

Conjecture D.3 (Twisted paraproduct associated to M). Given a sequence of positive definite diagonal
matrices M := { M}, that satisfies (5.8), there is a constant Nas € NU{0} such that for any € := {e;}, € £>
and ® := {®}, satisfying (D.8) with N = Nz, the following estimate

HTme,é,M (f17f2)HLP3 5 HEkHZOO(k) ||f1HLP1 HfQHLm (D.lO)

Dy, Vs
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holds for the range mentioned in (D.6).

Via previous discussions and the rescaling identity (D.3), we have that Conjecture D.3 holds and is morally
equivalent to Theorem D.2 for sequences M of the following form:

2ka1/)\1 0 2
M, = 0 ghaz /), | for some fixed o := (a1, 2) , A := (A1, A2) € (0,00)". (D.11)
2
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